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Preface

This book provides an introduction to the markets for fixed-income securities and the models
and methods that are used to analyze such securities. The class of fixed-income securities covers
securities where the issuer promises one or several fixed, predetermined payments at given points
in time. This is the case for standard deposit arrangements and bonds. However, several related
securities with payments that are tied to the development in some particular index, interest rate,
or asset price are typically also termed fixed-income securities. In the broadest sense of the term,
the many different interest rate and bond derivatives are also considered fixed-income products.
Maybe a more descriptive term for this broad class of securities is “interest rate securities”, since
the values of these financial contracts are derived from current interest rates and expectations and
uncertainty about future interest rates. The key concept in the analysis of fixed-income securities
is the term structure of interest rates, which is loosely defined as the dependence between interest
rates and maturities.

The outline of this book is as follows. The first two chapters deal with the most common fixed-
income securities, fix much of the notation and terminology, and discuss basic relations between
key concepts.

The main part of the book discusses models of the evolution of the term structure of interest
rates over time. Chapter 3 introduces much of the mathematics needed for developing and analyzing
modern dynamic models of interest rates. Chapter 4 reviews some of the important general results
on asset pricing. In particular, we define and relate the key concepts of arbitrage, state-price
deflators, and risk-neutral probability measures. The connection to market completeness and
individual investors’ behavior is also addressed, just as the implications of the general asset pricing
theory for the modeling of the term structure are discussed. Chapter 5 applies the general asset
pricing tools to explore the economics of the term structure of interest rates. For example we
discuss the relation between the term structure of interest rates and macro-economic variables such
as aggregate consumption, production, and inflation. We will also review some of the traditional
hypotheses on the shape of the yield curve, e.g. the expectation hypotheses. Chapter 6 further
develops the consequences of the general asset pricing theory for the modeling of the term structure
of interest rates and the pricing of derivatives.

Chapters 7 to 12 develop models for the pricing of fixed income securities and the management
of interest rate risk. Chapter 7 goes through so-called one-factor models. This type of models was
the first to be applied in the literature and dates back at least to 1970. The one-factor models of
Vasicek and Cox, Ingersoll, and Ross are still frequently applied both in practice and in academic
research. Chapter 8 explores multi-factor models which have several advantages over one-factor

models, but are also more complicated to analyze and apply. In Chapter 9 we discuss how one-
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ix

and multi-factor models can be extended to be consistent with current market information, such as
bond prices and volatilities. Chapter 10 introduces and analyzes so-called Heath-Jarrow-Morton
models, which are characterized by taking the current market term structure of interest rates as
given and then modeling the evolution of the entire term structure in an arbitrage-free way. We
will explore the relation between these models and the factor models studied in earlier chapters.
Yet another class of models is the subject of Chapter 11. These “market models” are designed for
the pricing and hedging of specific products that are traded on a large scale in the international
markets, namely caps, floors, and swaptions. Chapter 12 discusses how the different interest rate
models can be applied for interest rate risk management.

The subject of Chapter 13 is how to construct models for the pricing and risk management
of mortgage-backed securities. The main concern is how to adjust the models studied in earlier
chapters to take the prepayment options involved in mortgages into account. In Chapter 14 (only
some references are listed in the current version) we discuss the pricing of corporate bonds and
other fixed-income securities where the default risk of the issuer cannot be ignored. Chapter 15
focuses on the consequences that stochastic variations in interest rates have for the valuation of
securities with payments that are not directly related to interest rates, such as stock options and
currency options.

Finally, Chapter 16 (only some references are listed in the current version) describes several
numerical techniques that can be applied in cases where explicit pricing and hedging formulas are
not available.

Style...

Prerequisites...

There are several other books that cover much of the same material or focus on particular
elements discussed in this book. Books emphasizing descriptions of markets and products: Fabozzi
(2000), van Horne (2001). Books emphasizing modern interest rate modeling: James and Webber
(2000), Pelsser (2000), Rebonato (1996),...

I appreciate comments and corrections from Rasmus H. Andersen, Lennart Damgaard, Hans
Frimor, Mette Hansen, Stig Secher Hesselberg, Frank Emil Jensen, Kasper Larsen, Morten Mose-
gaard, Per Plotnikoff, and other people. I also appreciate the excellent secretarial assistance of
Lene Holbak.



Chapter 1

Basic interest rate markets, concepts, and

relations

1.1 Introduction

The value of an asset equals the value of its future cash flow. Traditionally, the value of a bond
is computed by discounting all its future payments using the same interest rate, namely the yield of
the bond. If we have two bonds with the same payment dates but different yields, we will therefore
discount the payments from the bonds with different interest rates. This is clearly illogical. The
present value of a given payment at a given future point in time is independent of which asset
the payment stems from. All sure payments at the same date should be discounted with the same
rate. On the other hand, there is no reason to discount payments at different dates with the same
discount rate. The interest rate on a loan will normally depend on the maturity of the loan, and
on the bond markets there will often be differences between the yields on short-term bonds and
long-term bonds. The term structure of interest rates is the relation between interest rates
and their maturity.

In this chapter we first provide a brief introduction to the most basic markets for borrowing
and lending and discuss different types of interest rates and discount factors as well as the relation
between them. Finally, we will discuss how information about the term structure can be extracted

from market data.

1.2 Markets for bonds and interest rates

This section gives a brief description of markets for bonds and other debt contracts. A bond
is simply a tradable loan agreement. Most bonds that are issued and subsequently traded at
either organized exchanges or over-the-counter (OTC) represent medium- or long-term loans with
maturities in excess of one year and often between 10 and 30 years. Some short-term bonds are also
issued and traded, but much of the short-term borrowing activity takes place in the so-called money
market, where large financial institutions (including the central bank) and large corporations form
several types of loan agreements with maturities ranging from a few hours up to around one year.
These agreements are usually not traded after the original contracting. The interest rates set in
the money market directly affect the interest rates that banks offer and charge their commercial

and household customers. Small investors may participate in the money markets through money



1.2 Markets for bonds and interest rates

market funds. Below, we introduce the most important types of bonds that are traded. More
details on bond markets can be found in e.g. Fabozzi (2000). We also look at some of the debt
contracts available in the money market. In Chapter 2 we will discuss many other interest rate
related securities, such as futures and options on bonds and interest rates.

The issuer of the bond (the debtor or borrower) issues a contract in which he is obligated to
pay certain payments at certain future points in time. Typically, a bond issue consists of a series of
identical bonds. The simplest possible bond is a zero-coupon bond, which is a bond promising
a single payment at a given future date, the maturity date of the bond, and no other payments.
Bonds which promise more than one payment when issued are referred to as coupon bonds.

Typically, the payments of coupon bonds follow a regular schedule so that the payments occur
at regular intervals (quarterly, semi-annually, or annually) and the size of each of the payments is
determined by the face value, the coupon rate, and the amortization principle of the bond. The
face value is also known as the par value or principal of the bond, and the coupon rate is also
called the nominal rate or stated interest rate. Most coupon bonds are so-called bullet bonds or
straight-coupon bonds where all the payments before the final payment are equal to the product
of the coupon rate and the face value. The final payment at the maturity date is the sum of the
same interest rate payment and the face value. Other bonds are so-called annuity bonds, which
are constructed so that the total payment is equal for all payment dates. Each payment is the
sum of an interest payment and a partial repayment of the face value. The outstanding debt and
the interest payment are gradually decreasing over the life of an annuity, so that the repayment
increases over time. Some bonds are so-called serial bonds where the face value is paid back in
equal instalments. The payment at a given payment date is then the sum of the instalment and the
interest rate on the outstanding debt. The interest rate payments, and hence the total payments,
will therefore decrease over the life of the bond. Finally, few bonds are perpetuities or consols that
last forever and only pay interest. The face value of a perpetuity is never repaid. Most coupon
bonds have a fixed coupon rate, but a small minority of bonds have coupon rates that are reset
periodically over the life of the bond. Such bonds are called floating rate bonds. Typically, the
coupon rate effective for the payment at the end of one period is set at the beginning of the period
at the current market interest rate for that period, e.g. to the 6-month interest rate for a floating
rate bond with semi-annual payments.

Bond markets can be divided into the national markets of different countries and the interna-
tional market (also known as the Eurobond market). The largest national bond markets are those
of the U.S., Japan, Germany, Italy, and France followed by other Western European countries and
Australia.

In the national market of a country, primarily bonds issued by domestic issuers are traded,
but often some bonds issued by certain foreign governments or corporations or international as-
sociations are also traded. The bonds issued in a given national market must comply with the
regulation of that particular country. Bonds issued in the less regulated Eurobond market are
usually underwritten by an international syndicate and offered to investors in several countries
simultaneously. Many Eurobonds are listed on one national exchange, often in Luxembourg or
London, but most of the trading in these bonds takes place OTC (over-the-counter). Other Eu-
robonds are issued as a private placement with financial institutions. Most Eurobonds are issued

in U.S. dollars (“Eurodollar bonds”), the common European currency Euro, Pound Sterling, Swiss
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francs, or Japanese yen.

Divided according to the type of issuer, national bond markets have two or three major cate-
gories: government(-related) bonds, corporate bonds, and — in some countries — mortgage-backed
bonds. In addition, some bonds issued by international institutions or foreign governments are
often traded. Eurobonds are typically issued by international institutions, governments, or large
corporations.

In most national bond markets, the major part of bond trading is in government bonds,
which are simply bonds issued by the government to finance and refinance the public debt. In
most countries, such bonds can be considered to be free of default risk, and interest rates in
the government bond market are then a benchmark against which the interest rates on other
bonds are measured. However, in some economically and politically unstable countries, the default
risk on government bonds cannot be ignored. In the U.S., government bonds are issued by the
Department of the Treasury and called Treasury securities. These securities are divided into three
categories: bills, notes, and bonds. Treasury bills (or simply T-bills) are short-term securities that
mature in one year or less from their issue date. T-bills are zero-coupon bonds since they have a
single payment equal to the face value. Treasury notes and bonds are coupon-bearing bullet bonds
with semi-annual payments. The only difference between notes and bonds is the time-to-maturity
when first issued. Treasury notes are issued with a time-to-maturity of 1-10 years, while Treasury
bonds mature in more than 10 years and up to 30 years from their issue date. The Treasury
sells two types of notes and bonds, fixed-principal and inflation-indexed. The fixed-principal type
promises given dollar payments in the future, whereas the dollar payments of the inflation-indexed
type are adjusted to reflect inflation in consumer prices.! Finally, the U.S. Treasury also issue so-
called savings bonds to individuals and certain organizations, but these bonds are not subsequently
tradable.

While Treasury notes and bonds are issued as coupon bonds, the Treasury Department in-
troduced the so-called STRIPS program in 1985 that lets investors hold and trade the individual
interest and principal components of most Treasury notes and bonds as separate securities.? These
separate securities, which are usually referred to as STRIPs, are zero-coupon bonds. Market par-
ticipants create STRIPs by separating the interest and principal parts of a Treasury note or bond.
For example, a 10-year Treasury note consists of 20 semi-annual interest payments and a principal
payment payable at maturity. When this security is “stripped”, each of the 20 interest payments
and the principal payment become separate securities and can be held and transferred separately.?

In some countries including the U.S., bonds issued by various public institutions, e.g. utility
companies, railway companies, export support funds, etc., are backed by the government, so that
the default risk on such bonds is the risk that the government defaults. In addition, some bonds
are issued by government-sponsored entities created to facilitate borrowing and reduce borrowing

costs for e.g. farmers, homeowners, and students. However, these bonds are typically not backed

1The principal value of an inflation-indexed note or bond is adjusted before each payment date according to the
change in the consumer price index. Since the semi-annual interest payments are computed as the product of the
fixed coupon rate and the current principal, all the payments of an inflation-indexed note or bond are inflation-
adjusted.

2STRIPS is short for Separate Trading of Registered Interest and Principal of Securities.

3More information on Treasury securities can be found on the homepage of the Bureau of the Public Debt at the

Department of the Treasury, see wuw.publicdebt.treas.gov.
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by the government and are therefore exposed to the risk of default of the issuing organization.
Bonds may also be issued by local governments. In the U.S. such bonds are known as municipal
bonds.

In some countries, corporations will traditionally borrow funds by issuing bonds, so-called
corporate bonds. This is the case in the U.S., where there is a large market for such bonds.
In other countries, e.g. Germany, corporations tend to borrow funds through bank loans, so that
the market for corporate bonds is very limited. For corporate bonds, investors cannot ignore the
possibility that the issuer defaults and cannot meet the obligations represented by the bonds.
Bond investors can either perform their own analysis of the creditworthiness of the issuer or rely
on the analysis of professional rating agencies such as Moody’s Investors Service or Standard &
Poor’s Corporation. These agencies designate letter codes to bond issuers both in the U.S. and
in other countries. Investors will typically treat bonds with the same rating as having (nearly)
the same default risk. Due to the default risk, corporate bonds are traded at lower prices than
similar (default-free) government bonds. The management of the issuing corporation can effectively
transfer wealth from bond-holders to equity-holders, e.g. by increasing dividends, taking on more
risky investment projects, or issuing new bonds with the same or even higher priority in case of
default. Corporate bonds are often issued with bond covenants or bond indentures that restrict
management from implementing such actions.

U.S. corporate bonds are typically issued with maturities of 10-30 years and are often callable
bonds, so that the issuer has the right to buy back the bonds on certain terms (at given points in
time and for a given price). Some corporate bonds are convertible bonds meaning that the bond-
holders may convert the bonds into stocks of the issuing corporation on predetermined terms.
Although most corporate bonds are listed on a national exchange, much of the trading in these
bonds is in the OTC market.

Mortgage-backed bonds constitute a large part of some bond markets, e.g. in the U.S.,
Germany, Sweden, and Denmark. A mortgage is a loan that can (partly) finance the borrower’s
purchase of a given real estate property, which is then used as collateral for the loan. Mortgages
can be residential (family houses, apartments, etc.) or non-residential (corporations, farms, etc.).
The issuer of the loan (the lender) is a financial institution. Typical mortgages have a maturity
between 15 and 30 years and are annuities in the sense that the total scheduled payment (interest
plus repayment) at all payment dates are identical. Fixed-rate mortgages have a fixed interest
rate, while adjustable-rate mortgages have an interest rate which is reset periodically according
to some reference rate. A characteristic feature of most mortgages is the prepayment option. At
any payment date in the life of the loan, the borrower has the right to pay off all or part of the
outstanding debt. This can occur due to a sale of the underlying real estate property, but can
also occur after a drop in market interest rates, since the borrower then have the chance to get a
cheaper loan.

Mortgages are pooled either by the issuers or other institutions, who then issue mortgage-backed
securities that have an ownership interest in a given pool of mortgage loans. The most common
type of mortgage-backed securities is the so-called pass-through, where the pooling institution
simply collects the payments from borrowers with loans in a given pool and “passes through”
the cash flow to investors less some servicing and guaranteeing fees. Many pass-throughs have

payment schemes equal to the payment schemes of bonds, e.g. pass-throughs issued on the basis of
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a pool of fixed-rate annuity mortgage loans have a payment schedule equal to that of annuity bond.
However, when borrowers in the pool prepay their mortgage, these prepayments are also passed
through to the security-holders, so that their payments will be different from annuities. In general,
owners of pass-through securities must take into account the risk that the mortgage borrowers in
the pool default on their loans. In the U.S. most pass-throughs are issued by three organizations
that guarantee the payments to the securities even if borrowers default. These organizations are
the Government National Mortgage Association (called “Ginnie Mae”), the Federal Home Loan
Mortgage Corporation (“Freddie Mac”), and the Federal National Mortgage Association (“Fannie
Mae”). Ginnie Mae pass-throughs are even guaranteed by the U.S. government, but the securities
issued by the two other institutions are also considered virtually free of default risk.

Finally, let us take a brief look at the prevailing debt contracts in the money market. While we
focus on the U.S. market, similar contracts exist in many other countries and many of the contracts
are also made in the Euromarket. The debt contracts in the money market are mainly zero-coupon
loans, which have a single repayment date. Financial institutions borrow large amounts over short
periods from each other by issuing certificates of deposit, also known in the market as CDs. In the
Euromarket deposits are negotiated for various terms and currencies, but most deposits are in U.S.
dollars and for a period of one, three, or six months. Interest rates set on deposits at the London
interbank market are called LIBOR rates (LIBOR is short for London Interbank offered rate).

To manage very short-term liquidity, financial institutions often agree on overnight loans, so-
called federal funds. The interest rate charged on such loans is called the Fed funds rate. The
Federal Reserve has a target Fed funds rate and buys and sells securities in open market operations
to manage the liquidity in the market, thereby also affecting the Fed funds rate. Banks may obtain
temporary credit directly from the Federal Reserve at the so-called “discount window”. The interest
rate charged by the Fed on such credit is called the federal discount rate, but since such borrowing
is quite uncommon nowadays, the federal discount rate serves more as a signaling device for the
targets of the Federal Reserve.

Large corporations, both financial corporations and others, often borrow short-term by issuing
so-called commercial papers. Another standard money market contract is a repurchase agreement
or simply repo. One party of this contract sells a certain asset, e.g. a short-term Treasury bill, to
the other party and promises to buy back that asset at a given future date at the market price at
that date. A repo is effectively a collateralized loan, where the underlying asset serves as collateral.
As central banks in other countries, the Federal Reserve in the U.S. participates actively in the

repo market to implement their monetary policy. The interest rate on repos is called the repo rate.

1.3 Discount factors and zero-coupon bonds

We will assume throughout that the face value is equal to 1 (dollar) unless stated otherwise.
Suppose that at some date t a zero-coupon bond with maturity 7" > t is traded in the financial
markets at a price of B . This price reflects the market discount factor for sure time 7' payments.
If many zero-coupon bonds with different maturities are traded, we can form the function 7'+ B},
which we call the (market) discount function prevailing at time t. Note that B} = 1, since
the value of getting 1 dollar right away is 1 dollar, of course. Presumably, all investors will prefer

getting 1 dollar at some time T rather than at a later time S. Therefore, the discount function
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must be decreasing, i.e.
1>BI'>BY >0, T<S. (1.1)

An example of an estimated market discount function is shown in Figure 1.1 on page 16.

Next, consider a coupon bond with payment dates 77,75, ...,T,, where we assume without
loss of generality that T3 < Ty < --- < T,. The payment at date T; is denoted by Y;. Such a
coupon bond can be seen as a portfolio of zero-coupon bonds, namely a portfolio of Y] zero-coupon
bonds maturing at T, Y5 zero-coupon bonds maturing at T5, etc. If all these zero-coupon bonds

are traded in the market, the price of the coupon bond at any time ¢ must be

Bt = Z KB?t7 (]"2)
T, >t
where the sum is over all future payment dates of the coupon bond. If this relation does not hold,

there will be a clear arbitrage opportunity in the market.

Example 1.1 Consider a bullet bond with a face value of 100, a coupon rate of 7%, annual
payments, and exactly three years to maturity. Suppose zero-coupon bonds are traded with face
values of 1 dollar and time-to-maturity of 1, 2, and 3 years, respectively. Assume that the prices
of these zero-coupon bonds are Bf“ = 0.94, Bf+2 = 0.90, and Bf+3 = 0.87. According to (1.2),
the price of the bullet bond must then be

By =7-0.94+7-0.90 + 107 - 0.87 = 105.97.

If the price is lower than 105.97, riskfree profits can be locked in by buying the bullet bond and
selling 7 one-year, 7 two-year, and 107 three-year zero-coupon bonds. If the price of the bullet
bond is higher than 105.97, sell the bullet bond and buy 7 one-year, 7 two-year, and 107 three-year

zero-coupon bonds. O

If not all the relevant zero-coupon bonds are traded, we cannot justify the relation (1.2) as a
result of the no-arbitrage principle. Still, it is a valuable relation. Suppose that an investor has
determined (from private or macro economic information) a discount function showing the value
she attributes to payments at different future points in time. Then she can value all sure cash
flows in a consistent way by substituting that discount function into (1.2).

The market prices of all bonds reflect a market discount function, which is the result of the
supply and demand for the bonds of all market participants. We can think of the market discount
function as a very complex average of the individual discount functions of the market participants.
In most markets only few zero-coupon bonds are traded, so that information about the discount
function must be inferred from market prices of coupon bonds. We discuss ways of doing that in
Sections 1.5 and 1.6.

1.4 Zero-coupon rates and forward rates

Although discount factors provide full information about how to discount amounts back and
forth, it is pretty hard to relate to a 5-year discount factor of 0.7835. It is far easier to relate to the
information that the five-year interest rate is 5%. Interest rates are always quoted on an annual

basis, i.e. as some percentage per year. However, to apply and assess the magnitude of an interest
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rate, we also need to know the compounding frequency of that rate. More frequent compounding
of a given interest rate per year results in higher “effective” interest rates. Furthermore, we need
to know at which time the interest rate is set or observed and for which period of time the interest
rate applies. Spot rates applies to a period beginning at the time the rate is set, whereas forward

rates applies to a future period of time. The precise definitions follow below.

1.4.1 Annual compounding

Given the price B} at time t on a zero-coupon bond maturing at time 7', the relevant discount
rate between time ¢ and time T is the yield on the zero-coupon bond, the so-called zero-coupon
rate or spot rate for date T. Let 4] denote this rate computed using annual compounding. We

then have the following relationship:
Bl = (1+g))" 7" (1.3)

or
i —1/(r-1)
it = (BY) -1 (14)

The zero-coupon rates as a function of maturity is called the zero-coupon yield curve or
simply the yield curve. It is one way to express the term structure of interest rates. An example
of a zero-coupon yield curve is shown in Figure 1.2 on page 17.

While a zero-coupon or spot rate reflects the price on a loan between today and a given future
date, a forward rate reflects the price on a loan between two future dates. The annually com-
pounded relevant forward rate at time t for the period between time 7" and time S is denoted by
ftT S, Here, we have t < T < S. This is the rate, which is appropriate at time ¢ for discounting
between time T and S. We can think of discounting from time S back to time ¢ by first discounting

from time S to time 7" and then discounting from time 7" to time t. We must therefore have that

g\~ (5—1) 7\ —(T—t) s\ (5T
(+30) 7 = @) T (1 F0) T (15)
from which we find that
s _ (L gh)"rosn
Lt (14 gp)~(S=0/(5-T) ’
We can also write (1.5) in terms of zero-coupon bond prices as
. —(8-T)
B =B (1+/1"°) 7 (1.6)
so that the forward rate is given by
) BT V/(5-T)
T, _ t
P (YT 0

Note that since Bf = 1, we have
N Bt 1/(5-t) —1/(S—
S (S—t) .
() =)
i

i.e. the forward rate for a period starting today equals the zero-coupon rate or spot rate for the

same period.
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1.4.2 Compounding over other discrete periods — LIBOR rates

In practice, many interest rates are quoted using semi-annually, quarterly, or monthly com-
pounding. An interest rate or R per year compounded m times a year, corresponds to a discount
factor of (1 4+ R/m)~™ over a year. The annually compounded interest rate that corresponds to
an interest rate of R compounded m times a year is (14 R/m)™ — 1. This is sometimes called the
“effective” interest rate corresponding to the nominal interest rate R.

As discussed earlier, interest rates are set for loans with various maturities and currencies at
the international money markets, the most commonly used being the LIBOR rates that are fixed
in London. Traditionally, these rates are quoted using a compounding period equal to the maturity
of the interest rate. If, for example, the three-month interest rate is l§+0'25 per year, it means that

the present value of one dollar paid three months from now is

1

Bi+0-25 _ )
i 1402571702

Conversely, the three-month rate is

[t+0-25 _ 1 1 _1).
t 0.25 B€+O'25

More generally, the relations are

1
Bl = —— 1.8
EULHIN(T -t (18)

1 1
== (= -1).
e ()

Similarly, a six-month forward rate of LtT’TjLO'5 valid for the period [T, T + 0.5] means that

and

BI0% = B (1+0.5 LtT’T“)f’)_1 ,

so that

prr+0s 1 B 1
t 0.5 BtT+0.5 )

More generally,

rs 1 Bf
= (s 1) (1.9)

Although such spot and forward rates are quoted on many different money markets, we shall
use the term (spot/forward) LIBOR rate for all such money market interest rates computed with

discrete compounding.

1.4.3 Continuous compounding

Increasing the compounding frequency m, the effective annual return of one dollar invested at

the interest rate R per year increases to et due to the mathematical result saying that

R m
lim (1 + —) = eff.
m—00 m
A nominal, continuously compounded interest rate R is equivalent to an annually compounded

interest rate of e® — 1 (which is bigger than R).



1.4 Zero-coupon rates and forward rates

Similarly, the zero-coupon bond price B is related to the continuously compounded zero-
coupon rate y{ by
Bf = ¢ (T-1), (1.10)

so that

1
ytT:—T_tlnBtT. (1.11)

The function T+ y! is also a zero-coupon yield curve that contains exactly the same information

as the discount function 7' +— B} and also the same information as the annually compounded
yield curve T + §I. We have the following relation between the continuously compounded and

the annually compounded zero-coupon rates:
yi =W(1+g).
If ftT 5" denotes the continuously compounded forward rate prevailing at time ¢ for the period
between T and .S, we must have that

BS = BT #7(5=1),

in analogy with (1.6). Consequently,

T7S:_lnBts—lnBtT (1.12)
K S—T '
Using (1.10), we get the following relation between zero-coupon rates and forward rates under

continuous compounding:

s _ YP(S—t) —y (T 1)
k S—T '
In the following chapters, we shall often focus on forward rates for future periods of infinitesimal

(1.13)

length. The forward rate for an infinitesimal period starting at time 7' is simply referred to as the
forward rate for time T’ and is defined as fI = limg_p f{°. The function T — f is called the

term structure of forward rates. Letting S — T in the expression (1.12), we get

dIn BT BT joT
T _ t — _ t

assuming that the discount function T'+ B{ is differentiable. Conversely,
BT = ¢ [ #idu, (1.15)

Applying (1.13), the relation between the infinitesimal forward rate and the spot rates can be

written as DL (T — 1) 9uT
T Yi —t T Yi
- — It (¢ 1.16
=S =y Sy (1.16)
under the assumption of a differentiable term structure of spot rates T'+ y!. The forward rate
reflects the slope of the zero-coupon yield curve. In particular, the forward rate fI and the zero-
coupon rate y{ will coincide if and only if the zero-coupon yield curve has a horizontal tangent

at T. Conversely, we see from (1.15) and (1.10) that

T 1 ’

i.e. the zero-coupon rate is an average of the forward rates.
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1.4.4 Different ways to represent the term structure of interest rates

It is important to realize that discount factors, spot rates, and forward rates (with any com-
pounding frequency) are perfectly equivalent ways of expressing the same information. If a complete
yield curve of, say, quarterly compounded spot rates is given, we can compute the discount function
and spot rates and forward rates for any given period and with any given compounding frequency.
If a complete term structure of forward rates is known, we can compute discount functions and spot
rates, etc. Academics frequently apply continuous compounding since the mathematics involved
in many relevant computations is more elegant when exponentials are used.

There are even more ways of representing the term structure of interest rates. Since most bonds
are bullet bonds, many traders and analysts are used to thinking in terms of yields of bullet bonds
rather than in terms of discount factors or zero-coupon rates. The par yield for a given maturity
is the coupon rate that causes a bullet bond of the given maturity to have a price equal to its face
value. Again we have to fix the coupon period of the bond. U.S. treasury bonds typically have
semi-annual coupons which are therefore often used when computing par yields. Given a discount

function T + B}, the n-year par yield is the value of ¢ that solves the equation

2n

> () Brov e B =1,

i=1
It reflects the current market interest rate for an n-year bullet bond. The par yield is closely

related to the so-called swap rate, which is a key concept in the swap markets, cf. Section 2.9.

1.5 Determining the zero-coupon yield curve: Bootstrapping

In many bond markets only very few zero-coupon bonds are issued and traded. (All bonds issued
as coupon bonds will eventually become a zero-coupon bond after their next-to-last payment date.)
Usually, such zero-coupon bonds have a very short maturity. To obtain knowledge of the market
zero-coupon yields for longer maturities, we have to extract information from the prices of traded
coupon bonds. In some markets it is possible to construct some longer-term zero-coupon bonds
by forming portfolios of traded coupon bonds. Market prices of these “synthetical” zero-coupon

bonds and the associated zero-coupon yields can then be derived.

Example 1.2 Consider a market where two bullet bonds are traded, a 10% bond expiring in one
year and a 5% bond expiring in two years. Both have annual payments and a face value of 100.
The one-year bond has the payment structure of a zero-coupon bond: 110 dollars in one year
and nothing at all other points in time. A share of 1/110 of this bond corresponds exactly to a
zero-coupon bond paying one dollar in a year. If the price of the one-year bullet bond is 100, the
one-year discount factor is given by

1
Bl = — 100 ~ 0.9091.
! in 00 ~ 0.909

The two-year bond provides payments of 5 dollars in one year and 105 dollars in two years.
Hence, it can be seen as a portfolio of five one-year zero-coupon bonds and 105 two-year zero-coupon

bonds, all with a face value of one dollar. The price of the two-year bullet bond is therefore

Boy = 5B + 10582
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cf. (1.2). Isolating B!™2, we get

1 5
Bi*t?=_—_pBy,, — — Bt 1.1
¢ 10521 10571 (1.18)

If for example the price of the two-year bullet bond is 90, the two-year discount factor will be

1 5
Bt?2 = — .90 — — . 0.9091 ~ 0.8139.
¢ 105 105

From (1.18) we see that we can construct a two-year zero-coupon bond as a portfolio of 1/105 units
of the two-year bullet bond and —5/105 units of the one-year zero-coupon bond. This is equivalent
to a portfolio of 1/105 units of the two-year bullet bond and —5/(105 - 110) units of the one-year
bullet bond. Given the discount factors, zero-coupon rates and forward rates can be calculated as
shown in Section 1.4.1-1.4.3. a

The example above can easily be generalized to more periods. Suppose we have M bonds
with maturities of 1,2,..., M periods, respectively, one payment date each period and identical
payment date. Then we can construct successively zero-coupon bonds for each of these maturities
and hence compute the market discount factors B,f“, Bf”, . ,BﬁM. First, Bf“ is computed
using the shortest bond. Then, Bf+2 is computed using the next-to-shortest bond and the already
computed value of Bf“, etc. Given the discount factors Bf“, Btt+2, ey Bf+M, we can compute
the zero-coupon interest rates and hence the zero-coupon yield curve up to time ¢ + M (for the M
selected maturities). This approach is called bootstrapping or yield curve stripping.

Bootstrapping also applies to the case where the maturities of the M bonds are not all different
and regularly increasing as above. As long as the M bonds together have at most M different
payment dates and each bond has at most one payment date, where none of the bonds provide
payments, then we can construct zero-coupon bonds for each of these payment dates and compute
the associated discount factors and rates. Let us denote the payment of bond i (i = 1,..., M)
at time t + 5 (j = 1,...,M) by Y;;. Some of these payments may well be zero, e.g. if the bond
matures before time ¢t + M. Let B;, denote the price of bond . From (1.2) we have that the

discount factors Bi ™!, BI*2 ... BI"M must satisfy the system of equations
B Yii Yo ... Yy \ [ B!
By, Yo Yo ... Yau || B (L.19)
t+M
Bt Yvr Yue .. Yuwm B,

The conditions in the bonds ensure that the payment matrix of this equation system is non-singular
so that a unique solution will exist.

For each of the payment dates ¢ + j, we can construct a portfolio of the M bonds, which is
equivalent to a zero-coupon bond with a payment of 1 at time ¢ + j. Denote by z;(j) the number

of units of bond ¢ which enters the portfolio replicating the zero-coupon bond maturing at ¢ + j.
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Then we must have that

0 Y11 }/21 YMl (El(])
0 Y12 ngg Y]\/[Q ,CCQ(])
1 Yij Yéj Y]y[j Jij(j)

where the 1 on the left-hand side of the equation is at the j’th entry of the vector. Of course, there
will be the following relation between the solution (B{™!,..., BI™) to (1.19) and the solution
(x1(4), ..., 20 (5)) to (1.20):*

M
> @i(j)Bis = B{. (1.21)
i=1
Thus, first the zero-coupon bonds can be constructed, i.e. (1.20) is solved for each j = 1,..., M,

and next (1.21) can be applied to compute the discount factors.

Example 1.3 In Example 1.2 we considered a two-year 5% bullet bond. Assume now that a
two-year 8% serial bond with the same payment dates is traded. The payments from this bond
are 58 dollars in one year and 54 dollars in two years. Assume that the price of the serial bond

is 98 dollars. From these two bonds we can set up the following equation system to solve for the

discount factors B! and B!t
90\ (5 105\ (Bi*!
98 58 54 ) \B*?) '

The solution is Bf ™ ~ 0.9330 and B} ™2 ~ 0.8127. 0

More generally, if there are M traded bonds having in total N different payment dates, the
system (1.19) becomes one of M equations in N unknowns. If M > N, the system may not have
any solution, since it may be impossible to find discount factors consistent with the prices of all

M bonds. If no such solution can be found, there will be an arbitrage opportunity.

Example 1.4 In the Examples 1.2 and 1.3 we have considered three bonds: a one-year bullet
bond, a two-year bullet bond, and a two-year serial bond. In total, these three bonds have two
different payment dates. According to the prices and payments of these three bonds, the discount

factors B! and BT must satisfy the following three equations:
100 = 110B/ 1,

90 = 5B +105B} 2,
98 = 58BIT! 4 54B{ T2

4In matrix notation, Equation (1.19) can be written as Bepn = Y Bero and Equation (1.20) can be written as
e; = YT x(j), where e; is the vector on the left hand side of (1.20), and the other symbols are self-explanatory

(the symbol T indicates transposition). Hence,
w(j)TBcpn = w(j)TYBzero = e;_Bzero = Bf+j7

which is equivalent to (1.21).
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No solution exists. In Example 1.2 we found that the solution to the first two equations is
Bt~ 0.9091 and BIt? ~0.8139.
In contrast, we found in Example 1.3 that the solution to the last two equations is
B ~0.9330 and Bt ~0.8127.
If the first solution is correct, the price on the serial bond should be
58 - 0.9091 + 54 - 0.8139 ~ 96.68, (1.22)

but it is not. The serial bond is mispriced relative to the two bullet bonds. More precisely, the
serial bond is too expensive. We can exploit this by selling the serial bond and buying a portfolio
of the two bullet bonds that replicates the serial bond, i.e. provides the same cash flow. We know
that the serial bond is equivalent to a portfolio of 58 one-year zero-coupon bonds and 54 two-year
zero-coupon bonds, all with a face value of 1 dollar. In Example 1.2 we found that the one-year
zero-coupon bond is equivalent to 1/110 units of the one-year bullet bond, and that the two-year
zero-coupon bond is equivalent to a portfolio of —5/(105 - 110) units of the one-year bullet bond
and 1/105 units of the two-year bullet bond. It follows that the serial bond is equivalent to a
portfolio consisting of ) .

units of the one-year bullet bond and
54 L 0.5143
105~

units of the two-year bullet bond. This portfolio will give exactly the same cash flow as the serial

bond, i.e. 58 dollars in one year and 54 dollars in two years. The price of the portfolio is
0.5039 - 100 + 0.5143 - 90 =~ 96.68,

which is exactly the price found in (1.22). O

In some markets, the government bonds are issued with many different payment dates. The
system (1.19) will then typically have fewer equations than unknowns. In that case there are many
solutions to the equation system, i.e. many sets of discount factors can be consistent both with

observed prices and the no-arbitrage pricing principle.

1.6 Determining the zero-coupon yield curve: Parameterized forms

Bootstrapping can only provide knowledge of the discount factors for (some of) the payment
dates of the traded bonds. In many situations information about market discount factors for
other future dates will be valuable. We will next consider methods to estimate the entire discount
function T +— B} (at least up to some large T'). The basic assumption is that the discount function
is of a given functional form with some unknown parameters. The value of these parameters are
then estimated to obtain the best possible agreement between observed bond prices and theoretical

bond prices computed using the functional form. Typically, the assumed functional forms are either
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polynomials or exponential functions of maturity or some combination. This is consistent with the
usual perception that discount functions and yield curves are continuous and smooth. If the yield
for a given maturity was much higher than the yield for another maturity very close to the first,
most bond owners would probably shift from bonds with the low-yield maturity to bonds with the
high-yield maturity. Conversely, bond issuers (borrowers) would shift to the low-yield maturity.
These changes in supply and demand will cause the gap between the yields for the two maturities
to shrink. Hence, the equilibrium yield curve should be continuous and smooth. The unknown
parameters can be estimated by least-squares methods.

It can be quite hard to fit a relatively simple functional form to prices of a large number of
bonds with very different maturities. To enhance flexibility, some of the procedures suggested in
the literature divide the maturity axis into subintervals and use separate functions (of the same
type) in each subinterval. To ensure a continuous and smooth term structure of interest rates, one
must impose certain conditions for the maturities separating the subintervals. Procedures of this
type are called spline methods.

In this section we will focus on two of the most frequently applied parameterization techniques,
namely cubic splines and the Nelson-Siegel parameterization. An overview of some of the many
other approaches suggested in the literature can be seen in Anderson, Breedon, Deacon, Derry,
and Murphy (1996, Ch. 2). For some recent procedures, see Jaschke (1998) and Linton, Mammen,
Nielsen, and Tanggaard (2001).

The purpose of the procedures is to estimate the term structure of interest rate at a given date
t from the market prices of bonds at that date. To simplify the notation in what follows, let B(7)
denote the discount factor for the next 7 periods, i.e. B(1) = BI*". Hence, the function B(7) for
7 € [0,00) represents the time ¢ market discount function. In particular, B(0) = 1. We will use a

similar notation for zero-coupon rates and forward rates: 5(7) = y.*" and f(r) = f*7.

1.6.1 Cubic splines

In this subsection we will discuss a version of the cubic splines approach introduced by Mc-
Culloch (1971) and later modified by McCulloch (1975) and Litzenberger and Rolfo (1984). Given
prices for M bonds with time-to-maturities of 77 < T < --- < Thy. Divide the maturity axis into
subintervals defined by the “knot points” 0 = 79 < 73 < -+ < 7 = Ths. A spline approximation

of the discount function B(7) is based on an expression like

where the G’s are basis functions, and the I;’s are the step functions

1, ifr>my,

Ii(r) = .

0, otherwise.
We demand that the G;’s are continuous and differentiable and ensure a smooth transition in the
knot points 7;. A polynomial spline is a spline where the basis functions are polynomials. Let us

consider a cubic spline, where

Gi(1) = aj + Bi(r — 75) +v;(7 — 1) + 6;(7 — 75)°,
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and o, B5,7;, and §; are constants.
For 7 € [0,71), we have
B(7) = ag + Bot + Y077 + o7 (1.23)

Since B(0) = 1, we must have ay = 1. For 7 € [11,72), we have
B(T) = (]_ + ﬁ()’]’ +’}/0T2 + (5(]7'3) + (a1 + ﬁl(’]’ — Tl) +’}/1(T — 7'1)2 + (51(7’ - T1)3) . (124)

To get a smooth transition between (1.23) and (1.24) in the point 7 = 71, we demand that

B(ri—) = B(ri+), (1.25)
B'(n—) = B'(ni+), (1.26)
B"(11—) = B"(11+), (1.27)

where B(t1—) = lim, -, r<7, B(7), B(11+) = lim, ., 7>, B(7), etc. The condition (1.25) en-
sures that the discount function is continuous in the knot point 71. The condition (1.26) ensures
that the graph of the discount function has no kink at 7, by restricting the first-order derivative to
approach the same value whether ¢ approaches 71 from below or from above. The condition (1.27)
requires the same to be true for the second-order derivative, which ensures an even smoother
behavior of the graph around the knot point 7.

The condition (1.25) implies a3 = 0. Differentiating (1.23) and (1.24), we find

B'(1) = By + 277 + 36072, 0<7T<m,
and
B'(1) = Bo + 277 + 30072 + B1 + 2y (1 —11) + 301 (7 — 7'1)2, 7 <7T<To.

The condition (1.26) now implies 3; = 0. Differentiating again, we get
B"(1) = 270 + 651, 0< 7 <7,

and
BH(’T):2’}/0-’-6(50’7'-’-2’}/14-651(7'—7'1), 71 <7< Ty
Consequently, the condition (1.27) implies 4 = 0. Similarly, it can be shown that a; = 8; =v; =0
for all 7 =1,...,k — 1. The cubic spline is therefore reduced to
k-1
B(r) =1+ ot + 307> + 607> + > 8;(1 — 75)°I;(7). (1.28)
j=1
Let t1,ts,...,tnx denote the time distance from today (date t) to the each of the payment dates
in the set of all payment dates of the bonds in the data set. Let Y;, denote the payment of bond

i in t,, periods. From the no-arbitrage pricing relation (1.2), we should have that

N
n=1

where B; is the current market price of bond i. Since not all the zero-coupon bonds involved in

this equation are traded, we will allow for a deviation &; so that

N
Bi =Y YiuB(t,) + . (1.29)
n=1
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Figure 1.1: The discount function, 7 +— B(7), estimated using cubic splines and prices of Danish

government bonds February 14, 2000.

We assume that ; is normally distributed with mean zero and variance o2 (assumed to be the
same for all bonds) and that the deviations for different bonds are mutually independent. We want
to pick parameter values that minimize the sum of squared deviations Zf\il 2.

Substituting (1.28) into (1.29) yields

N

N
Bi =Y Yin =P
n=1 n

N N k—1 N
Yintn +790 > Yinls 400 Y Yints + > 65> Yin(tn — 75)° I (tn) + &5
1 n=1 n=1 j=1 n=1

Given the prices and payment schemes of the M bonds, the k+ 2 parameters 3y, Yo, 09, 01, - - -, Ok —_1

5  Substituting the estimated parameters

can now be estimated using ordinary least squares.
into (1.28), we get an estimated discount function, from which estimated zero-coupon yield curves
and forward rate curves can be derived as explained earlier in the chapter.

It remains to describe how the number of subintervals £ and the knot points 7; are to be chosen.

McCulloch suggested to let k be the nearest integer to v M and to define the knot points by
75 = Th, +0;(Th;41 — Th,),

where h; = [j - M/k] (here the square brackets mean the integer part) and 6; = j- M/k — h;. In
particular, 7, = Ths. Alternatively, the knot points can be placed at for example 1 year, 5 years,
and 10 years, so that the intervals broadly correspond to the short-term, intermediate-term, and
long-term segments of the market, cf. the preferred habitats hypothesis.

Figure 1.1 shows the discount function on the Danish government bond markets on February
14, 2000 estimated using cubic splines and data from 14 bonds with maturities up to 25 years.
Figure 1.2 shows the associated zero-coupon yield curve and the term structure of forward rates.

Discount functions estimated using cubic splines will usually have a credible form for maturities

less than the longest maturity in the data set. Although there is nothing in the approach that

5See, for example, Johnston (1984).
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Figure 1.2: The zero-coupon yield curve, 7 +— g(7), and the term structure of forward rates,
T + f(7), estimated using cubic splines and prices of Danish government bonds February 14,
2000.

ensures that the resulting discount function is positive and decreasing, as it should be according
to (1.1), this will almost always be the case. As the maturity approaches infinity, the cubic spline
discount function will approach either plus or minus infinity depending on the sign of the coefficient
of the third order term. Of course, both properties are unacceptable, and the method cannot be
expected to provide reasonable values beyond the longest maturity 75, since none of the bonds
are affected by that very long end of the term structure.

Two other properties of the cubic splines approach are more disturbing. First, the derived
zero-coupon rates will often increase or decrease significantly for maturities approaching Ty, cf.
Shea (1984, 1985). Second, the derived forward rate curve will typically be quite rugged especially
near the knot points, and the curve tends to be very sensitive to the bond prices and the precise
location of the knot points. Therefore, forward rate curves estimated using cubic splines should

only be applied with great caution.

1.6.2 The Nelson-Siegel parameterization

Nelson and Siegel (1987) proposed a simple parameterization of the term structure of interest
rates, which has become quite popular. The approach is based on the following parameterization
of the forward rates:

r _ —7/0 Z —7/6
F(r) = Bo+ Bre™™ " + Bage™ ™7, (1.30)

where By, 081, B2, and 0 are constants to be estimated. The same constants are assumed to apply
for all maturities, so no splines are involved. The simple functional form ensures a smooth and yet
quite flexible curve. Figure 1.3 shows the graphs of the three functions that constitutes (1.30). The
flat curve (corresponding to the constant term () will by itself determine the long-term forward

—7/0 —7/0

rates, the term (e is mostly affecting the short-term forward rates, while the term [o7/60e

is important for medium-term forward rates. The value of the parameter 6 determines how large
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Figure 1.3: The three curves which the Nelson-Siegel parameterization combines.

a maturity interval the non-constant terms will affect. The value of the parameters Gy, 81, and G2
determine the relative weighting of the three curves.

According to (1.17) on page 9, the term structure of zero-coupon rates is given by

1—e /7

_ —7/6
7_/9 /626 ’

y(1) = Po + (B1 + B2)

which we will rewrite as
1— 677/0 P
§(r) =a+b———r— ce /0. (1.31)
T/6
Figure 1.4 depicts the possible forms of the zero-coupon yield curve for different values of a, b,
and c¢. By varying the parameter 6, the curves can be stretched or compressed in the horizontal
dimension.
If we could directly observe zero-coupon rates g(7T;) for different maturities T;, i = 1,..., M,

we could, given 0, estimate the parameters a, b, and ¢ using simple linear regression on the model

1— —7/0
glr)y=a+ b%/@ +ce 0 4 gy,
where &; ~ N(0,0%), i = 1,..., M, are independent error terms. Doing this for various choices

of A, we could pick the # and the corresponding regression estimates of a, b and ¢ that result in
the highest R?, i.e. that best explain the data. This is exactly the procedure used by Nelson and
Siegel on data on short-term zero-coupon bonds in the U.S. market.

When the data set involves coupon bonds, the estimation procedure is slightly more compli-

cated. The discount function associated with the forward rate structure in (1.31) is given by

B(T) = exp {*a’l‘ — b (1 - 677—/9) - 07677/9} .



1.6 Determining the zero-coupon yield curve: Parameterized forms

19

pOI? I'ate‘S
[ [

zZero-cou

0 2 4 6 8 10
scaled maturity

Figure 1.4: Possible forms of the zero-coupon yield curve using the Nelson-Siegel parameterization.

Substituting this into (1.29), we get

N
B, = Z Yin exp {—atn — bl (1 - e’t"/9> - ctne*t"/e} + €. (1.32)

n=1
Since this is a non-linear expression in the unknown parameters, the estimation must be based on

generalized least squares, i.e. non-linear regression techniques. See e.g. Gallant (1987).

1.6.3 Additional remarks on yield curve estimation

Above we looked at two of the many estimation procedures based on a given parameterized
form of either the discount function, the zero-coupon yield curve, or the forward rate curve. A clear
disadvantage of both methods is that the estimated discount function is not necessarily consistent
with those (probably few) discount factors that can be derived from market prices assuming only
no-arbitrage. The procedures do no punish deviations from no-arbitrage values.

A more essential disadvantage of all such estimation procedures is that they only consider
the term structure of interest rates at one particular point in time. Estimations at two different
dates are completely independent and do not take into account the possible dynamics of the term
structure over time. As we shall see in Chapters 7 and 8, there are many dynamic term structure
models which also provide a parameterized form for the term structure at any given date. Applying
such models, the estimation can (and should) be based on bond price observations at different
dates. Typically, the possible forms of the term structure in such models resemble those of the
Nelson-Siegel approach. We will return to this discussion in Chapter 7.

Finally, we will emphasize that the estimated term structure of interest rates should be used

with caution. An obvious use of the estimated yield curve is to value fixed-income securities.
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In particular, the coupon bonds in the data set used in the estimation can be priced using the
estimated discount function. For some of the bonds the price according to the estimated curve will
be lower (higher) than the market price. Therefore, one might think such bonds are overvalued
(undervalued) by the market. (In an estimation like (1.29) this can be seen directly from the
residual £;.) It would seem a good strategy to sell the overvalued and buy the undervalued bonds.
However, such a strategy is not a riskless arbitrage, but a risky strategy, since the applied discount
function is not derived from the no-arbitrage principle only, but depends on the assumed parametric
form and the other bonds in the data set. With another parameterized form or a different set of
bonds the estimated discount function and, hence, the assessment of over- and undervaluation can
be different.

1.7 Exercises

EXERCISE 1.1 Find a list of current price quotes on government bonds at an exchange in your country.
Derive as many discount factors and zero-coupon yields as possible using only the no-arbitrage pricing
principle.

EXERCISE 1.2 Consider two annuity bonds with identical time-to-maturity and payment dates. Let n
be the number of remaining payments on each bond, and let R and Rz be the coupon rates of the two

bonds. In addition, let By and B> denote the prices (quoted price plus accrued interests) of the bonds.

Show that in the absence of arbitrage, the following relation must hold:

Bi _Ril-(1+Ry)™"
By Ryl—(1+Ri)™

In some markets callable mortgage-backed annuity bonds with different coupon rates, but the same matu-

rity and payment dates, are traded. Should you expect the relation above to hold for such bonds? Explain!

EXERCISE 1.3 Show that if the discount function does not satisfy the condition
B > B, T<S,
then negative forward rates will exist. Are non-negative forward rates likely to exist? Explain!

EXERCISE 1.4 Consider two bullet bonds, both with annual payments and exactly four years to ma-
turity. The first bond has a coupon rate of 6% and is traded at a price of 101.00. The other bond has a
coupon rate of 4% and is traded at a price of 93.20. What is the four-year discount factor? What is the

four-year zero-coupon interest rate?



Chapter 2

Fixed income securities

2.1 Introduction

This chapter provides a description of the most important financial securities whose cash flows
and values only depend on the term structure of interest rates. In Chapter 1 we already considered
bonds and the relation between bond prices and the term structure of interest rates. In this chapter
we will describe and discuss floating-rate bonds, forwards, futures and options written on bonds,
interest rate futures, caps, floors, interest rate swaps and swaptions.

We will also derive numerous relations between the prices of these securities that will hold in
the absence of arbitrage and hence independently of the preferences of investors and the future

dynamics of the term structure. For example we will show
e a put-call parity for options on bonds, both zero-coupon bonds and coupon bonds,

e that prices of caps and floors follow from prices of portfolios on certain European options on

zero-coupon bonds

e that prices of European swaptions follow from prices of certain European options on coupon
bonds.

Consequently, we can price many frequently traded securities as long as we price bonds and Eu-
ropean options on bonds. In later chapters we can therefore focus on the pricing of these “basic”

securities.

2.2 Floating rate bonds

Floating rate bonds have coupon rates that are reset periodically over the life of the bond.
We will consider the most common floating rate bond, which is a bullet bond, where the coupon
rate effective for the payment at the end of one period is set at the beginning of the period at the
current market interest rate for that period.

Suppose that the payment dates of the bond are T} < --- < T,,, where T; — T;_1 = § for all 1.
In practice, § will typically equal 0.25, 0.5, or 1 year, corresponding to quarterly, semi-annual, or
annual payments. The annualized coupon rate valid for the period [T;—1,T;] is the d-period market
rate at date T;_; computed with a compounding frequency of §. We will denote this interest rate

by l%_l, although the rate is not necessarily a LIBOR rate, but can also be a Treasury rate. If the

21
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face value of the bond is H, the payment at time T; (i = 1,2,...,n — 1) equals Hél%_l, while the
final payment at time 7,, equals H(1+ 5l%’71). If we define Ty = T7 — 0, the dates Ty, 11, ..., Th_1
are often referred to as the reset dates of the bond.

Let us look at the valuation of a floating rate bond. We will argue that immediately after each
reset date, the value of the bond will equal its face value. To see this, first note that immediately
after the last reset date T,,_1, the bond is equivalent to a zero-coupon bond with a coupon rate
equal to the market interest rate for the last coupon period. By definition of that market interest
rate, the time T, _; value of the bond will be exactly equal to the face value H. In mathematical
terms, the market discount factor to apply for the discounting of time T}, payments back to time
Th—1is (1 + 5l§:71)*1, so the time T, _; value of a payment of H(1 + 51%:71) at time T), is
precisely H. Immediately after the next-to-last reset date T, _o, we know that we will receive a
payment of H 5l;::; at time T),,_; and that the time T;,_1 value of the following payment (received
at T,,) equals H. We therefore have to discount the sum Hél;::; +H = H(1+ 5152:;) from
T, —1 back to T,,_5. The discounted value is exactly H. Continuing this procedure, we get that
immediately after a reset of the coupon rate, the floating rate bond is valued at par.

We can also derive the value of the floating rate bond between two payment dates. Suppose

we are interested in the value at some time ¢ between Ty and T,,. Introduce the notation
i(t) =min{i € {1,2,...,n} : T; > t},

so that Tj() is the nearest following payment date after time . We know that the following payment
at time Tj(;) equals H 5l%8_1 and that the value at time Tj(;) of all the remaining payments will
equal H. The value of the bond at time ¢t will then be

Tit)

T+
Ti(t)_l)Bt ( )7 TO S t < Tn (21)

B = H(1+ 1

This expression also holds at payment dates t = T;, where it results in H, which is the value
excluding the payment at that date.
While few floating rate bonds are traded, the results above are also very useful for the analysis

of interest rate swaps studied in Section 2.9.

2.3 Forwards on bonds

A forward contract is an agreement between two parties on a trade of a given asset or security
at a given future point in time and at a price that is already fixed when the agreement is made.
We will refer to this price as the delivery price. Usually, the delivery price is set so that the net
present value of the future transaction (computed at the agreement date) is equal to zero. This
value of the delivery price is called the forward price. Note that the forward price will depend
on the time of delivery and the underlying asset to be transacted. In the following we will take
a closer look at forwards on zero-coupon bonds and coupon bonds. For a general introduction to
forwards, see Hull (2003).

Consider an agreement on a delivery at time 7T of a zero-coupon bond maturing at time S
(where S > T) for a price of K. We assume that the face value of zero-coupon bonds is 1 (dollar).
The following theorem gives formulas for the time ¢ value VtT’S of a long position in such a forward
contract and for the forward price of the zero-coupon bond. Here and throughout the text, BY

denotes the time ¢ price of a zero-coupon bond that pays 1 (dollar) at time 7.
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Theorem 2.1 The unique no-arbitrage value at time t of a forward with delivery at time T of a

zero-coupon bond maturing at time S at the delivery price K is given by
V¥ =B -~ KBT. (2.2)
The unique no-arbitrage forward price on the zero-coupon bond is

s _ BS

=g (2.3)

Proof: Consider two portfolios, namely
(I) a long position in the forward contract and K zero-coupon bonds maturing at time 7',
(IT) a zero-coupon bond maturing at time S (i.e. the underlying bond).

At time 7 the forward yields a payoff of B3 — K, so that the total time 7' value of portfolio I is
B3 — K + K = Bz, which is identical to the value of portfolio II. Since none of the portfolios yield
payments before time 7', the no-arbitrage principle implies that they must have the same current
price, i.e.

v, + kBT = B,
from which (2.2) follows. Since the forward price F}" 9 is that value of K that makes VtT’S =0,

equation (2.3) follows directly from (2.2).

At the delivery time T the gain or loss from the forward position will be known. The gain from
a long position in a forward written on a zero-coupon with face value H and maturity at .S is equal
to H(B5 — F%). If we write the spot bond price Bf in terms of the spot LIBOR rate I5. and
the forward bond price F,'** in terms of the forward LIBOR rate L!"°, it follows from (1.8), (1.9),
and (2.3) that the gain is equal to

1 1
H(Bf-F'%)=H -
(T t ) <1+(S—T)z§ 1+(ST)LT’S>

(S = T)(L; " —17)H
(1+ (s =) (14 (5 -1)LH)

(2.4)

An investor with a long position in the forward will realize a gain if the spot bond price at delivery
turns out to be above the forward price, i.e. if the spot interest rate at delivery turns out to be
below the forward interest rate when the forward position was taken. We can think of a short
position in a forward on a zero-coupon bond as a way to lock in the borrowing rate for the period
between the delivery date of the forward and the maturity date of the bond.
Next, let us consider a forward on a coupon bond. As before, let T' be the delivery date and
K be the delivery price. The underlying coupon bond is assumed to yield payments at the points
intime 71 < Ty < --- < T,, where T' < T,,. The time T; payment is denoted by Y;, ¢+ =1,2,...,n.
The time ¢ value of the bond is therefore given by
B, = > YB[,
T, >t
where the sum is over all future payment dates; cf. (1.2) on page 6. Let V;T’Cpn denote the time ¢

value of this forward contract. We then have the following result:
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Theorem 2.2 The unique no-arbitrage value of a forward on a coupon bond is given by

Vit = Y YiB - KB/ =B~ Y YBl' - KB/, (2.5)
T;>T t<T;<T
and the unique no-arbitrage forward price of a coupon bond is

T; T;
T,cpn ZTi>T th ' B, — Zt<Ti<T YiBt ' Z T,T;
Ft P = B;T = B;T == }/7,Ft . (26)

T;>T
Proof: Consider the portfolios

(I) a forward contract, K zero-coupon bonds maturing at 7" and, for each T; with ¢t < T; < T,

Y, zero-coupon bonds maturing at 7T;,
(IT) the underlying coupon bond.

Between time t and the delivery date T', the two portfolios have exactly the same payments. At
time T' the value of portfolio I equals By — K + K = By, which is identical to the value of
portfolio II. Absence of arbitrage implies that

Vi KBl + Y YiBl' =B,
t<T; <T

from which (2.5) follows. The forward price follows immediately. a

2.4 Interest rate forwards — forward rate agreements

As discussed in Section 1.4 forward interest rates are rates for a future period relative to the time
where the rate is set. Many participants in the financial markets may on occasion be interested in
“locking in” an interest rate for a future period, either in order to hedge risk involved with varying
interest rates or to speculate in specific changes in interest rates. In the money markets the agents
can lock in an interest rate by entering a so-called forward rate agreement (FRA). Suppose the
relevant future period is the time interval between T and S, where S > T. In principle, a forward
rate agreement with a face value H and a contract rate of K involves two payments: a payment
of —H at time T and a payment of H[1 + (S — T)K] at time S. (Of course, the payments to the
other part of the agreement are H at time 7" and —H[1 + (S — T)K] at time S.) In practice, the
contract is typically settled at time T, so that the two payments are replaced by a single payment
of BRH[1 + (S —T)K] — H at time T.

Usually the contract rate K is set so that the present value of the future payment(s) is zero at
the time the contract is made. Suppose the contract is made at time ¢ < 7. Then the time ¢ value

of the two future payments of the contract is equal to —H B} + H[1+ (S — T)K]By. This is zero

1 BT
K = — (_t _ ) — LT7S7
S—T \ B K

if and only if

cf. (1.9), i.e. when the contract rate equals the forward rate prevailing at time ¢ for the period

between T and S. For this contract rate, we can think of the forward rate agreement having a
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single payment at time 7', which is given by

2.7)

Bﬁm+w—ﬂm—H=HGi§;Q§f_)Zw—ﬂ@y—@w

1+ (S-1)% 1+ (S-1)5

The numerator is exactly the interest lost by lending out H from time 7" to time S at the forward
rate given by the FRA rather than the realized spot rate. Of course, this amount may be negative,
so that a gain is realized. The division by 1 + (S — T)I5. corresponds to discounting the gain/loss
from time S back to time T'. The time T value stated in (2.7) is closely related, but not identical,

to the gain/loss on a forward on a zero-coupon bond, cf. (2.4).

2.5 Futures on bonds

As a forward contract, a futures contract is also an agreement of a future transaction of a given
asset or security. The distinct characteristic of a future is that changes in its value are settled
continuously throughout the life of the contract (usually once every trading day). This so-called
marking-to-market ensures that the value of the contract (i.e. the value of the future payments)
returns to zero immediately after each settlement. This procedure makes it practically possible
to trade futures at organized exchanges, since there is no need to keep track of when the futures
position was originally taken. Futures on government bonds are traded at many leading exchanges.

The marking-to-market at a given date involves the payment of the change in the so-called
futures price of the contract relative to the previous settlement date. At maturity of the contract
the futures gives a payoff equal to the difference between the price of the underlying asset at
that date and the futures price at the previous settlement date. After the last settlement before
maturity, the futures is therefore indistinguishable from the corresponding forward contract, so the
values of the futures and the forward at that settlement date must be identical. At the next-to-
last settlement date before maturity, the futures price is set to that value that ensures that the
net present value of the upcoming settlement at the last settlement date before maturity (which
depends on this futures price) and the final payoff is equal to zero. Similarly at earlier settlement
dates.

Due to the marking-to-market settlement procedure, it is far more difficult to price futures
than forwards. In particular, the no-arbitrage principle is not sufficient to derive a unique futures
price. As shown by Cox, Ingersoll, and Ross (1981b), the futures price and the forward price will
be identical at all points in time if there is no uncertainty about future interest rates, since in that
case the timing of the payoffs does not matter.! Such an assumption is of course unacceptable in
the case of futures on assets that depend on the term structure of interest rates, such as futures
on bonds. We will return to the valuation of futures and the relation between forward prices and

futures prices in Chapter 6.

2.6 Interest rate futures — Eurodollar futures

Interest rate futures is a class of fixed income instruments that trade with a very high volume
at several international exchanges, e.g. CME (Chicago Mercantile Exchange), LIFFE (London
International Financial Futures & Options Exchange), and MATIF (Marché & Terme International

LA proof of this result can also be found in Appendix 3A in Hull (2003).
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de France). The CME interest rate futures involve the three-month Eurodollar deposit rate and are
called Eurodollar futures. The interest rate involved in the futures contracts traded at LIFFE
and MATTF is the three-month LIBOR rate on the Euro currency. We shall simply refer to all
these contracts as Eurodollar futures and refer to the underlying interest rate as the three-month
LIBOR rate, whose value at time ¢ we denote by l§+0'25.

The price quotation of Eurodollar futures is a bit complicated, since the amounts paid in the
marking-to-market settlements are not exactly the changes in the quoted futures price. We must
therefore distinguish between the quoted futures price, éf, and the actual futures price, ', with
the settlements being equal to changes in the actual futures price. At the maturity date of the
contract, T', the quoted Eurodollar futures price is defined in terms of the prevailing three-month
LIBOR rate according to the relation

€L =100 (1 — IET0-25) (2.8)

which using (1.8) on page 8 can be rewritten as

- 1 1
T

Traders and analysts typically transform the Eurodollar futures price to an interest rate, the so-
called LIBOR futures rate, which is defined by

oT

& ~
w?:l—ﬁ & &/ =100(1-¢]).

It follows from (2.8) that the LIBOR futures rate converges to the three-month LIBOR spot rate,
as the maturity of the futures contract approaches.

The actual Eurodollar futures price is given by
eT =100 — 0.25(100 — ET) = 100 — 25¢7

per 100 dollars of nominal value. It is the change in the actual futures price which is exchanged
in the marking-to-market settlements. At the CME the nominal value of the Eurodollar futures is
1 million dollars. A quoted futures price of éT = 94.47 corresponds to a LIBOR futures rate of
5.53% and an actual futures price of

1000000

-[100 — 25 - 0.0553] = 986 175.
100 [ ]

If the quoted futures price increases to 94.48 the next day, corresponding to a drop in the LIBOR
futures rate of one basis point (0.01 percentage points), the actual futures price becomes
1000 000
S 100
An investor with a long position will therefore receive 986200 — 986175 = 25 dollars at the
settlement at the end of that day.

If we simply sum up the individual settlements without discounting them to the terminal date,

- [100 — 25 - 0.0552] = 986 200.

the total gain on a long position in a Eurodollar futures contract from ¢ to expiration at 7' is given
by
&F — &f = (100 — 25¢7) — (100 — 259 ) = =25 (o1 — ¢/ )
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per 100 dollars of nominal value, i.e. the total gain on a contract with nominal value H is equal
to —0.25 (gog - gotT) H. The gain will be positive if the three-month spot rate at expiration turns
out to be below the futures rate when the position was taken. Conversely for a short position.
The gain/loss on a Eurodollar futures contract is closely related to the gain/loss on a forward rate
agreement, as can be seen from substituting S = T +0.25 into (2.7). Recall that the rates ¢ and

l;’+0.25 are identical. However, it should be emphasized that in general the futures rate ] and

the forward rate L] "7 T%?® will be different due to the marking-to-market of the futures contract.

2.7 Options on bonds

Options on government bonds are traded at several exchanges and also on the OTC-markets
(OTC: Over-the-counter). In addition, many bonds are issued with “embedded” options. For
example, many mortgage-backed bonds and corporate bonds are callable, in the sense that the
issuer has the right to buy back the bond at a pre-specified price.

We will first consider options on zero-coupon bonds although, apparently, no such options are
traded at any exchange. However, we shall see later that other, frequently traded, fixed income
securities can be considered as portfolios of European options on zero-coupon bonds. This is true
for caps and floors, which we turn to in Section 2.8. We will also show later that, under certain
assumptions on the dynamics of interest rates, any European option on a coupon bond is equivalent
to a portfolio of certain European options on zero-coupon bonds; see Chapter 7. For these reasons,
it is important to be able to price European options on zero-coupon bonds.

It is well-known that the no-arbitrage principle in itself does not yield a unique price for stock
options, but only upper and lower boundaries for the price, cf. Merton (1973) or Hull (2003). This
is also the case for options on bonds. The bounds that can be obtained for bond options are not

just a simple reformulation of the bounds available for stock options due to

e the close relation between the appropriate discount factor and the price of the underlying

asset,

e the existence of an upper bound on the price of the underlying bond: under the reasonable
assumption that all forward rates are non-negative, the price of a bond will be less than or

equal to the sum of its remaining payments.

Although the obtainable bounds for bond options are tighter than those for stock options, they
still leave quite a large interval in which the price can lie. For proofs and examples see Munk
(2002) and Exercise 2.1. Just as for stock options, the absence of arbitrage is sufficient to derive a
precise relation between prices on European call and put options with the same underlying asset,
exercise price, and maturity date. This relation, the so-called put-call parity, is stated below both
for options on zero-coupon bonds and options on coupon bonds.

For American options on bonds, it is also possible to find no-arbitrage price bounds, and, as a
counterpart to the put-call parity, relatively tight bounds on the difference between the prices of

an American call and an American put. Again the reader is referred to Munk (2002).
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2.7.1 Options on zero-coupon bonds

Let us first fix some notation. The time of maturity of the option is denoted by 7. The
underlying zero-coupon bond gives a payment of 1 (dollar) at time S, where S > T'. The exercise
price of the option is denoted by K.

A FEuropean call option on this zero-coupon bond gives the owner the right, but not the
obligation, to buy the zero-coupon bond at time 7" for a price of K. We let C’tK 15 denote the
time ¢ price of the call option. At maturity the value of the call equals its payoff:

C"% = max (Bf - K,0).

A European put option on the zero-coupon bond gives the owner the right, but not the obligation,
to sell the zero-coupon bond at time T for a price of K. We let 7TtK TS denote the time ¢ price of

the put option. The value at maturity is equal to
"% = max (K — BZ,0).

If the owner of the option makes use of his right to buy/sell the underlying asset, the option is
said to be exercised. Note that only options with an exercise price between 0 and 1 are interesting,
since the price of the underlying zero-coupon bond at expiry of the option will be in this interval,
assuming non-negative interest rates.

The put-call parity gives a precise relation between the prices of European call and put options
with the same underlying asset, exercise price and maturity date. For options on zero-coupon

bonds the relation is as follows:

Theorem 2.3 In absence of arbitrage, the prices of Furopean call and put options on zero-coupon
bonds satisfy the relation
ckTS 4 kBT = 7zK7T5 4 BS. (2.9)

Proof: A portfolio consisting of a call option and K zero-coupon bonds maturing at the same

time as the option yields a payoff at time T' of
max (BY — K,0) + K = max (BZ, K)

and will have a current time ¢ price given by the left-hand side of (2.9). Another portfolio consisting

of a put option and one unit of the underlying zero-coupon bond has a time T value of
max (K - BY, O) + Bf = max (K, Bjsw)

and a time ¢ price corresponding to the right-hand side of (2.9). None of the portfolios provide
payments before time T'. Therefore, there will be an obvious arbitrage opportunity unless (2.9) is
satisfied. O

A consequence of the put-call parity is that we can focus on the pricing of European call options.
The prices of European put options will then follow immediately.
American options can be exercised at the time of maturity 7" or any point in time before time 7.

It is well-known that it is never strictly advantageous to exercise an American call option on a
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non-dividend paying stock before time T'; cf. Merton (1973) and Hull (2003). By analogy, this is
also true for American call options on zero-coupon bonds. At first glance, it may appear optimal
to exercise an American call on a zero-coupon bond immediately in case the price of the underlying
bond is equal to 1, because this will imply a payoff of 1 — K, which is the maximum possible payoff
under the assumption of non-negative interest rates. However, the price of the underlying bond
will only equal 1, if interest rates are zero and stay at zero for sure. Therefore, exercising the
option at time T will also provide a payoff of 1 — K, and since interest rates are zero, the present
value of the payoff is also equal to 1 — K. Hence, there is no strict advantage to early exercise.
As for stock options, premature exercise of an American put option on a zero-coupon bond will be
advantageous for sufficiently low prices of the underlying zero-coupon bond, i.e. sufficiently high

interest rates.

2.7.2 Options on coupon bonds

Consider a coupon bond with payments Y; at time T; (i = 1,2,...,n), where T; < Ty < -+- <
T,. Let B; denote the time t price of this bond, i.e.

By = Z Y; Bl
T; >t

Let C5T P and 7fT°P™ denote the time ¢ prices of a European call and a European put, re-
spectively, expiring at time 7', having an exercise price of K and the coupon bond above as the
underlying asset. Of course, we must have that T" < 7T;,. The time T value of the options is given

by their payoffs:

Cj{(,T,cpn = max (Br — K,0) = max ( Z Y;BE — K, O) ,
T;>T

ﬂ_]{(,ﬂcpn = max (K — BT7O) = max (K — Z }QB?,O) :
T;,>T

Such options are only interesting, if the exercise price is positive and less than ZTDT Y, which is

the upper bound for B with non-negative forward rates. Note that

(1) only the payments of the bonds after maturity of the option are relevant for the payoff and

the value of the option;?

(2) we have assumed that the payoff of the option is determined by the difference between the
exercise price and the true bond price rather than the quoted bond price. The true bond
price is the sum of the quoted bond price and accrued interest.®> Some aspects of options on
the quoted bond price are discussed by Munk (2002).

The put-call parity for European options on coupon bonds is as follows:

2In particular, we assume that in the case where the expiry date of the option coincides with a payment date of
the underlying bond, it is the bond price excluding that payment which determines the payoff of the option.
3The quoted price is sometimes referred to as the clean price. Similarly, the true price is sometimes called the

dirty price.
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Theorem 2.4 Absence of arbitrage implies that

et 4 KBl = wfSTP 4B — N VB (2.10)
t<T;<T
The proof of this result is left for the reader in Exercise 2.2.

When and under what circumstances should one consider exercising an American call on a
coupon bond? This is equivalent to the question of exercising an American call on a dividend-
paying stock, which is discussed e.g. in Hull (2003, Chap. 12). The following conclusions can
therefore be stated. The only points in time when it can be optimal to exercise an American
call on a bond is just before the payment dates of the bond. Let 7; be the last payment date
before expiration of the option. Then it cannot be optimal to exercise the call just before T; if the
payment Y] is less than K (1 —B% ). If the opposite relation holds, it may be optimal to exercise just
before T;. Similarly, at any earlier payment date T; € [t,T}], exercise is ruled out if the payment
at that date Y; is less than K (1 — BTT{'“). Broadly speaking, early exercise of the call will only be
relevant if the short-term interest rate is relatively low and the bond payment is relatively high.*
Regarding early exercise of put options, it can never be optimal to exercise an American put on a
bond just before a payment on the bond. At all other points in time early exercise may be optimal

for sufficiently low bond prices, i.e. high interest rates.

2.8 Caps, floors, and collars
2.8.1 Caps

An (interest rate) cap is designed to protect an investor who has borrowed funds on a floating
interest rate basis against the risk of paying very high interest rates. Suppose the loan has a face
value of H and payment dates T} < Ty < --- < T,, where Ty — T; = § for all i.> The interest
rate to be paid at time T; is determined by the J-period money market interest rate prevailing
at time T;_1 = T; — §, i.e. the payment at time T; is equal to H(Sl%ﬂ;. Note that the interest
rate is set at the beginning of the period, but paid at the end. Define Ty = Ty — 0. The dates

To,T1,...,T,_1 where the rate for the coming period is determined are called the reset dates of
the loan.
A cap with a face value of H, payment dates T; (i = 1,...,n) as above, and a so-called cap

rate K yields a time T; payoff of Hd max(l:ﬂfﬂ; —K,0), fori=1,2,...,n. If a borrower buys such
a cap, the net payment at time T; cannot exceed HOK. The period length § is often referred to as
the frequency or the tenor of the cap.® In practice, the frequency is typically either 3, 6, or 12
months. Note that the time distance between payment dates coincides with the “maturity” of the
floating interest rate. Also note that while a cap is tailored for interest rate hedging, it can also

be used for interest rate speculation.

4Some countries have markets with trade in mortgage-backed bonds where the issuer has an American call option
on the bond. These bonds are annuity bonds where the payments are considerably higher than for a standard “bullet”
bond with the same face value. Optimality of early exercise of such a call is therefore more likely than exercise of a
call on a standard bond.

51n practice, there will not be exactly the same number of days between successive reset dates, and the calculations
below must be slightly adjusted by using the relevant day count convention.

6The word tenor is sometimes used for the set of payment dates T1, ..., Th.
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A cap can be seen as a portfolio of n caplets, namely one for each payment date of the cap.

The i’th caplet yields a payoff at time T; of
= H5max (zg_é fK,O) (2.11)

and no other payments. A caplet is a call option on the zero-coupon yield prevailing at time T; —
for a period of length d, but where the payment takes place at time T; although it is already fixed
at time T; — 9.

In the following we will find the value of the i’th caplet before time T;. Since the payoff becomes
known at time T; — §, we can obtain its value in the interval between T; — § and T; by a simple

discounting of the payoff, i.e.
el = BTH(SmaX<l£ 5 K,O) , T, —0<t<T;.

In particular,
3"1—5 = B%:' sHomax (l; _s K,O) .

Applying (1.8) on page 8, we can rewrite this value as

b5 = B _gHmax (14817, — [1+ K], 0)

1
B; 5Hmax< T —[1440K], )
B,
H(1+0K) max( T 5,0).

We can now see that the value at time T; — 0 is identical to the payoff of a European put option
expiring at time T; — 0 that has an exercise price of 1/(1 + 0K) and is written on a zero-coupon
bond maturing at time T;. Accordingly, the value of the i’th caplet at an earlier point in time
t < T; — 6 must equal the value of that put option. With the notation used earlier we can write
this as

€ = H(1 4 6K)n ) 0T (2.12)

To find the value of the entire cap contract we simply have to add up the values of all the
caplets corresponding to the remaining payment dates of the cap. Before the first reset date, Ty,

none of the cap payments are known, so the value of the cap is given by

n n

. —1 L 3

Cr= Cl=H(1+6K)Y a0 T=0T oy, (2.13)
i= i=1

At all dates after the first reset date, the next payment of the cap will already be known. If we

again use the notation T for the nearest following payment date after time ¢, the value of the

cap at any time ¢ in [T, T,] (exclusive of any payment received exactly at time ¢) can be written

as
Tyt Tyt
€ = HB;omax (I)_; — K,0)

n e (2.14)
(46K H Y AT <y e,

i=i(t)+1
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IfT,—1 <t<T,, wehavei(t) = n, and there will be no terms in the sum, which is then considered
to be equal to zero. In later chapters we will discuss models for pricing bond options. From the
results above, cap prices will follow from prices of European puts on zero-coupon bonds.

Note that the interest rates and the discount factors appearing in the expressions above are
taken from the money market, not from the government bond market. Also note that since caps
and most other contracts related to money market rates trade OTC, one should take the default
risk of the two parties into account when valuing the cap. Here, default simply means that the party
cannot pay the amounts promised in the contract. Official money market rates and the associated
discount function apply to loan and deposit arrangements between large financial institutions, and
thus they reflect the default risk of these corporations. If the parties in an OTC transaction have a
default risk significantly different from that, the discount rates in the formulas should be adjusted
accordingly. However, it is quite complicated to do that in a theoretically correct manner, so we

will not discuss this issue any further at this point.

2.8.2 Floors

An (interest rate) floor is designed to protect an investor who has lent funds on a floating
rate basis against receiving very low interest rates. The contract is constructed just as a cap except

that the payoff at time T; (i = 1,...,n) is given by
i = Homax (K - 12{575,0) : (2.15)

where K is called the floor rate. Buying an appropriate floor, an investor who has provided another
investor with a floating rate loan will in total at least receive the floor rate. Of course, an investor
can also speculate in low future interest rates by buying a floor.

The (hypothetical) contracts that only yield one of the payments in (2.15) are called floorlets.
Obviously, we can think of a floorlet as a European put on the floating interest rate with delayed
payment of the payoff. Analogously to the analysis for caps, we can also think of a floorlet as a
European call on a zero-coupon bond, and hence a floor is equivalent to a portfolio of European
calls on zero-coupon bonds. More precisely, the value of the i’th floorlet at time T; — ¢ is

; . 1
7,—5 = H(1 + 0K)max <B;Z_5 TR 0) . (2.16)

The total value of the floor contract at any time ¢t < Tj is therefore given by

Fp = H(1+5K) Y CI 8 A0y o (2.17)

i=1
and later the value is
Tt Tie
F, = BB 5 max (K — i 0)

n o (2.18)
+A+0K)H Y ofttr) ST T < < T

i=i(t)+1
2.8.3 Collars

A collar is a contract designed to ensure that the interest rate payments on a floating rate

borrowing arrangement stay between two pre-specified levels. A collar can be seen as a portfolio
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of a long position in a cap with a cap rate K. and a short position in a floor with a floor rate of
K; < K. (and the same payment dates and underlying floating rate). The payoff of a collar at

time T3, ¢ = 1,2,...,n, is thus
zT = Hé [max ( %_5 — Kc,0> — max (Kf - l%_(s,O)]
—HO Ky =1 ,] L it < Ky,
=10, if Ky <l s < K,
HO |l ~ K], K <1},

The value of a collar with cap rate K. and floor rate Ky is of course given by
Li(Ke, Ky) = C(Kc) — Fo(Ky),

where the expressions for the values of caps and floors derived earlier can be substituted in.

An investor who has borrowed funds on a floating rate basis will by buying a collar ensure that
the paid interest rate always lies in the interval between Ky and K.. Clearly, a collar gives cheaper
protection against high interest rates than a cap (with the same cap rate K.), but on the other
hand the full benefits of very low interest rates are sacrificed. In practice, Ky and K, are often set

such that the value of the collar is zero at the inception of the contract.

2.8.4 Exotic caps and floors

Above we considered standard, plain vanilla caps, floors, and collars. In addition to these
instruments, several contracts trade on the international OTC markets with cash flows that are
similar to plain vanilla contracts, but deviate in one or more aspects. The deviations complicate
the pricing methods considerably. Let us briefly look at a few of these exotic securities. The
examples are taken from Musiela and Rutkowski (1997, Ch. 16).

e A bounded cap is like an ordinary cap except that the cap owner will only receive the
scheduled payoff if the sum of the payments received so far due to the contract does not
exceed a certain pre-specified level. Consequently, the ordinary cap payments in (2.11) are to
be multiplied with an indicator function. The payoff at the end of a given period will depend
not only on the interest rate in the beginning of the period, but also on previous interest

rates. As many other exotic instruments, a bounded cap is therefore a path-dependent asset.

e A dual strike cap is similar to a cap with a cap rate of K; in periods when the underlying

t+48
h

floating rate stays below a pre-specified level [, and similar to a cap with a cap rate of

Ky, where Ky > K1, in periods when the floating rate is above l.

e A cumulative cap ensures that the accumulated interest rate payments do not exceed a

given level.

e A knock-out cap will at any time T; give the standard payoff in (2.11) unless the floating
rate l?‘s during the period [T; — 6, T;] has exceeded a certain level. In that case the payoff is

Zero.
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Options on caps and floors are also traded. Since caps and floors themselves are (portfolios
of) options, the options on caps and floors are so-called compound options. An option on a cap is
called a caption and provides the holder with the right at a future point in time, Tj, to enter into

a cap starting at time Ty (with payment dates T7,...,T,) against paying a given exercise price.

2.9 Swaps and swaptions
2.9.1 Swaps

Many different types of swaps are traded on the OTC markets, e.g. currency swaps, credit
swaps, asset swaps, but in line with the theme of this chapter we will focus on interest rate swaps.
An (interest rate) swap is an exchange of two cash flow streams that are determined by certain
interest rates. In the simplest and most common interest rate swap, a plain vanilla swap, two
parties exchange a stream of fixed interest rate payments and a stream of floating interest rate
payments. The payments are in the same currency and are computed from the same (hypothetical)
face value or notional principal. The floating rate is usually a money market rate, e.g. a LIBOR
rate, possibly augmented or reduced by a fixed margin. The fixed interest rate is usually set so
that the swap has zero net present value when the parties agree on the contract. While the two
parties can agree upon any maturity, most interest rate swaps have a maturity between 2 and 10
years.

The first swap was contracted in 1981, and nowadays the international swap markets are enor-
mous, both in terms of transactions and outstanding contracts. The organization ISDA (Interna-
tional Swaps and Derivatives Association) publishes key figures showing the size and development
of the markets for swaps and interest rate options traded OTC. After 1997 the published figures
are for all products together and are not informative for the markets of the different securities.
At the end of 1997, the total notional principal (face value) of all reported, active interest rate
swaps amounted to 22.3 trillion U.S. dollars (i.e. 22300000 million), and the swap market was
indisputably the largest OTC derivative market.” The total OTC derivative market more than
doubled in size from 1997 to 2000, and there is no reason to believe that the growth rate of the
swap market itself is significantly different.

Let us briefly look at the uses of interest rate swaps. An investor can transform a floating rate
loan into a fixed rate loan by entering into an appropriate swap, where the investor receives floating
rate payments (netting out the payments on the original loan) and pays fixed rate payments. This
is called a liability transformation. Conversely, an investor who has lent money at a floating
rate, i.e. owns a floating rate bond, can transform this to a fixed rate bond by entering into a
swap, where he pays floating rate payments and receives fixed rate payments. This is an asset
transformation. Hence, interest rate swaps can be used for hedging interest rate risk on both
(certain) assets and liabilities. On the other hand, interest rate swaps can also be used for taking
advantage of specific expectations of future interest rates, i.e. for speculation.

Swaps are often said to allow the two parties to exploit their comparative advantages in
different markets. Concerning interest rate swaps, this argument presumes that one party has a

comparative advantage (relative to the other party) in the market for fixed rate loans, while the

"For interest rate swaps denoted in the Danish currency the corresponding number is 133 billion U.S. dollars (i-e.

133000 million), an increase of 16% relative to the year before.
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other party has a comparative advantage (relative to the first party) in the market for floating rate
loans. However, these markets are integrated, and the existence of comparative advantages conflicts
with modern financial theory and the efficiency of the money markets. Apparent comparative
advantages can be due to differences in default risk premia. For details we refer the reader to the
discussion in Hull (2003, Ch. 6).

Next, we will discuss the valuation of swaps. As for caps and floors, we assume that both
parties in the swap have a default risk corresponding to the “average default risk” of major financial
institutions reflected by the money market interest rates. For a description of the impact on the
payments and the valuation of swaps between parties with different default risk, see Duffie and
Huang (1996) and Huge and Lando (1999). Furthermore, we assume that the fixed rate payments
and the floating rate payments occur at exactly the same dates throughout the life of the swap.
This is true for most, but not all, traded swaps. For some swaps, the fixed rate payments only
occur once a year, whereas the floating rate payments are quarterly or semi-annual. The analysis
below can easily be adapted to such swaps.

In a plain vanilla interest rate swap, one party pays a stream of fixed rate payments and receives
a stream of floating rate payments. This party is said to have a pay fixed, receive floating swap or
a fixed-for-floating swap or simply a payer swap. The counterpart receives a stream of fixed rate
payments and pays a stream of floating rate payments. This party is said to have a pay floating,
receive fixed swap or a floating-for-fixed swap or simply a receiver swap. Note that the names
payer swap and receiver swap refer to the fixed rate payments.

We consider a swap with payment dates 17, ...,T,, where T;11 — T; = §. The floating interest
rate determining the payment at time 7; is the money market (LIBOR) rate l%_ s+ In the following
we assume that there is no fixed extra margin on this floating rate. If there were such an extra
charge, the value of the part of the flexible payments that is due to the extra margin could be
computed in the same manner as the value of the fixed rate payments of the swap, see below. We
refer to Ty = T} —§ as the starting date of the swap. As for caps and floors, we call Ty, T4, ..., T,_1
the reset dates, and § the frequency or the tenor. Typical swaps have § equal to 0.25, 0.5, or 1
corresponding to quarterly, semi-annual, or annual payments and interest rates.

We will find the value of an interest rate swap by separately computing the value of the fixed
rate payments (V%) and the value of the floating rate payments (V). The fixed rate is denoted
by K. This is a nominal, annual interest rate, so that the fixed rate payments equal HKJ, where
H is the notional principal or face value (which is not swapped). The value of the remaining fixed
payments is simply . .

Vix= 3" HKSB{" = HK6 Y _ B/ (2.19)
i=i(t) i=i(t)

The floating rate payments are exactly the same as the coupon payments on a floating rate
bond, which was discussed in Section 2.2, i.e. at time T; (i = 1,2,...,n) the payment is Hél%ﬂ;.
Note that this payment is already known at time T; — 6. According to (2.1), the value of such a
floating bond at any time t € [Tp,Ty,) is given by H(1 + 51%8_6)3?(7:)_ Since this is the value of

both the coupon payments and the final repayment of face value, the value of the coupon payments
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only must be

VA= HQ+00.0_)B/ — HB]"

Ti4)

= Holy"

Bl 4+ H {Bf“” - BtT"} . Ty <t<T,.

At and before time Tp, the first term is not present, so the value of the floating rate payments is
simply
vi=—H [BtTO - Bﬂ . < T (2.20)

We will also develop an alternative expression for the value of the floating rate payments of the

swap. The time T; — § value of the coupon payment at time T; is

T;
ZTL'—(S

T;—0

)
where we have applied (1.8) on page 8. Consider a strategy of buying a zero-coupon bond with
face value H maturing at T; — 0 and selling a zero-coupon bond with the same face value H but

maturing at T;. The time T; — § value of this position is

T,—6 T, H I7i_s
HBT?fé' _HBT775:H— T :H(5 - T 5
: ‘ L+oly 5 L+oly 5

which is identical to the value of the floating rate payment of the swap. Therefore, the value of
this floating rate payment at any time ¢t < T; — § must be

;-6
Br,;
B/

]

-1

H (Bfi—‘S - BtT'i) — HOBT — HoBI [T T (2.21)

where we have applied (1.9) on page 8. Thus, the value at time ¢t < T; — § of getting Hél%ﬂ; at
time T} is equal to H(SB;‘F" Lfi_é’Ti, i.e. the unknown future spot rate l%_é in the payoff is replaced

by the current forward rate for Lzﬂiﬂ;’Ti

and then discounted by the current riskfree discount factor
BtT ‘. The value at time t > T, of all the remaining floating coupon payments can therefore be
written as n
fl_ Tie) 1 Tice) T; 7 Ti=6,T;
V= H6B, 1,0 s+ HS Y BIL{ , t>Ty.
i=i(t)+1

At or before time Ty, the first term is not present, so we get
n
VA= HY BILITT, t< T, (2.22)
i=1

The value of a payer swap is

while the value of a receiver swap is
R, = ‘/tﬁx . ‘/tﬂ'

In particular, the value of a payer swap at or before its starting date Ty can be written as

P, = HéiBtTi (LtTi*‘;*Ti - K) . t<Ty, (2.23)
=1
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using (2.19) and (2.22), or as
P, =0 ([BtTO — BtT"} — ZK&B?”) . t<Ty, (2.24)
i=1

using (2.19) and (2.20). If welet Y; = Kd fori = 1,...,n—1 and Y;, = 1+ K6, we can rewrite (2.24)
as
P,=H (BtTO - ZYJS?) . t<Ty. (2.25)
i=1
Also note the following relation between a cap, a floor, and a payer swap having the same payment

dates and where the cap rate, the floor rate, and the fixed rate in the swap are all identical:
Co=F + Py (2.26)

This follows from the fact that the payments from a portfolio of a floor and a payer swap exactly
match the payments of a cap.
The swap rate ZN%O prevailing at time Ty for a swap with frequency § and payments dates
T, =Ty+15,i=1,2,...,n, is defined as the unique value of the fixed rate that makes the present
value of a swap starting at Tj equal to zero, i.e. P, = Ry, = 0. The swap rate is sometimes called
the equilibrium swap rate or the par swap rate. Applying (2.23), we can write the swap rate as
_ XLy By

[5
Ty — n T )
Zi:l BT:)

which can also be written as a weighted average of the relevant forward rates:

gy =Y w L™, (2.27)
i=1

where w; = B%S /30 B%; Alternatively, we can let t = Tp in (2.24) yielding

n
P, =H <1 — Bfr — KéZB%;) :
i=1
so that the swap rate can be expressed as

Tn
L, 1-Bh

7 = ——2—. 2.28
"oy, B, 229

Substituting (2.28) into the expression just above it, the time T, value of an agreement to pay a
fixed rate K and receive the prevailing market rate at each of the dates T1,...,T),, can be written

in terms of the current swap rate as

Pr,=H (Zgoa <Zn: B%;) - K¢ (Zn: B;”g))
i=1 i=1
= <zn: B;“;‘) Hs (I, - K ).
i=1

A forward swap (or deferred swap) is an agreement to enter into a swap with a future starting

(2.29)

date Ty and a fixed rate which is already set. Of course, the contract also fixes the frequency, the
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maturity, and the notional principal of the swap. The value at time ¢t < Ty of a forward payer
swap with fixed rate K is given by the equivalent expressions (2.23)—(2.25). The forward swap
rate L2 is defined as the value of the fixed rate that makes the forward swap have zero value at

time t. The forward swap rate can be written as

n Ti—0, T RT;
70,70 __ BtTO - B;Tn _ Zi:l Lt B;f (2 30)
t - n . n } N .
0y B Sy Bl

Note that both the swap rate and the forward swap rate depend on the frequency and the

maturity of the underlying swap. To indicate this dependence, let l~f (n) denote the time ¢ swap
rate for a swap with payment dates T; =t +id, i = 1,2,...,n. If we depict the swap rate as a
function of the maturity, i.e. the function n +— I12(n) (only defined for n = 1,2,...), we get a term
structure of swap rates for the given frequency. Many financial institutions participating in the
swap market will offer swaps of varying maturities under conditions reflected by their posted term
structure of swap rates. In Exercise 2.3, the reader is asked to show how the discount factors B%)

can be derived from a term structure of swap rates.

2.9.2 Swaptions

A European swaption gives its holder the right, but not the obligation, at the expiry date
To to enter into a specific interest rate swap that starts at Ty and has a given fixed rate K. No
exercise price is to be paid if the right is utilized. The rate K is sometimes referred to as the
exercise rate of the swaption. We distinguish between a payer swaption, which gives the right to
enter into a payer swap, and a receiver swaption, which gives the right to enter into a receiver
swap.

Let us first focus on a European receiver swaption. At time Tg, the value of a receiver swap

with payment dates T; =Ty +id, i =1,2,...,n, and a fixed rate K is given by

Ry, = H (ZYiBg - 1) ,
=1

where Y; = Kd for i = 1,...,n—1and Y,, = 1 + K¢; cf. (2.25). Hence, the time Ty payoff of a

receiver swaption is

R7, = max (Rq, —0,0) = H max (Z Y;Bfi — 1, 0) , (2.31)
i=1

which is equivalent to the payoff of H European call options on a bullet bond with face value 1,
n payment dates, a period of § between successive payments, and an annualized coupon rate K.
The exercise price of these options equals the face value 1. The price of a European receiver
swaption must therefore be equal to the price of these call options. In many of the pricing models
we develop in later chapters, we can compute such prices quite easily.

Similarly, a Furopean payer swaption yields a payoff of

n
Pr, = max (Pp, — 0,0) = max (—Rq,,0) = H max (1 - > YBE, o) . (2.32)
i=1
This is identical to the payoff from H European put options expiring at T and having an exercise

price of 1 with a bond paying Y; at time T;, ¢ = 1,2,...,n, as its underlying asset.
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Alternatively, we can apply (2.29) to express the payoff of a European payer swaption as

P, = (i B%’;) H6 max (Z%O _K, o) . (2.33)
=1

The interpretation of this payoff is that the payer swaption gives the right to pay a fixed annual
rate of K in a swap beginning at T instead of the equilibrium swap rate l~‘§T0 that prevails at
that date. Hence, at all the payment dates of the swap T1,...,T,, the payer swaption allows the
holder to reduce the fixed rate payment by Hd (i%o - K )7 which the holder will do whenever this
difference is positive. Discounting back to Ty and summing up, we get (2.33). Similarly, the payoff

for a European receiver swaption can be written as

Ry, = (i B%) Hymax (K~ I§,,0).
i=1

Also note that the following payer-receiver parity holds for European swaptions having the

same underlying swap and the same exercise rate:
P —R =Py, t<Ty, (2.34)

cf. Exercise 2.4. In words, a payer swaption minus a receiver swaption is indistinguishable form a
forward payer swap.

While a large majority of traded swaptions are European, so-called Bermuda swaptions
are also traded. A Bermuda swaption can be exercised at a number of pre-specified dates and,
therefore, resembles an American option. When the Bermuda swaption is exercised, the holder
receives a position in a swap with certain payment dates. Most Bermuda swaptions are constructed
such that the underlying swap has some fixed, potential payment dates T4, ...,T,. If the Bermuda
swaption is exercised at, say, time ¢, only the remaining swap payments will be effective, i.e. the
payments at date Tjy,...,T,. Later exercise results in a shorter swap. The possible exercise
dates will usually coincide with the potential swap payment dates. Exercise of a Bermuda payer
(receiver) swaption at date T} results in a payoff at that date equal to the payoff of a European payer
(receiver) swaption expiring at that date with a swap with payment dates Tj41,...,T;,. Bermuda
swaptions are often issued together with a given swap. Such a “package” is called a cancellable
swap or a puttable swap. Typically, the Bermuda swaption cannot be exercised over a certain
period in the beginning of the swap. When practitioners talk of, say, a “10 year non call 2 year
Bermuda swaption”, they mean an option on a 10 year swap, where the option at the earliest can
be exercised 2 years into the swap and then on all subsequent payment dates of the swap. A less
traded variant is a constant maturity Bermuda swaption, where the option holder upon exercise

receives a swap with the same time to maturity no matter when the option is exercised.

2.9.3 Exotic swap instruments

The following examples of exotic swap market products are adapted from Musiela and Rutkowski
(1997) and Hull (2003):

e Float-for-floating swap: Two floating interest rates are swapped, e.g. the three-month

LIBOR rate and the yield on a given government bond.
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e Amortizing swap: The notional principal is reduced from period to period following a
pre-specified scheme, e.g. so that the notional principle at any time reflects the outstanding

debt on a loan with periodic instalments (as for an annuity or a serial bond).
e Step-up swap: The notional principal increases over time in a pre-determined way.

e Accrual swap: The scheduled payments of one party are only to be paid as long as the
floating rate lies in some interval J. Assume for concreteness that it is the fixed rate payments
that have this feature. At the swap payment date T; the effective fixed rate payment is then
HSK Ny /Ns, where Nj is the number of days in the period between T;_; and T;, where the
floating rate Zf”s was in the interval J, and N is the total number of days in the period. The
interval J may even differ from period to period either in a deterministic way or depending

on the evolution of the floating interest rate so far.

e Constant maturity swap: At the payment dates a fixed rate is exchanged for the (equi-
librium) swap rate on a swap of a given, constant maturity, i.e. the floating rate is itself a

swap rate.

e Extendable swap: One party has the right to extend the life of the swap under certain

conditions.

e Forward swaption: A forward swaption gives the right to enter into a forward swap, i.e.

the swaption expires at time t* before the starting date of the swap Ty. The payoff is
n N n B
H3 Y max (L3 - K,0) BY = (Z Bﬁi) Hemax (Ly — K,0).
i=1 i=1

e Swap rate spread option: The payoff is determined by the difference between (equilibrium)
swap rates for two different maturities. Recall that Z%O (m) denotes the swap rate for a swap
with payment dates T4,...,Ty,, where T; = Ty 4+ id. An (m,n)-period European swap rate

spread call option with an exercise rate K yields a payoff at time T of
max (llfpo (m) — Zf}o (n) — K, 0) .
The corresponding put has a payoff of
max (K - [ZN‘%O (m) — l~5TO (n)} ,0) .

e Yield curve swap: In a one-period yield curve swap one party receives at a given date T' a
swap rate I5:(m) and pays a rate K + I3.(n), both computed on the basis of a given notional
principal H. A multi-period yield curve swap has, say, L payment dates Ti,...,Ty. At

time T} one party receives an interest rate of l~5Tl (m) and pays an interest rate of K + ZN% (n).

In addition, several instruments combine elements of interest rate swaps and currency swaps. For

example, in a differential swap a domestic floating rate is swapped for a foreign floating rate.
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2.10 Exercises
EXERCISE 2.1 Show that the no-arbitrage price of a European call on a zero-coupon bond will satisfy
max <o,Bf - KBtT) <CKETS < BS(1 - K)

provided that all interest rates are non-negative. Here, T is the maturity date of the option, K is the exercise
price, and S is the maturity date of the underlying zero-coupon bond. Compare with the corresponding
bounds for a European call on a stock, cf. Hull (2003, Ch. 8). Derive similar bounds for a European call

on a coupon bond.
EXERCISE 2.2 Give a proof of the put-call parity for options on coupon bonds in Theorem 2.4.

EXERCISE 2.3 Let Z%O(k) be the equilibrium swap rate for a swap with payment dates T1, 7%, ..., Tk,

where T; = Tp + id as usual. Suppose that l~‘;TO(1)7 ceey Z%O (n) are known. Find a recursive procedure for
deriving the associated discount factors B;S , B;;, e ,B?g.

EXERCISE 2.4 Show the parity (2.34). Show that a payer swaption and a receiver swaption (with
identical terms) will have identical prices, if the exercise rate of the contracts is equal to the forward swap

7 6,T
rate Ly "°.

EXERCISE 2.5 Consider a swap with starting date Ty and a fixed rate K. For t < Ty, show that

Vv = L7 /K where L™ is the forward swap rate.



Chapter 3

Stochastic processes and stochastic

calculus

In the previous chapter we saw that many interest rate dependent securities cannot be priced
uniquely just by appealing to no-arbitrage arguments. To derive prices and hedging strategies we
have to model the uncertainty about the term structure of interest rates at relevant future dates.
In order to analyze the relation between interest rates and other macroeconomic variables such
as aggregate consumption or production, we also have to take the uncertainty about the future
values of these variables into account. For example, the uncertainty about future consumption will
affect individuals’ supply and demand for bonds and, hence, affect the interest rates set today. In
modern finance, stochastic processes are used to model the evolution of uncertain variables over
time. Therefore, a basic knowledge of stochastic processes and how to do computations involving
stochastic processes is needed in order to understand, evaluate, and develop models of the term
structure of interest rates. This chapter is devoted to a relatively brief introduction to stochastic
processes and the mathematical tools needed to do calculations with stochastic processes, the
so-called stochastic calculus. We will omit many technical details that are not important for a
reasonable level of understanding and focus on processes and results that will become important
in later chapters. For more details and proofs, the reader is referred to the textbooks of Dksendal
(1998) and Karatzas and Shreve (1988).

3.1 Probability spaces

The basic object for studies of uncertain events is a probability space, which is a triple
(Q,F,P). Here, Q is the state space, which is the set of possible states or outcomes of the
uncertain object. For example, if one studies the outcome of a throw of a dice (meaning the
number of “eyes” on top of the dice), the state space is Q = {1,2,3,4,5,6}. An event is a set of
possible outcomes, i.e. a subset of the state space. In the example with the dice, some events are
{1,2,3}, {4,5}, {1,3,5}, {6}, and {1,2,3,4,5,6}. The second component of a probability space,
F, is the set of events to which a probability can be assigned, i.e. the set of “probabilizable” events.

Hence, F is a set of subsets of the state space! It is required that
(i) the entire state space can be assigned a probability, i.e. € F;

(ii) if some event F' C ) can be assigned a probability, so can its complement F¢ = Q\ F, i.e.

42
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FeJF=Fced;and

(iii) given a sequence of probabilizable events, the union is also probabilizable, i.e. Fy, F,--- €
F = U?ilFi IS

Often ¥ is referred to as a sigma-field. The final component of a probability space is a probability
measure P, which formally is a function from the sigma-field F into the interval [0,1]. To each
event F' € F, the probability measure assigns a number P(F') in the interval [0, 1]. This number is
called the P-probability (or simply the probability) of F. A probability measure must satisfy the

following conditions:
(i) P(2) =1 and P(P) = 0, where () denotes the empty set;

(ii) the probability of the state being in the union of disjoint sets is equal to the sum of the
probabilities for each of the sets, i.e. given Fi, Fy,--- € F with F; N F; = () for all i # j, we
have P( i=1Fi) = Zfil P(FZ)

Many different probability measures can be defined on the same sigma-field, &F, of events. In the
example of the dice, a probability measure P corresponding to the idea that the dice is “fair” is
defined by P({1}) = P({2}) = --- = P({6}) = 1/6. Another probability measure, Q, can be defined
by Q({1}) =1/12, Q({2}) = --- = Q({5}) = 1/6, and Q({6}) = 3/12, which may be appropriate
if the dice is believed to be “unfair”.

Two probability measures P and Q defined on the same state space and sigma-field (2, F) are
called equivalent if the two measures assign probability zero to exactly the same events, i.e. if
P(A) =0 < Q(A) = 0. The two probability measures in the dice example are equivalent. In the
stochastic models of financial markets switching between equivalent probability measures turns out

to be important.

3.2 Stochastic processes

The state of many systems or objects changes over time in a manner that cannot be predicted
with certainty. This is also true for many economic objects such as stock prices, interest rates,
and exchange rates. Such an object can be described by a stochastic process, which is a family
of random variables with one random variable for each time we observe the state of the object.
We will denote a generic stochastic process by the symbol x, which is then given as a collection
(z¢)teg of random variables defined on a common probability space (£2, F,P). We will only consider
real-valued stochastic process, i.e. all the random variables take values in (a subset of ) R¥ for some
integer K > 1. The set T consists of all the points in time at which we care about the state of the
object, which is represented by the value of the process. Associated with a stochastic process is

information about exactly how the state can change over time.

3.2.1 Different types of stochastic processes

A stochastic process for the state of an object at every point in time in a given interval is called
a continuous-time stochastic process. This corresponds to the case where the set T takes the
form of an interval [0,T] or [0,00). In contrast a stochastic process for the state of an object at

countably many separated points in time is called a discrete-time stochastic process. This is
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for example the case when T ={0,1,2,..., T} or {0,1,2,...}. If the state can take on all values in
a given interval (e.g. all real numbers), the process is called a continuous-variable stochastic
process. On the other hand, if the state can take on countably many separated values, the process
is called a discrete-variable stochastic process.

The investors in the financial markets can trade at more or less any point in time. Due to
practical considerations and transaction costs, no investor will trade continuously. However, with
many investors there will be some trades at almost any point in time, so that prices and interest
rates etc. will also change almost continuously. Therefore, it seems to be a better approximation
of real life to describe such economic variables by continuous-time stochastic processes than by
discrete-time stochastic processes. Continuous-time stochastic processes are in many aspects also
easier to handle than discrete-time stochastic processes. In practice, these economic variables
can only take on countably many values, e.g. stock prices are multiples of the smallest possible
unit (0.01 currency units in many countries), and interest rates are only stated with a given
number of decimals. But since the possible values are very close together, it seems reasonable to
use continuous-variable processes in the modeling of these objects. In addition, the mathematics
involved in the analysis of continuous-variable processes is simpler and more elegant than the
mathematics for discrete-variable processes. In sum, we will use continuous-time, continuous-
variable stochastic processes throughout to describe the evolution in prices and rates. Therefore

the remaining section of this chapter will be devoted to that type of stochastic processes.

3.2.2 Basic concepts

Let us consider a continuous-time, continuous-variable stochastic process © = (x);er, , where
the random variable z; represents the state or value of the object at time ¢t. Here we assume that
we are interested in the state at every point in time in R} = [0, 00), where time is measured relative
to some given starting time, “time 0.” In this case an outcome is an entire set of values {z:|t > 0},
which we will call a (sample) path. A path of a stochastic process is a possible realization of the
evolution of the process over time. The state space 2 is the set of all paths. Events are subsets
of , i.e. sets of paths. The following are examples of some events: {z; < 10 | for all ¢ < 1},
{5 > 0}, and {z1 < a1,73/2 > az}. Attached to all possible events is a probability given by a
probability measure P.

We assume, furthermore, that all the random variables x; take on values in the same set 8,
which we call the value space of the process. More precisely this means that S is the smallest set
with the property that P({z; € §}) = 1. If 8§ C R, we call the process a one-dimensional, real-valued
process. If § is a subset of R¥ (but not a subset of RX—1), the process is called a K-dimensional,
real-valued process, which can also be thought of as a collection of K one-dimensional, real-valued
processes. Note that as long as we restrict ourselves to equivalent probability measures, the value
space will not be affected by changes in the probability measure.

As time goes by, we can observe the evolution in the object which the stochastic process
describes. At any given time ', the previous values (x):[o,+), where z; € §, will be known (at
least in the models we consider). These values constitute the history of the process up to time t'.

The future values are still stochastic.
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3.2.3 Markov processes and martingales

As time passes we will typically revise our expectations of the future values of the process or,
more precisely, revise the probability distribution we attribute to the value of the process at any
future point in time. Suppose we stand at time ¢ and consider the value of a process = at a future
time ¢’ > t. The distribution of the value of x; is characterized by probabilities P(z, € A) for
subsets A of the value space 8. If for all ¢,¢' € Ry with ¢t <’ and all A C 8, we have that

P (xt' €A \ ($s)se[o,t]) =P(zpy €A l’t),

then z is called a Markov process. Broadly speaking, this condition says that, given the presence,
the future is independent of the past. The history contains no information about the future value
that cannot be extracted from the current value.

Markov processes are often used in financial models to describe the evolution in prices of
financial assets, since the Markov property is consistent with the so-called weak form of market
efficiency, which says that extraordinary returns cannot be achieved by use of the precise historical
evolution in the price of an asset.! If extraordinary returns could be obtained in this manner, all
investors would try to profit from it, so that prices would change immediately to a level where
the extraordinary return is non-existent. Therefore, it is reasonable to model prices by Markov
processes. In addition, models based on Markov processes are often more tractable than models
with non-Markov processes.

A stochastic process is said to be a martingale if, at all points in time, the expected change in
the value of the process over any given future period is equal to zero. In other words, the expected
future value of the process is equal to the current value of the process. Because expectations
depend on the probability measure, the concept of a martingale should be seen in connection with
the applied probability measure. More rigorously, a stochastic process = (z¢);>0 is a P-martingale
if for all ¢ > 0 we have that

Ef [z, =z, forall s >t

Here, E]f denotes the expected value computed under the P-probabilities given the information
available at time ¢, that is, given the history of the process up to and including time ¢. Sometimes

the probability measure will be clear from the context and can be notationally suppressed.

3.2.4 Continuous or discontinuous paths

We will only consider stochastic processes having paths that are continuous functions of time,
so that one can depict the evolution of the process by a continuous curve. The most fundamental
process with this property is the so-called standard Brownian motion or Wiener process, which
we will describe in detail in the next section. From the standard Brownian motion many other
interesting continuous-path processes can be constructed as we will see in later sections.

Stochastic processes which have paths with discontinuities (jumps) also exist. The jumps of
such processes are often modeled by Poisson processes or related processes. It is well-known that

large, sudden movements in financial variables occur from time to time, for example in connection

1This does not conflict with the fact that the historical evolution is often used to identify some characteristic

properties of the process, e.g. for estimation of means and variances.
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with stock market crashes. There may be many explanations of such large movements, for example
a large unexpected change in the productivity in a particular industry or the economy in general,
perhaps due to a technological break-through. Another source of sudden, large movements is
changes in the political or economic environment such as unforseen interventions by the government
or central bank. Stock market crashes are sometimes explained by the bursting of a bubble (which
does not necessarily conflict with the usual assumption of rational investors). Whether such sudden,
large movements can be explained by a sequence of small continuous movements in the same
direction or jumps have to be included in the models is an empirical question, which is still open.

There are numerous financial models of stock markets that allow for jumps in stock prices, e.g.
Merton (1976) discusses the pricing of stock options in such a framework. On the other hand, there
are only very few models allowing for jumps in interest rates.?2 This can be justified empirically by
the observation that sudden, large movements are not nearly as frequent in the bond markets as
in the stock markets. There are also theoretical arguments supporting these findings. In a general
equilibrium model of the economy, Wu (1999) shows among other things that jumps in the overall
productivity of the economy will cause jumps in stock prices, but not in bond prices or interest
rates. Of course, models for corporate bonds must be able to handle the possible default of the
issuing company, which in some cases comes as a surprise to the financial market. Therefore, such
models will typically involve jump processes; see e.g. Lando (1998). In the main part of the text

we will focus on default-free contracts and use continuous-path processes.

3.3 Brownian motions

All the stochastic processes we shall apply in the financial models in the following chapters
build upon a particular class of processes, the so-called Brownian motions. A (one-dimensional)
stochastic process z = (z)¢>0 is called a standard Brownian motion, if it satisfies the following

conditions:
(1) 20 = 0,
(i) for all ¢,¢ > 0 with t < t': zp — 2z ~ N(0,¢ — t) [normally distributed increments],

(iii) for all 0 < tg < t1 < --- < tp, the random variables z¢, — z¢,, ..., 2, — 2, _, are mutually

independent [independent increments],
(iv) z has continuous paths.

Here N(a,b) denotes the normal distribution with mean a and variance b. A standard Brown-
ian motion is defined relative to a probability measure P, under which the increments have the

properties above. For example, for all ¢ < ¢ and all h € R we have that

P(Zt’_zt <h> —N(h)z/h L 24,
Vit —t )l V27 ’

where N(-) denotes the cumulative distribution function for an N (0, 1)-distributed random stochas-

tic variable. To be precise, we should use the term P-standard Brownian motion, but the probability

2For an example see Babbs and Webber (1994).
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measure is often clear from the context. Note that a standard Brownian motion is a Markov pro-
cess, since the increment from today to any future point in time is independent of the history of
the process. A standard Brownian motion is also a martingale, since the expected change in the
value of the process is zero.

The name Brownian motion is in honor of the Scottish botanist Robert Brown, who in 1828
observed the apparently random movements of pollen submerged in water. The often used name
Wiener process is due to Norbert Wiener, who in the 1920s was the first to show the existence
of a stochastic process with these properties and who initiated a mathematically rigorous analysis
of the process. As early as in the year 1900, the standard Brownian motion was used in a model
for stock price movements by the French researcher Louis Bachelier, who derived the first option
pricing formula.

The defining characteristics of a standard Brownian motion look very nice, but they have some
drastic consequences. It can be shown that the paths of a standard Brownian motion are nowhere
differentiable, which broadly speaking means that the paths bend at all points in time and are
therefore strictly speaking impossible to illustrate. However, one can get an idea of the paths by
simulating the values of the process at different times. If €1,...,¢, are independent draws from a
standard N(0,1) distribution, we can simulate the value of the standard Brownian motion at time

0=ty <ty <ty <---<t, as follows:

Zti:'zti_l +€Z\/ ti_tiflv izl)"'7n'

With more time points and hence shorter intervals we get a more realistic impression of the paths
of the process. Figure 3.1 shows a simulated path for a standard Brownian motion over the interval
[0,1] based on a partition of the interval into 200 subintervals of equal length.> Note that since
a normally distributed random variable can take on infinitely many values, a standard Brownian
motion has infinitely many paths that each has a zero probability of occurring. The figure shows
just one possible path.

Another property of a standard Brownian motion is that the expected length of the path over
any future time interval (no matter how short) is infinite. In addition, the expected number
of times a standard Brownian motion takes on any given value in any given time interval is also
infinite. Intuitively, these properties are due to the fact that the size of the increment of a standard
Brownian motion over an interval of length At is proportional to V/At, in the sense that the
standard deviation of the increment equals v/At. When At is close to zero, v/At is significantly
larger than At, so the changes are large relative to the length of the time interval over which the
changes are measured.

The expected change in an object described by a standard Brownian motion equals zero and
the variance of the change over a given time interval equals the length of the interval. This can

easily be generalized. As before let z = (2;);>0 be a one-dimensional standard Brownian motion

3Most spreadsheets and programming tools have a built-in procedure that generates uniformly distributed num-
bers over the interval [0, 1]. Such uniformly distributed random numbers can be transformed into standard normally
distributed numbers in several ways. One example: Given uniformly distributed numbers U; and Uz, the numbers
e1 and eg defined by
g1 = \/TnUlsin(Qﬂ’Ug), £ = \/TnUlcos(ZTrUz)
will be independent standard normally distributed random numbers. This is the so-called Box-Muller transformation.
See e.g. Press, Teukolsky, Vetterling, and Flannery (1992, Sec. 7.2).
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Figure 3.1: A simulated path of a standard Brownian motion based on 200 subintervals.

and define a new stochastic process = (2¢)i>0 by
re=x0+ pt+oz, t>0, (3.1)

where zg, p, and o are constants. The constant xg is the initial value for the process z. It
follows from the properties of the standard Brownian motion that, seen from time 0, the value x;
is normally distributed with mean ut and variance o?t, i.e. z; ~ N(zg + ut, ot).
The change in the value of the process between two arbitrary points in time ¢ and t', where
t <t is given by
xpy —xp = pt —t) + o(ze — 20).

The change over an infinitesimally short interval [t, ¢ + At] with At — 0 is often written as
dry = pdt + o dzy, (3.2)

where dz; can loosely be interpreted as a N (0, dt)-distributed random variable. To give this a

precise mathematical meaning, it must be interpreted as a limit of the expression

Tipar — Ty = AL+ 0(2e4a0 — 2t)

for At — 0. The process x is called a generalized Brownian motion or a generalized Wiener
process. The parameter u reflects the expected change in the process per unit of time and is
called the drift rate or simply the drift of the process. The parameter o reflects the uncertainty
about the future values of the process. More precisely, o reflects the variance of the change in the
process per unit of time and is often called the variance rate of the process. ¢ is a measure for
the standard deviation of the change per unit of time and is referred to as the volatility of the
process.

A generalized Brownian motion inherits many of the characteristic properties of a standard

Brownian motion. For example, also a generalized Brownian motion is a Markov process, and the
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0,6

— sigma =0.5 — sigma = 1.0

Figure 3.2: Simulation of a generalized Brownian motion with ¢ = 0.2 and ¢ = 0.5 or 0 = 1.0. The

straight line shows the trend corresponding to o = 0. The simulations are based on 200 subintervals.

paths of a generalized Brownian motion are also continuous and nowhere differentiable. However,
a generalized Brownian motion is not a martingale unless ;1 = 0. The paths can be simulated by

choosing time points 0 =ty < t; < --- < t,, and iteratively computing

T, = T, +u(t; —ti—1) +eio/ti —ti1, i=1,...,n,

where €1,...,&, are independent draws from a standard normal distribution. Figures 3.2 and 3.3
show simulated paths for different values of the parameters p and o. The straight lines represent
the deterministic trend of the process, which corresponds to imposing the condition o = 0 and
hence ignoring the uncertainty. Both figures are drawn using the same sequence of random numbers
€i, so that they are directly comparable. The parameter u determines the trend, and the parameter
o determines the size of the fluctuations around the trend.

If the parameters p and o are allowed to be time-varying in a deterministic way, the process
x is said to be a time-inhomogeneous generalized Brownian motion. In differential terms such a

process can be written as defined by
dxy = p(t) dt + o(t) dz. (3.3)

Over a very short interval [t, t + At] the expected change is approximately p(¢)At, and the variance
of the change is approximately o(t)2At. More precisely, the increment over any interval [t,t'] is

given by

t’ t
Ty — Ty = / w(u) du + / o(u) dz,. (3.4)
t t
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— sigma =0.5 — sigma = 1.0

Figure 3.3: Simulation of a generalized Brownian motion with ¢ = 0.6 and ¢ = 0.5 or ¢ = 1.0. The

straight line shows the trend corresponding to o = 0. The simulations are based on 200 subintervals.

The last integral is a so-called stochastic integral, which we will define and describe in a later
section. There we will also state a theorem, which implies that, seen from time ¢, the integral

/. tt o(u) dz, is a normally distributed random variable with mean zero and variance ftt o(u)? du.

3.4 Diffusion processes

For both standard Brownian motions and generalized Brownian motions, the future value is
normally distributed and can therefore take on any real value, i.e. the value space is equal to R.
Many economic variables can only have values in a certain subset of R. For example, prices of
financial assets with limited liability are non-negative. The evolution in such variables cannot be
well represented by the stochastic processes studied so far. In many situations we will instead use
so-called diffusion processes.

A (one-dimensional) diffusion process is a stochastic process x = (x)¢>o for which the change

over an infinitesimally short time interval [t,¢ + dt] can be written as
day = p(xe, t) dt + o(xy, t) dzy, (3.5)

where z is a standard Brownian motion, but where the drift 1 and the volatility o are now functions

4

of time and the current value of the process.* This expression generalizes (3.2), where p and o

were assumed to be constants, and (3.3), where p and o were functions of time only. An equation

4For the process = to be mathematically meaningful, the functions u(z,t) and o(z, t) must satisfy certain condi-
tions. See e.g. @Oksendal (1998, Ch. 7) and Duffie (2001, App. E).
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like (3.5), where the stochastic process enters both sides of the equality, is called a stochastic
differential equation. Hence, a diffusion process is a solution to a stochastic differential equation.

If both functions p and o are independent of time, the diffusion is said to be time-homo-
geneous, otherwise it is said to be time-inhomogeneous. For a time-homogeneous diffusion
process, the distribution of the future value will only depend on the current value of the process
and how far into the future we are looking — not on the particular point in time we are standing
at. For example, the distribution of z;,s given x; = = will only depend on z and §, but not on t.
This is not the case for a time-inhomogeneous diffusion, where the distribution will also depend
on t.

In the expression (3.5) one may think of dz; as being N (0, dt)-distributed, so that the mean

and variance of the change over an infinitesimally short interval [t, ¢ + dt] are given by
Ei[dxy) = p(zy, t) dt, Var,[dz,] = o (x4, t)? dt,

where E; and Var; denote the mean and variance, respectively, conditionally on the available
information at time ¢ (the history up to and including time ¢). To be more precise, the change in

a diffusion process over any interval [¢,¢'] is

t’ t
Ty — Ty = / (g, u) du + / 0 (X, w) dzy, (3.6)
t t

where ftt o(xy,u) dz, is a stochastic integral, which we will discuss in Section 3.6. However, we

will continue to use the simple and intuitive differential notation (3.5). The drift rate p(z,t) and

2

the variance rate o(z,t)* are really the limits

. Ei[repar — x4
= 1 _—
A0 At ’
Vi _
o, t)? = lim ~ [xzt“ el

M(mt’ t)

A diffusion process is a Markov process as can be seen from (3.5), since both the drift and the
volatility only depend on the current value of the process and not on previous values. A diffusion
process is not a martingale, unless the drift u(xy,t) is zero for all z; and ¢. A diffusion process
will have continuous, but nowhere differentiable paths. The value space for a diffusion process and
the distribution of future values will depend on the functions g and o. In Section 3.8 we will give
some important examples of diffusion processes, which we shall use in later chapters to model the

evolution of some economic variables.

3.5 Ito processes

It is possible to define even more general processes than those in the class of diffusion processes.

A (one-dimensional) stochastic process z; is said to be an Ité process, if the local increments are
on the form

dry = py dt + oy dzy, (3.7)

where the drift © and the volatility o themselves are stochastic processes. A diffusion process is the
special case where the values of the drift u; and the volatility o; are given by ¢t and x;. For a general

It6 process, the drift and volatility may also depend on past values of the x process. It follows
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that Itd processes are generally not Markov processes. They are generally not martingales either,
unless y; is identically equal to zero (and o, satisfies some technical conditions). The processes
and o must satisfy certain regularity conditions for the = process to be well-defined. We will refer
the reader to @ksendal (1998, Ch. 4). The expression (3.7) gives an intuitive understanding of the

evolution of an Itd process, but it is more precise to state the evolution in the integral form

t t
Ty — Ty = / o du + / 0w dzy, (3.8)
t t

where the last term again is a stochastic integral.

3.6 Stochastic integrals
3.6.1 Definition and properties of stochastic integrals

In (3.6) and (3.8) and similar expressions a term of the form ftt/ oy dz, appears. An integral
of this type is called a stochastic integral or an Itd integral. We will only consider stochastic
integrals where the “integrator” z is a Brownian motion, although stochastic integrals involving
more general processes can also be defined. For given ¢ < t/, the stochastic integral |, tt/ oy dz, is a
random variable. Assuming that o, is known at time w, the value of the integral becomes known
at time t'. The process o is called the integrand. The stochastic integral can be defined for very
general integrands. The simplest integrands are those that are piecewise constant. Assume that
there are points in time t =ty < t; < -+ < t,, = t/, so that o, is constant on each subinterval
[ti,ti+1). The stochastic integral is then defined by

t n—1
/ Oudz, = Z ot, (zti+1 — zti) ) (3.9)
t i=0

If the integrand process o is not piecewise constant, a sequence of piecewise constant processes
oM @) . exists, which converges to o. For each of the processes (™), the integral j;t UT(Lm) dzy,
is defined as above. The integral ftt 0y dz, is then defined as a limit of the integrals of the

approximating processes:

/

t’ t
/ oy dz, = lim U&m) dz,,. (3.10)
t

m—0o0 t
We will not discuss exactly how this limit is to be understood and which integrand processes we can
allow. Again the interested reader is referred to @ksendal (1998). The distribution of the integral
j;t oy dz, will, of course, depend on the integrand process and can generally not be completely

characterized, but the following theorem gives the mean and the variance of the integral:

Theorem 3.1 The stochastic integral j;t oy dz, has the following properties:

t/
E; l/ Ou dzu] =0,
t

t’ t’
/ ou dzu] = / E¢[0?] du.
t t

If the integrand is a deterministic function of time, o(u), the integral will be normally dis-
tributed, so that the following result holds:

Vart
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Theorem 3.2 If z is a Brownian motion, and o(u) is a deterministic function of time, the random

variable ftt o(u) dz, is normally distributed with mean zero and variance ftt o(u)? du.

Proof: We present a sketch of the proof. Dividing the interval [t,t'] into subintervals defined by

the time points t =ty < t; < --- < t, =t/, we can approximate the integral with the sum

t n—1
/ o(u)dzy, = Z o(t:) (zt,, — 21,) -
¢ =0

The increment of the Brownian motion over any subinterval is normally distributed with mean
zero and a variance equal to the length of the subinterval. Furthermore, the different terms in
the sum are mutually independent. It is well-known that a sum of normally distributed random
variables is itself normally distributed, and that the mean of the sum is equal to the sum of the
means, which in the present case yields zero. Due to the independence of the terms in the sum,

the variance of the sum is also equal to the sum of the variances, i.e.

n—1 n—1 n—1
Var, (Z o(ti) (2400 — zt)> = Z o(t;)* Var, (Ztipy — 2t,) = Z o(ti)*(tig1 — ts),
i=0 i=0 i=0

which is an approximation of the integral ftt o(u)? du. The result now follows from an appropriate

limit where the subintervals shrink to zero length. O

Note that the process y = (y;)¢>0 defined by y, = fot oy dzy is a martingale, since

t/
Et [yt’} = Et / Oy dZu
0

t t’
=E; / Oy dzy + / 0y dzy
| Jo ¢
- t t/
=E; / Ou dzu} + E; / 0w dzy
0 t

t
= / Oy dzy
0

= Yt,

so that the expected future value is equal to the current value.

3.6.2 The martingale representation theorem

As discussed above any process y = (y;) of the form y, = fot oy dz,, or more generally y; =
Yo + f(f oy dzy, for some constant yo, is a martingale. The converse is also true in the sense that
any martingale can be expressed as an It6 integral. This is the so-called martingale representation

theorem:

Theorem 3.3 Suppose the process M = (My) is a martingale with respect to a probability measure
under which z = (z¢) is a standard Brownian motion. Then a unique process 6 = (0;) exists such
that .

M; = My, Jr/o 0, dz,.
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The integrand process # is such that for any ¢ the value 6; is known at time ¢. This result is
used in the chapter on general asset pricing results. For a mathematically precise statement of the
result and a proof, see @ksendal (1998, Thm. 4.3.4).

3.6.3 Leibnitz’ rule for stochastic integrals

Leibnitz’ differentiation rule for ordinary integrals is as follows: If f(¢,s) is a deterministic
function, and we define Y (t) = ftT f(t,s)ds, then

Y’(t):—f(t,t)—i—/t %(t,s) ds.

If we use the notation Y’ (t) = % and % = Z—J;, we can rewrite this result as

T
dY = —f(t,t)dt + (/ %(t,s) ds) dt,

and formally cancelling the dt-terms, we get

T
dY = —f(t,¢t) dt—l—/ df (t, s) ds.

We will now consider a similar result in the case where f(¢,s) and, hence, Y (t) are stochastic

processes. We will make use of this result in Chapter 10 (and only in that chapter).

Theorem 3.4 For any s € [to, T], let f* = (f{)ie[ty,s) be the Ité process defined by the dynamics
dfy = of dt + 35 dz,

where o and B are sufficiently well-behaved stochastic processes. Then the dynamics of the stochas-
tic process Yy = ftT fi ds is given by

</tTafds> — fH dt+ (/tTﬂfds> dz.

Since the result is usually not included in standard textbooks on stochastic calculus, a sketch

dY; =

of the proof is included. The proof applies the generalized Fubini-rule for stochastic processes,
which was stated and demonstrated in the appendix of Heath, Jarrow, and Morton (1992). The
Fubini-rule says that the order of integration in double integrals can be reversed, if the integrand
is a sufficiently well-behaved function — we will assume that this is indeed the case.
Proof: Given any arbitrary t; € [to,T]. Since

t1

t1
=gt / ajdis [ B de
to

to
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we get

T T t1 T t1
Y;, = Ii, ds +/ {/ o dt} ds —|—/ [ Jors dzt} ds
tl t1 tg tl tO
T t1 T t1 T
:/ I ds+/ / oy ds dt+/ / Gi ds| dz
t1 to t1 to t1
t1 T t1 [ T
:YtO—F/ / aj ds dt+/ / B ds| dz
to t to t

t1 t1 t1 7 ty ty
_ fi, ds — / {/ o ds| dt — / [ B; ds} dz
to to t i to t
t1 [ T T t1 [ T T
:Yto+/ / as ds dt+/ / 85 ds| dz
to t to L t ]

t1 t1 s t1 T ps
_ fi ds — / {/ o dt] ds — / / B¢ dzt] ds
to to t() t() tO

tv [ T ] t1 [ T T t1
=Y, —|—/ / o ds| dt + / / B ds| dzy — fsds
to |Jt to |/t | to

t1 . T ] t1 T
=Y, +/ / asds | — fi| dt +/ / 0O; ds| dz,
to L t to t

where the Fubini-rule was employed in the second and fourth equality. The result now follows from

the final expression. O

3.7 Ito’s Lemma

In our dynamic models of the term structure of interest rates, we will take as given a stochas-
tic process for the dynamics of some basic quantity such as the short-term interest rate. Many
other quantities of interest will be functions of that basic variable. To determine the dynamics of
these other variables, we shall apply It6’s Lemma, which is basically the chain rule for stochastic
processes. We will state the result for a function of a general It6 process, although we will most

frequently apply the result for the special case of a function of a diffusion process.

Theorem 3.5 Let © = (x;)¢>0 be a real-valued Itd process with dynamics
d(l?t = Ut dt + ot dZt,

where p and o are real-valued processes, and z is a one-dimensional standard Brownian motion. Let
g(z,t) be a real-valued function which is two times continuously differentiable in x and continuously

differentiable in t. Then the process y = (yi)1>0 defined by

Yt = g(xtvt)

is an Ito-process with dynamics

dg dg 19%g 5 dg
dy; = (E(xtut) + a—x(xt,t)ﬂt + 5@(%%)% dt + a—x(xut)gt dz. (3.11)
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The proof is based on a Taylor expansion of g(z,t) combined with appropriate limits, but a
formal proof is beyond the scope of this book. Once again, we refer to @Qksendal (1998, Ch. 4)
and similar textbooks. The result can also be written in the following way, which may be easier
to remember:

0 1 0%g

dg 9 2

Here, in the computation of (dx;)?, one must apply the rules (dt)? = dt - dz; = 0 and (dz;)? = dt,
so that
(dx)? = (e dt + o dze)* = p2(dt)? 4 2uso dt - dz + o2 (dz)? = o} dt.

The intuition behind these rules is as follows: When dt is close to zero, (dt)? is far less than
dt and can therefore be ignored. Since dz; ~ N(0,dt), we get E[dt - dz;] = dt - E[dz] = 0 and
Var[dt - dz;] = (dt)? Var[dz] = (dt)3, which is also very small compared to dt and is therefore
ignorable. Finally, we have E[(dz;)?] = Var[dz] — (E[dz])? = dt, and it can be shown that®
Var[(dz;)?] = 2(dt)?. For dt close to zero, the variance is therefore much less than the mean, so
(dz)? can be approximated by its mean dt.

In Section 3.8, we give examples of the application of 1t6’s Lemma. We will use [t6’s Lemma
extensively throughout the rest of the book. It is therefore important to be familiar with the way

it works. It is a good idea to train yourself by doing the exercises at the end of this chapter.

3.8 Important diffusion processes

In this section we will discuss particular examples of diffusion processes that are frequently

applied in modern financial models, as those we consider in the following chapters.

3.8.1 Geometric Brownian motions

A stochastic process = ()0 is said to be a geometric Brownian motion if it is a solution

to the stochastic differential equation
dry = pay dt + oxy dzy, (3.13)

where ;1 and o are constants. The initial value for the process is assumed to be positive, zg > 0.
A geometric Brownian motion is the particular diffusion process that is obtained from (3.5) by

inserting p(x¢,t) = pry and o(xy,t) = oxy. Paths can be simulated by computing

Ty, =Ty, + pxe,_, (B —tic1) +oxe,_ €i\/ti — tic1.

Figure 3.4 shows a single simulated path for ¢ = 0.2 and a path for ¢ = 0.5. For both paths we
have used g = 0.1 and zg = 100, and the same sequence of random numbers.

The expression (3.13) can be rewritten as

dx
=t = wdt + odz,

Tt
which is the relative (percentage) change in the value of the process over the next infinitesimally

short time interval [t, ¢ + dt]. If z; is the price of a traded asset, then dz;/x; is the rate of return

5This is based on the computation Var[(z¢+a¢ —2¢)?] = E[(z¢4a: —2¢)*]— (E[(2t4-at — z,g)Q])2 = 3(At)2—(A)? =
2(At)? and a passage to the limit.
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— sigma = 0.2 — sigma = 0.5

Figure 3.4: Simulation of a geometric Brownian motion with initial value xg = 100, relative drift rate
u = 0.1, and a relative volatility of ¢ = 0.2 and ¢ = 0.5, respectively. The smooth curve shows the
trend corresponding to o = 0. The simulations are based on 200 subintervals of equal length, and the

same sequence of random numbers has been used for the two o-values.

on the asset over the next instant. The constant p is the expected rate of return per period, while
o is the standard deviation of the rate of return per period. In this context it is often p which is
called the drift (rather than px:) and o which is called the volatility (rather than ox;). Strictly
speaking, one must distinguish between the relative drift and volatility (1 and o, respectively) and
the absolute drift and volatility (uz; and oz, respectively). An asset with a constant expected rate
of return and a constant relative volatility has a price that follows a geometric Brownian motion.
For example, such an assumption is used for the stock price in the famous Black-Scholes-Merton
model for stock option pricing, cf. Section 6.6, and a geometric Brownian motion is also used
to describe the evolution in the short-term interest rate in some models of the term structure of
interest rate, cf. Section 7.6.

Next, we will find an explicit expression for x;, i.e. we will find a solution to the stochastic
differential equation (3.13). We can then also determine the distribution of the future value of
the process. We apply It6’s Lemma with the function g(z,t) = lnz and define the process y; =
g(x¢,t) = Inzy. Since

dg

—(.’L't,t) = O,

0 1 1
ot font) = — Gt =—=

Ox Ty Ox? x?’

we get from Theorem 3.5 that

1 11 1 1
dyy = (0 + —pze — __2‘72$§> dt + —ox;dzy = (M - _02> dt + o dz.
T 2 x? Ty 2
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Hence, the process y; = Inx; is a generalized Brownian motion. In particular, we have

1
Y — Y = <M - 502> (' —t) +o(z — ),

which implies that
1
Inzy =Inz, + (u - §ag> ' —t)+o(ze — 2).

Taking exponentials on both sides, we get

Ty =1y exp{(u %ﬁ) (t' —t) + o(z zt)}. (3.14)

This is true for all ¢ > ¢ > 0. In particular,

1
Ty :xoexp{(,u— 502) t—i—azt}.

Since exponentials are always positive, we see that x; can only have positive values, so that the
value space of a geometric Brownian motion is 8§ = (0, 00).

Suppose now that we stand at time ¢ and have observed the current value z; of a geometric
Brownian motion. Which probability distribution is then appropriate for the uncertain future
value, say at time t'? Since zy — 2z ~ N(0,t' —t), we see from (3.14) that the future value xy
(given z;) will be lognormally distributed. The probability density function for xy (given ;) is

given by

f@) = Wem{—m (m (%) - (M— %oﬁ) (t'—t)>2}, 2> 0,

and the mean and variance are

Ezy] = xteu(t/,t),
Vari[zy] = x?ez“(t/_t) [e”z(tl_t) — 1} ,
cf. Appendix A.
The geometric Brownian motion in (3.13) is time-homogeneous, since neither the drift nor the

volatility are time-dependent. We will also make use of the time-inhomogeneous variant, which is

characterized by the dynamics
dxy = p(t)xy dt + o(t)xy dze, (3.15)

where p and o are deterministic functions of time. Following the same procedure as for the time-

homogeneous geometric Brownian motion, one can show that the inhomogeneous variant satisfies

Ty = Ty €XP {/tt/ (u(u) - %U(U)Q) du + /tt/ o(u) dzu} . (3.16)

According to Theorem 3.2, f: o(u)dz, is normally distributed with mean zero and variance

/, tt o(u)? du. Therefore, the future value of the time-inhomogeneous geometric Brownian motion

is also lognormally distributed. In addition, we have
Eilzy] = zpelt w0 du,

Vary [xt/] = $t2€2 fﬁt/ plw) du (effrt/ o(w)? du. _ 1) .
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3.8.2 Ornstein-Uhlenbeck processes

Another stochastic process we shall apply in models of the term structure of interest rate
is the so-called Ornstein-Uhlenbeck process. A stochastic process x = (z¢)i>0 is said to be an

Ornstein-Uhlenbeck process, if its dynamics is of the form

dxy = [ — k] dt + Bdz, (3.17)
where ¢, (3, and k are constants with x > 0. Alternatively, this can be written as

dry = k[0 — x¢) dt + Bdz, (3.18)

where 6 = ¢/k. An Ornstein-Uhlenbeck process exhibits mean reversion in the sense that the drift
is positive when z; < 6 and negative when z; > 6. The process is therefore always pulled towards
a long-term level of #. However, the random shock to the process through the term [ dz; may
cause the process to move further away from 6. The parameter x controls the size of the expected
adjustment towards the long-term level and is often referred to as the mean reversion parameter
or the speed of adjustment.

To determine the distribution of the future value of an Ornstein-Uhlenbeck process we proceed
as for the geometric Brownian motion. We will define a new process y; as some function of x;
such that y = (y)i>0 is a generalized Brownian motion. It turns out that this is satisfied for

v = g(x4,t), where g(x,t) = e"*x. From Itd’s Lemma we get
_[9g dg 19%g 2 9g
dy = a(fﬂt,t) + 8—:c($t’t) (¢ — Kay) + Qw(xtvt)ﬁ dt + %(mt’t)ﬁdzt
= [ne’“mt + e (p— mrt)] dt + e 3 dz

= et dt + Be™ dz.

This implies that

’

t t’
Yr =y + / pe™ du + / Be™ dzy.
t t

After substitution of the definition of y; and y,» and a multiplication by e~

/ .
=t we arrive at the

expression

t t
Ty = e—m(t’_t)xt +/ gpe"‘(t/—“) du+/ ﬂe—n(t/_u) dz,
¢ t (3.19)

t/
= e_”‘(t/_t)xt + 6 (1 — e_”(t/_t)) + / ﬁe_"(t/_“) dz,,.
t

This holds for all ¢ >t > 0. In particular, we get that the solution to the stochastic differential

equation (3.17) can be written as
t
xy=e "lrg+ 6 (1 — e_’“) + / ﬂe_”(t_“) dzy,. (3.20)
0

According to Theorem 3.2, the integral f:/ Be=r(t'=u) 4z, is normally distributed with mean
zero and variance ftt [2e= 2Rt —u) gy — % (1 - 6*2"”“@/4)). We can thus conclude that x4 (given
x¢) is normally distributed, with mean and variance given by

Efzy] = e ¢ g, + 0 (1 - e_“(t/_t)) , (3.21)

2
Var,[zy] = g—ﬁ (1 — et *t)> . (3.22)
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The value space of an Ornstein-Uhlenbeck process is R. For ¢ — oo, the mean approaches 6,
and the variance approaches (32/(2x). For k — oo, the mean approaches #, and the variance
approaches 0. For k — 0, the mean approaches the current value z;, and the variance approaches
B2(t' —t). The distance between the level of the process and the long-term level is expected to be
halved over a period of ¢’ — t = (In2)/k, since E¢[zy] — 6 = L(z, — 0) implies that et = 1
and, hence, ' —t = (In2) /x.

The effect of the different parameters can also be evaluated by looking at the paths of the

process, which can be simulated by

Ty, = Ty, + H[@ — xti,l](ti — tifl) + Bei/ti —ti_1.

Figure 3.5 shows a single path for different combinations of xg, x, 6, and (. In each sub-figure one
of the parameters is varied and the others fixed. The base values of the parameters are zo = 0.08,
0 =008 £ =1n2 = 0.69, and 8 = 0.03. All paths are computed using the same sequence
of random numbers €1,...,&, and are therefore directly comparable. None of the paths shown
involve negative values of the process, but other paths will, see e.g. Figure 3.6. As a matter of
fact, it can be shown that an Ornstein-Uhlenbeck process with probability one will sooner or later
become negative.

We will also apply the time-inhomogeneous Ornstein-Uhlenbeck process, where the constants

@ and [ are replaced by deterministic functions:

dxy = [p(t) — kxe] dt + B(t) dzy = £ [0() — x4] dt + B(t) dz:. (3.23)
Following the same line of analysis as above, it can be shown that the future value x; given x; is
normally distributed with mean and variance given by

t/
E¢lzy] = e "' g, +/ o(u)e "= dy, (3.24)
t

t/
Var,[zy] = / B(u)2e= 20 =) gy, (3.25)
t

One can also allow k to depend on time, but we will not make use of that extension.

One of the earliest (but still frequently applied) dynamic models of the term structure of interest
rates is based on the assumption that the short-term interest rate follows an Ornstein-Uhlenbeck
process, cf. Section 7.4. In an extension of that model, the short-term interest rate is assumed to

follow a time-inhomogeneous Ornstein-Uhlenbeck process, cf. Section 9.4.

3.8.3 Square root processes

Another stochastic process frequently applied in term structure models is the so-called square
root process. A one-dimensional stochastic process = (z:);>0 is said to be a square root

process, if its dynamics is of the form
dzy = [ — k] dt + B/ dzy = K [0 — xy] dt + By/ze dz, (3.26)

where ¢ = k6. Here, ¢, 0, 3, and k are positive constants. We assume that the initial value of the
process xg is positive, so that the square root function can be applied. The only difference to the

dynamics of an Ornstein-Uhlenbeck process is the term ,/x; in the volatility. The variance rate
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Figure 3.5: Simulated paths for an Ornstein-Uhlenbeck process. The basic parameter values are
g =60 =0.08, Kk =In2 ~ 0.69, and 3 = 0.03.

is now %z, which is proportional to the level of the process. A square root process also exhibits
mean reversion.

A square root process can only take on non-negative values. To see this, note that if the value
should become zero, then the drift is positive and the volatility zero, and therefore the value of the
process will with certainty become positive immediately after (zero is a so-called reflecting barrier).
It can be shown that if 2 > 32, the positive drift at low values of the process is so big relative
to the volatility that the process cannot even reach zero, but stays strictly positive.® Hence, the
value space for a square root process is either § = [0, 00) or 8§ = (0, 00).

Paths for the square root process can be simulated by successively calculating

Ty, = Tty + I{[g — Itl_l}(ti — ti—l) -+ ﬁw/xti_lgi\/ti — ti—1~

Variations in the different parameters will have similar effects as for the Ornstein-Uhlenbeck pro-

cess, which is illustrated in Figure 3.5. Instead, let us compare the paths for a square root process

6To show this, the results of Karlin and Taylor (1981, p. 226ff) can be applied.
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(a) Initial value zg = 0.08, same random numbers (b) Initial value ¢ = 0.06, different random num-

as in Figure 3.5 bers

Figure 3.6: A comparison of simulated paths for an Ornstein-Uhlenbeck process and a square root
process. For both processes, the parameters § = 0.08 and x = In2 = 0.69 are used, while (3 is set to
0.03 for the Ornstein-Uhlenbeck process and to 0.03/+/0.08 ~ 0.1061 for the square root process.

and an Ornstein-Uhlenbeck process using the same drift parameters x and 6, but where the -
parameter for the Ornstein-Uhlenbeck process is set equal to the S-parameter for the square root
process multiplied by the square root of 8, which ensures that the processes will have the same
variance rate at the long-term level. Figure 3.6 compares two pairs of paths of the processes. In
part (a), the initial value is set equal to the long-term level, and the two paths continue to be
very close to each other. In part (b), the initial value is lower than the long-term level, so that
the variance rates of the two processes differ from the beginning. For the given sequence of ran-
dom numbers, the Ornstein-Uhlenbeck process becomes negative, while the square root process of
course stays positive. In this case there is a clear difference between the paths of the two processes.

Since a square root process cannot become negative, the future values of the process cannot be
normally distributed. In order to find the actual distribution, let us try the same trick as for the

Ornstein-Uhlenbeck process, that is we look at y; = e*tz;. By Itd’s Lemma,
dy; = ke xp dt + e (o — kxy) dt + e By/z; dzy
= e dt + B \/x; dz,
so that , ,
t t
Y = Yt + / saenu du + / Benu V Ly dzu
t t

Computing the ordinary integral and substituting the definition of y, we get

t/
Ty = mte_”(t/_t) + b (1 — e_”(t/_t)) + 5/ e_“(t/_“)\/xu dzy,. (3.27)
K t

Since x enters the stochastic integral we cannot immediately determine the distribution of x4 given
x; from this equation. We can, however, use it to obtain the mean and variance of xy. Due to the

fact that the stochastic integral has mean zero, cf. Theorem 3.1, we easily get

Eilze] = e "z, + 0 (1 - e*““'*”) - % 4 (@ — @) e D), (3.28)
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To compute the variance we apply the second equation of Theorem 3.1:

Vari[zy] = Vary

t/
6/ e_“(t/_“)\/xudzu]
t

t
_ 52/ €—2f~c(t’—u) Et[xu] du
t

t/
_ 52/ 672n(t'7u) (% + («Tt N <P) efn(uft)> du
t

2 t 2 t’
_ /8 2 / e—2n(t —u) du + ﬂ_ (xt _ f) e—2mt +nt/ " du
t K K t

K
2 2
_ 5_90 (1 _ 672n(t'7t)) n ﬂ_ (xt _ f) (efn(t’ft) B efQN(t'ft))
22 K K
2 2
= ] (67H(t/7t) — efzn(tlft)) + g (1 — efﬁ(tlft))% (3.29)
K K

Note that the mean is identical to the mean for an Ornstein-Uhlenbeck process, whereas the
variance is more complicated for the square root process. For ¢’ — oo, the mean approaches 0,
and the variance approaches 03%/(2k). For k — oo, the mean approaches #, and the variance
approaches 0. For k — 0, the mean approaches the current value z;, and the variance approaches
B (t' —t).

It can be shown that, given the value z;, the value x;s with ¢’ > ¢ is non-centrally x2-distributed.

More precisely, the probability density function for x; is

fxt/ |z (:C) = fxi,b (20:5)7

where
2K
c= ,
52 (1 _ e—n(t’—t))
b= cmte_”(t/_t),
4o
a = @7

and where in B (-) denotes the probability density function for a non-centrally y2-distributed ran-
dom variable with a degrees of freedom and non-centrality parameter b.

A frequently applied dynamic model of the term structure of interest rates is based on the
assumption that the short-term interest rate follows a square root process, cf. Section 7.5. Since
interest rates are positive and empirically seem to have a variance rate which is positively correlated
to the interest rate level, the square root process gives a more realistic description of interest rates
than the Ornstein-Uhlenbeck process. On the other hand, models based on square root processes

are more complicated to analyze than models based on Ornstein-Uhlenbeck processes.

3.9 Multi-dimensional processes

So far we have only considered one-dimensional processes, i.e. processes with a value space
which is R or a subset of R. Some models in the following chapters will involve multi-dimensional
processes, which have values in (a subset of) R¥ for some integer K > 1. A multi-dimensional

process can also be considered as a vector of one-dimensional processes. In this section we will
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briefly introduce some multi-dimensional processes and a multi-dimensional version of It6’s Lemma.
A note on the notation: vectors are printed in boldface. Matrices are indicated by a double line

under the symbol. We treat all vectors as column vectors. The symbol T denotes transposition,
a
so that e.g. (a,b)" represents the (column) vector <b> If @ is a (column) vector, then a™ is the

corresponding row vector.

A K-dimensional (standard) Brownian motion z = (z1,...,2x)"

is a stochastic process
where the individual components z; are mutually independent one-dimensional (standard) Brow-
nian motions. If we let 0 = (0,...,0)T denote the zero vector in R¥ and let I denote the identity
matrix of dimension K x K (the matrix with ones in the diagonal and zeros in all other entries),

then we can write the defining properties of a K-dimensional Brownian motion z as follows:
(1) zZo — O,

(ii) for all ¢,¢' > 0 with t <¢': zp — z¢ ~ N(0, (¢’ — t)I) [normally distributed increments],

(iii) for all 0 <ty <1 < -+ < ty, the random variables z;, — 24, ..., 2t, — 2t are mutually

n n—1

independent [independent increments],
(iv) z has continuous paths in RX.

Here, N(a,b) denotes a K-dimensional normal distribution with mean vector a and variance-
covariance matrix b. As for standard Brownian motions, we can also define multi-dimensional
generalized Brownian motions, which simply are vectors of independent one-dimensional general-
ized Brownian motions.

A K-dimensional diffusion process @ = (z1,...,2k)" is a process with increments of the form
dxy = p(xe,t) dt + g (xe,t) dzy, (3.30)

where p is a function from R¥ x R, into R¥, and ¢ is a function from R¥ x Ry into the space
of K x K-matrices. As before, z is a K-dimensional standard Brownian motion. The evolution of

the multi-dimensional diffusion can also be written componentwise as

dziy = pi(xe, t) dt + oi(z,t) 7 dzy

K (3.31)
:,ui(a:t,t)dt—&—Zaik(a:t,t)dzkt, i=1,...,K,
k=1

T

where o;(x,t)" is the i'th row of the matrix g (x¢,t), and oix(x¢, 1) is the (i,k)’th entry (i.e.

the entry in row 4, column k). Since dzy,...,dzgk: are mutually independent and all N(0,dt)

distributed, the expected change in the i’th component process over an infinitesimal period is
Et[dl‘it] :ui(mt,t)dt, i=1,...,K,

so that u; can be interpreted as the drift of the i’th component. Furthermore, the covariance
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between changes in the i’th and the j’th component processes over an infinitesimal period becomes

K K
COVt (dl‘it, dxjt) = COVt (Z Oik (:Bt, t) dzkt, Z O'jl(.’llt, t) dzlt>

k=1 =1

K
Z Oik $t7 Ugl Ly, )COVt(det,let)

M= HMN

Uik(.’llt, t)O'jk(ict, t) dt

>
Il

—~~

Il
Q

mt,t)TO'j(iBt,t)dt, i,jzl,...,K,

i

where we have applied the usual rules for covariances and the independence of the components
of z. In particular, the variance of the change in the i'th component process of an infinitesimal

period is given by
Var[dz;] = Covy(dy, dzy) = Z oz, )2 dt = |loi(ze, 0)|?dt, i=1,..., K.

The volatility of the ¢’th component is given by |lo;(x¢,t)||. It is clear from these computations
that the elements of the matrix g (¢,?) determine all variances and covariances over infinitesimal
periods. To be precise, the variance-covariance matrix is X (x¢,t) dt = g (x4, t)a(xy,t) dt. Note
that the individual component processes are generally not mutually independent since the drift
and volatility of one component will generally depend on the values of the other components.
Also note that means, variances, and covariances over non-infinitesimal intervals such as [t, '] will
generally depend on the entire path of the process over this interval.

Finally, we state a multi-dimensional version of It6’s Lemma, where a one-dimensional process

is defined as a function of time and a multi-dimensional process.

Theorem 3.6 Let © = (x;)i>0 be an Itd process in RE with dynamics
dxy = p, dt + at dzy,

which componentwise is equivalent to

K
driy = pyg dt + o, dzy = Mitdt+zaiktdzkta 1=1,..., K,
k=1
where z1,...,zx are independent standard Brownian motions, and p; and o, are well-behaved
stochastic processes.

99 9g 99 -
atr Do and 2.0, exist and

Let g(x,t) be a real-valued function for which all the derivatives

are continuous. Then the process y = (y)i>0 defined by

ye = g(x,t)
is also an It6 process with dynamics

dyy = th, +Za (x4, )it + = ZZ@ o, (e, t)vige | dt

=1 j=1

(3.32)
0
+Z wt, O'iltdzlt“F""‘rza—xg(wtat)aii(tdz}(ta
i=1 i
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where we have introduced the notation
Yij = 0i1051 + -+ + 0K 05K,
which is exactly the covariance between the processes x; and x;.

The result can also be written as
K K K
dg dg 1 0%g
dyt = a(a}t, t) dt + i:E - a—:L'i(wt’ t) dIit + 5 i:E - ]:E . M(mh t)(dl’it)(dl']t), (333)

where in the computation of (dz;;)(dx;¢) one must use the rules (dt)* = dt - dz = 0 for all 4,
dzit - dzjy = 0 for i # j, and (dz;)? = dt for all i.

Furthermore, the result can be expressed using vector and matrix notation:

dg dg T 1 L [0%g dg T
dyr = <§(wtvt) + (%(%J)) et tr (gtgt {ﬁ(fﬂt,t) dt + %(wtat) atdzy,

(3.34)
where
a? o? o?
00 (5, 1 8—;%’(9075, t) Feroms (E6t) o goaeo (@ t)
Bz \ Tt 22 o? o?
ag ox 629 széqzl (mt, t) a—wg (mt, t) e —awgaga:;( (-’Bt, t)
a_x<wt7t>: ’ aI'Q(wt,t)_ . . )
09 (@, t)
oz ty 52 92 52
* azxgml (wt7t) arkng ($t7t) ce %ﬁi(mtvt)

and tr denotes the trace of a quadratic matrix, i.e. the sum of the diagonal elements. For example,
tr(A) = S5 Ay

The probabilistic properties of a K-dimensional diffusion process is completely specified by the
drift function p and the variance-covariance function X. The values of the variance-covariance
function are symmetric and positive-definite matrices. Above we had ¥ = g o' for a general
(K x K)-matrix ¢. But from linear algebra it is well-known that a symmetric and positive-definite
matrix can be written as & QT for a lower-triangular matrix g, i.e. a matrix with 6;; = 0 for k > 1.

This is the so-called Cholesky decomposition. Hence, we may write the dynamics as

diL’u = ul(wt, t) dt “+ 0'11($t7 t) let

dxoy = po(xy, t) dt + o1 (2, t) dzay + o2 (@, t) dzoy
(3.35)

drpy = p (e, t) dt + o1 (2, t) dzig + ogo (@, t) dzoy + -+ - + ox x (@4, ) dziy

We can think of building up the model by starting with z;. The shocks to x; are represented by
the standard Brownian motion z; and it’s coefficient o1 is the volatility of 1. Then we extend the
model to include z5. Unless the infinitesimal changes to x1 and x4 are always perfectly correlated
we need to introduce another standard Brownian motion, z5. The coefficient oo is fixed to match
the covariance between changes to x; and x5 and then o9 can be chosen so that \/m
equals the volatility of z5. The model may be extended to include additional processes in the same

manner.
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Some authors prefer to write the dynamics in an alternative way with a single standard Brow-

nian motion Z; for each component x; such as

diClt = Ml(a)t, t) dt + V1 (2Bt7 t) dZAlt

det == ﬂ2($t, t) dt + ‘/Q(mh t) d,é:’gt
(3.36)

d.’EKt = /LK(ZBt,t) dt + VK((Bt,t) d,’/S'Kt

Clearly, the coefficient V;(x,t) is then the volatility of ;. To capture an instantaneous non-zero
correlation between the different components the standard Brownian motions %1, ..., 2k have to
be mutually correlated. Let p;; be the correlation between %; and £;. If (3.36) and (3.35) are

meant to represent the same dynamics, we must have

Vim R d ot =LK

7
_ 2 ke1 TikTjk

pi =1 pij = =P = P 1<
iV

3.10 Change of probability measure

When we represent the evolution of a given economic variable by a stochastic process and discuss
the distributional properties of this process, we have implicitly fixed a probability measure P. For
example, when we use the square-root process = () in (3.26) for the dynamics of a particular
interest rate, we have taken as given a probability measure P under which the stochastic process
z = (z;) is a standard Brownian motion. Since the process = is presumably meant to represent
the uncertain dynamics of the interest rate in the world we live in, we refer to the measure P as
the real-world probability measure. Of course, it is the real-world dynamics and distributional
properties of economic variables that we are ultimately interested in. Nevertheless, it turns out
that in order to compute and understand prices and rates it is often convenient to look at the
dynamics and distributional properties of these variables assuming that the world was different
from the world we live in, e.g. if investors were risk-neutral instead of risk-averse. A different world
is represented mathematically by a different probability measure. Hence, we need to be able to
analyze stochastic variables and processes under different probability measures. In this section we
will briefly discuss how we can change the probability measure.

If the state space  has only finitely many elements, we can write it as Q = {w1,...,w,}. As

before, the set of events, i.e. subsets of {2, that can be assigned a probability is denoted by F. Let

us assume that the single-element sets {w;}, ¢ = 1,...,n, belong to F. In this case we can represent
a probability measure P by a vector (p1,...,pn) of probabilities assigned to each of the individual
elements:

pi=P{w}), i=1,...,n.

Of course, we must have that p; € [0,1] and that ) ., p; = 1. The probability assigned to any
other event can be computed from these basic probabilities. For example, the probability of the

event {wa,wy} is given by

P ({wz;wa}) = P({w2} U{wa}) = P ({wa}) + P ({ws}) = p2 + pa.
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Another probability measure Q on ¥ is similarly given by a vector (¢, ..., ¢,) with ¢; € [0, 1] and
> g = 1. We are only interested in equivalent probability measures. In this setting, the two
measures P and Q will be equivalent whenever p; > 0 < ¢; > 0 for all i = 1,...,n. With a finite
state space there is no point in including states that occur with zero probability so we can assume
that all p;, and therefore all g¢;, are strictly positive.

We can represent the change of probability measure from P to Q by the vector £ = (&1, ..., &),
where

=2 =1, n
Pi

We can think of £ as a random variable that will take on the value &; if the state w; is realized.
Sometimes ¢ is called the Radon-Nikodym derivative of Q with respect to P and is denoted by
dQ/dP. Note that & > 0 for all ¢ and that the P-expectation of £ is
EF |=| =EP[¢] = & = = = ;=1
FI R RN R WO

7

Consider a random variable x that takes on the value x; if state i is realized. The expected value
of x under the measure Q is given by

Ez] = Zqz‘ﬂvi = sz]%xz = Zpifixi = E" [¢a].
i=1 i=1 ‘ i=1

Now let us consider the case where the state space €2 is infinite. Also in this case the change from
a probability measure P to an equivalent probability measure Q is represented by a strictly positive
random variable ¢ = dQ/dP with EF [¢] = 1. Again the expected value under the measure Q of a

random variable z is given by E@[z] = EF[¢z], since

Qg = _ [ ,9Q _ P
E [x}f/gzz:d(@f/ﬂxdpd]?f/ﬂxﬁd]?flﬂ [Ex].

In our economic models we will model the dynamics of uncertain objects over some time span
[0,T]. For example, we might be interested in determining bond prices with maturities up to
T years. Then we are interested in the stochastic process on this time interval, i.e. ¥ = (2¢):e[0,17-
The state space ) is the set of possible paths of the relevant processes over the period [0,T] so
that all the relevant uncertainty has been resolved at time T and the values of all relevant random
variables will be known at time 7. The Radon-Nikodym derivative £ = dQ/dP is also a random
variable and is therefore known at time 7" and usually not before time 7. To indicate this the
Radon-Nikodym derivative is often denoted by & = %.

We can define a stochastic process § = (&;)¢ejo,7) by setting
dQ

_ P
& =B Lﬂ@

| =Erten.

This definition is consistent with &7 being identical to dQ/dP, since all uncertainty is resolved at
time T so that the time T expectation of any variable is just equal to the variable. Note that the

process £ is a P-martingale, since for any ¢t < t’ < T we have
B [¢v] = B [B [er]] = BF [er] = &

Here the first and the third equalities follow from the definition of £&. The second equality follows

from the law of iterated expectations, which says that the expectation today of what we expect
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tomorrow for a given random variable realized later is equal to today’s expectation of that random
variable. This is a very intuitive result. For a more formal statement and proof, see @Pksendal
(1998). The following result turns out to be very useful in our dynamic models of he economy. Let

x = (2¢)se[o,7) be any stochastic process. Then we have
Ef [oy] = Ef |:€_t$t:| : (3.37)

Suppose that the underlying uncertainty is represented by a standard Brownian motion z = (z;)
(under the real-world probability measure ), as will be the case in all the models we will consider.
Let A = (At)¢efo,) be any sufficiently well-behaved stochastic process.”. Here, z and A must have
the same dimension. For notational simplicity, we assume in the following that they are one-
dimensional, but the results generalize naturally to the multi-dimensional case. We can generate

an equivalent probability measure Q* in the following way. Define the process £ = (§f‘)te[0’ﬂ by

t 1 t
@:exp{—/ )\Sdzs——/ Agds}. (3.38)
0 2 0

Then & = 1, & is strictly positive, and it can be shown that ¢* is a P-martingale (see Exercise 3.5)
so that EF (€3] = & = 1. Consequently, an equivalent probability measure Q* can be defined by
the Radon-Nikodym derivative

dQ* T 17T,
i =& =exp —/0 /\Sdzs_ﬁ/o Asds o
From (3.37), we get that

Q* p[&D P
ES [zv] =B g_Axt/ =K
&

t’ t’
Ty €XP {—/ A dzg — % / A2 ds}] (3.39)
t t

for any stochastic process x = (2¢)e[0,r)- A central result is Girsanov’s Theorem:

Theorem 3.7 (Girsanov) The process z* = (zg\)te[o’T] defined by
t
zi‘zzt—i-/ Aeds, 0<t<T, (3.40)
0

is a standard Brownian motion under the probability measure Q*. In differential notation,
dz} = dzp + M\ dt.

This theorem has the attractive consequence that the effects on a stochastic process of changing
the probability measure from P to some Q* are captured by a simple adjustment of the drift. If

x = (x4) is an Itd-process with dynamics
de’t = Ut dt + oy dZt,

then
dl‘t = Ut dt + oy (dZt)\ — At dt) = (/.Lt - Ut)\t) dt + oy dZtA

"Basically, A must be square-integrable in the sense that fOT )\? dt is finite with probability 1 and that \ satisfies
Novikov’s condition, i.e. the expectation EP [exp { % fOT )\f dt}] is finite.
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Hence, 1 — o) is the drift under the probability measure Q*, which is different from the drift
under the original measure P unless o or A are identically equal to zero. In contrast, the volatility
remains the same as under the original measure.

In many financial models, the relevant change of measure is such that the distribution under
Q" of the future value of the central processes is of the same class as under the original P measure,

but with different moments. For example, consider the Ornstein-Uhlenbeck process
dry = (p — kxy) dt + o dz

and perform the change of measure given by a constant \; = A\. Then the dynamics of z under the
measure Q* is given by
day = (¢ — kay) dt + o dz),

where ¢ = ¢ — oA. Consequently, the future values of z are normally distributed both under P
and Q*. From (3.21) and (3.22), we see that the variance of ; (given ;) is the same under Q*
and P, but the expected values will differ (recall that 8 = ¢/k):

EY [zp] = e Vg, 4 % (1 - eiﬁ(t/ft)) ,
E;Q)\ [xt/] — efl{(t’ft)xt + % (1 _ e*;{(t’ft)) .

However, in general, a shift of probability measure may change not only some or all moments of

future values, but also the distributional class.

3.11 Exercises

EXERCISE 3.1 Suppose x = (z¢) is a geometric Brownian motion, dz: = px: dt + oz dz:. What is the
dynamics of the process y = (y;) defined by y. = (z¢)"? What can you say about the distribution of future

values of the y process?

EXERCISE 3.2 (Adapted from Bjork (1998).) Define the process y = (y:) by v+ = z¢, where z = (z) is

a standard Brownian motion. Find the dynamics of y. Show that

t t
yt:6/ Zid8+4/ 22 dzs.
0 0

Show that E[y;] = E[2{] = 3t, where E[ ] denotes the expectation given the information at time 0.

EXERCISE 3.3 (Adapted from Bjork (1998).) Define the process y = (y:) by y: = €***, where a is a

constant and z = (z:) is a standard Brownian motion. Find the dynamics of y. Show that

t t
yt:1+la2/ysds+a/ Ys d2s.
2 0 0

Define m(t) = E[y;]. Show that m satisfies the ordinary differential equation

Show that m(t) = ¢*’'/2 and conclude that

E [eazt] _ ea2t/2.
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EXERCISE 3.4 Consider the two general stochastic processes x1 = (x1¢) and x2 = (z2¢) defined by the

dynamics

dxii = pie dt 4+ o1 dz1g,
dror = por dt + proas dzie + /1 — pioa dza,

where z; and zo are independent one-dimensional standard Brownian motions. Interpret p;t, os¢, and pe.
Define the processes y = (y¢) and w = (w¢) by y+ = z1:x2¢ and wy = z1¢/x2:. What is the dynamics of
y and w? Concretize your answer for the special case where x1 and z2 are geometric Brownian motions

with constant correlation, i.e. pi+ = pixit, oit = 04, and pr = p with u,, 0;, and p being constants.

EXERCISE 3.5 Find the dynamics of the process £* defined in (3.38).



Chapter 4

A review of general asset pricing theory

4.1 Introduction

Bonds and other fixed income securities have some special characteristics that make them
distinctively different from other financial assets such as stocks and stock market derivatives.
However, in the end, all financial assets serve the same purpose: shifting consumption opportunities
through time and states. Hence, the pricing of fixed income securities follow the same general
principles as the pricing of all other financial assets. In this chapter we will discuss some important
general concepts and results in asset pricing theory that will then be applied in the following
chapters to the term structure of interest rate and the pricing of fixed income securities.

The fundamental concepts of asset pricing theory are arbitrage, state prices, risk-neutral prob-
ability measures, market prices of risk, and market completeness. Asset pricing models aim at
characterizing equilibrium prices of financial assets. A market is in equilibrium if the prices are
such that the market clears (i.e. supply equals demand) and every investor has picked a trading
strategy in the financial assets that is optimal given his preferences and budget constraints and
given the prices prevailing in the market. An arbitrage is a trading strategy that generates a
riskless profit, i.e. gives something for nothing. If an investor has the opportunity to invest in an
arbitrage, he will surely do so, and hence change his original trading strategy. A market in which
prices allow arbitrage is therefore not in equilibrium. When searching for equilibrium prices we
can thus limit ourselves to no-arbitrage prices. In Section 4.2 we introduce our general model of
assets and define the concept of an arbitrage more formally.

In typical financial markets thousands of different assets are traded. The price of each asset
will, of course, depend on the future payoffs of the asset. In order to price the assets in a financial
market, one strategy would be to specify the future payoffs of all assets in all possible states of the
world and then try to figure out which set of prices that would rule out arbitrage. However, this
would surely be a quite complicated procedure. Instead we try first to determine how a general
future payoff stream should be valued in order to rule out arbitrage and then this general arbitrage-
free pricing mechanism can be applied to the payoffs of any particular asset. We will show how to
capture the general arbitrage-free pricing mechanisms in a market in three different, but equivalent
objects: a state-price deflator, a risk-neutral probability measure, and a market price of risk. Once
one of these objects has been specified, any payoff stream can be priced. We discuss these objects
and the relations between them and no-arbitrage pricing in Section 4.3. We will also see that the

general pricing mechanism is closely related to the marginal utilities of consumption of the agents
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investing in the market.

In Section 4.4, we make a distinction between markets which are complete and markets which
are incomplete. Basically, a market is complete if all risks are traded in the sense that agents can
obtain any desired exposure to the shocks to the economy. In general markets many state-price
deflators (or risk-neutral probability measures or market prices of risk) will be consistent with
absence of arbitrage. We will see that in a complete, arbitrage-free market there will be a unique
state-price deflator (or risk-neutral probability measure or market prices of risk). We introduce
in Section 4.5 the concept of a representative agent and show that in a complete market, we may
assume that the economy is inhabited by a single agent. We will apply this in the next chapter in
order to link the term structure of interest rate to aggregate consumption.

For notational simplicity we will first develop the main results under the assumption that the
available assets only pay dividends at some time 7', where all relevant uncertainty is resolved. In
Section 4.6 we show how to generalize the results to the more realistic case with dividends at other
points in time.

Our analysis is set in the framework of continuous-time stochastic models. Most of the gen-
eral asset pricing concepts and results were originally developed in discrete-time models, where
interpretations and proofs are sometimes easier to understand. Some classic references are Arrow
(1951, 1953, 1964, 1970), Debreu (1953, 1954, 1959), Negishi (1960), and Ross (1978). Textbook
presentations of discrete-time asset pricing theory can be found in, e.g., Ingersoll (1987), Huang
and Litzenberger (1988), Cochrane (2001), LeRoy and Werner (2001), and Duffie (2001, Chs. 1-4).
As already discussed in Section 3.2.1 continuous-time models are often more elegant and tractable,
and a continuous-time setting can be argued to be more realistic than a discrete-time setting.
Moreover, most term structure models are formulated in continuous time, so we really need the
continuous-time versions of the general asset pricing concepts and results. The presentation below
is structured very similarly to that of Duffie (2001, Ch. 6), but many technical details are left out
here. These details are not important for a basic understanding of continuous-time asset pricing
models. Other textbook presentations with more details and proofs include Dothan (1990) and
Karatzas and Shreve (1998). Many of the definitions and results in the continuous-time framework
are originally due to Harrison and Kreps (1979) and Harrison and Pliska (1981, 1983).

4.2 Assets, trading strategies, and arbitrage

We will set up a model for an economy over a certain time period [0, 7], where T represents
some terminal point in time in the sense that we do not care what happens after time T. We as-
sume that the basic uncertainty in the economy is represented by the evolution of a d-dimensional
standard Brownian motion, z = (2¢)¢[o,7]- Think of dz; as d exogenous shocks to the economy at
time ¢. All the uncertainty that affects the investors stems from these exogenous shocks. This in-
cludes financial uncertainty, i.e. uncertainty about the evolution of prices and interest rates, future
expected returns, volatilities, and correlations, but also non-financial uncertainty, e.g. uncertainty
about prices of consumption goods and uncertainty about future labor income of the agents. The
state space {2 is in this case the set of all paths of the Brownian motion z. Note that since a
Brownian motion has infinitely many possible paths, we have an infinite state space.

For notational simplicity we shall first develop the main results for the case where the available



4.2 Assets, trading strategies, and arbitrage

74

assets pay no dividends before time T'. Later we will discuss the necessary modifications in the

presence of intermediate dividends.

4.2.1 Assets

We model a financial market with one instantaneously riskless and N risky assets. Let us
first describe the instantaneously riskless asset. Let 7 denote the continuously compounded,
instantaneously riskless interest rate at time ¢, i.e. the rate of return over an infinitesimal interval
[t,t+dt] is 7 dt. The instantaneously riskless asset is a continuous roll-over of such instantaneously
riskless investments. We shall refer to this asset as the bank account. Let A = (A;) denote the
price process of the bank account. The increment to the balance of the account over an infinitesimal

interval [t,t + dt] is known at time ¢ to be
dA; = Ayre dt.
a time zero deposit of Ay will grow to
A, = Aoefo‘rudu

at time ¢. We think of A7 as the terminal dividend of the bank account. We need to assume that
the process r = (r) is such that foT |r¢| dt is finite with probability one. Note that the bank account
is only instantaneously riskless since future interest rates are generally not known. We refer to r;
as the short-term interest rate or simply the short rate. Some authors use the phrase spot rate
to distinguish this rate from forward rates. If the zero-coupon yield curve at time ¢ is given by
7+ yiT7 for 7 > 0, we can think of 7; as the limiting value lim, o y.*", which corresponds to the
intercept of the yield curve and the vertical axis in a (7, y)-diagram.

The short rate is strictly speaking a zero maturity interest rate. The maturity of the shortest
government bond traded in the market may be several months, so that it is impossible to observe
the short rate directly from market prices. The short rate in the bond markets can be estimated
by the intercept of a yield curve estimate, which can be obtained by the methods discussed in
Section 1.6 on page 13. In the money markets, rates are set for deposits and loans of very short
maturities, typically as short as one day. While this is surely a reasonable proxy for the zero-
maturity interest rate in the money markets, it is not necessarily a good proxy for the riskless
(government bond) short rate. The reason is that money market rates apply for unsecured loans
between financial institutions and hence they reflect the default risk of those investors. Money
market rates are therefore expected to be higher than similar bond market rates.

The prices of the N risky assets are modeled as general 1t6 processes, cf. Section 3.5. The price

process P; = (P;;) of the ¢’th risky asset is assumed to be of the form

d
dP;; = Pyt | phie dt + Z 0’;;,5 det
j=1
Here p; = (pit) denotes the (relative) drift, and o;; = (0y;+) reflects the sensitivity of the relative
price to the j’th exogenous shock. Note that the price of a given asset may not be sensitive to all
the shocks dzi¢, . .., dzq so that some of the o;;; may be equal to zero. It can also be that no asset

is sensitive to a particular shock. Some shocks may be relevant for investors, but not affect asset
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prices directly. If we let o4 be the vector (014, ..,0:4)", the price dynamics of asset ¢ can be
rewritten as
dP;; = Py [/Jit dt + 0';; dzt} .

We think of P;7 as the terminal dividend of asset i. We can write the price dynamics of all the N

risky assets compactly in vector notation as

dP; = diag(Py) [ut dt + a4 dzt] ,

where
Plt Plt O e 0
P2t 0 PQt e 0
P, = . ) diag(Pt) = . . . . )

P 0 0 ... P
M1t 011t 12t ...  O1dt
M2t 021t 022t ... 02dt

I"l’t = 1) gt =

HNt ON1t ON2t --- ONdt

We assume that the processes p; and o;; are “well-behaved”, e.g. generating prices with finite
variances. The economic interpretation of y;; is the expected rate of return per time period (year)
over the next instant. The matrix g; captures the sensitivity of the prices to the exogenous shocks
and determines the instantaneous variances and covariances (and, hence, also the correlations) of
the risky asset prices. In particular, o,0, dt is the N x N variance-covariance matrix of the rates

of returns over the next instant [t,t + d¢]. The volatility of asset i is the standard deviation of the

/
relative price change per time unit over the next instant, i.e. ||| = (Z?Zl Ufjt) .

4.2.2 Trading strategies

A trading strategy is a pair («, 0), where a = (ay) is a real-valued process representing the
units held of the instantaneously riskless asset and @ is an N-dimensional process representing the
units held of the N risky assets. To be precise, 8 = (61,...,0xy)", where 8; = (0;;) with 0
representing the units of asset i held at time ¢. The value of a trading strategy at time ¢ is given
by

Ve = o, A + 6] P

The gains from the trading strategy over an infinitesimal interval [t,¢ + dt] is
ay dA, + 07 dPy = ayreelo ™45 dt + 07 dP,.

A trading strategy is called self-financing if the future value is equal to the sum of the initial
value and the accumulated trading gains so that no money has been added or withdrawn. In terms

of mathematics, a trading strategy (a, 6) is self-financing if
¢
Vvta,e _ %04,0 +/ (OlsTse'[(f Ty du ds + GSTdPS)
0

or, in differential terms,
d‘/ta’e = atrtefot ru du dt + B;FdPt (41)



4.2 Assets, trading strategies, and arbitrage

76

4.2.3 Redundant assets

An asset is said to be redundant if there exists a self-financing trading strategy in other assets
which yields the same payoff at time 7. In order to be sure to end up with the same payoff or
value at time T, the value of the replicating trading strategy must be identical to the price of
the asset at any point in time and in any state. Hence, the value process of the strategy and the
price process of the asset must be identical. In particular, the value process of the strategy must
react to shocks to the economy in the same way as the price process of the asset. Therefore, an
asset is redundant whenever the sensitivity vector of its price process is a linear combination of
the sensitivity vectors of the price processes of the other assets. This implies that whenever there
are redundant assets among the N assets, the rows in the matrix g, are linearly dependent.’

As the name reflects, a redundant asset does not in any way enhance the opportunities of the
agents to move consumption across time and states. The agents can do just as well without the
redundant assets. Therefore, we can remove the redundant assets from the set of traded assets.
Note that whether an asset is redundant or not depends on the other available assets. Therefore,
we should remove redundant assets one by one. First identify one redundant asset and remove that.
Then, based on the remaining assets, look for another redundant asset and remove that. Continuing
that process until none of the remaining assets are redundant, the number of remaining assets will
be equal to the rank? of the original sensitivity matrix g¢. Suppose the rank of g equals k for all ¢
so that there are k assets left. We let & . denote the k x d matrix obtained from g, by removing
rows corresponding to redundant assets and let fi, denote the k-dimensional vector that is left

after deleting from p, the elements corresponding to the redundant assets.

4.2.4 Arbitrage

An arbitrage is a self-financing trading strategy («, ) satisfying one of the following two

conditions:
(i) V&? <0 and V2 > 0 with probability one,
(ii) VOO"G <0, Vo ® > 0 with probability one, and Vi ® > 0 with strictly positive probability.

A trading strategy (a, @) satisfying (i) has a negative initial price so the investor receives money
when initiating the trading strategy. The terminal payoff of the strategy is non-negative no matter
how the world evolves and since the strategy is self-financing there are no intermediate payments.
Any rational investor would want to invest in such a trading strategy. Likewise, a trading strat-
egy satisfying (ii) will never require the investor to make any payments and it offers a positive
probability of a positive terminal payoff. It is like a free lottery ticket.

A straightforward consequence of arbitrage-free pricing is that the price of a redundant asset

must be equal to the cost of implementing the self-financing replicating trading strategy. If the

1Two vectors @ and b are called linearly independent if k1@ + kab = 0 implies k1 = ko = 0, i.e. @ and b cannot
be linearly combined into a zero vector. If they are not linearly independent, they are said to be linearly dependent.
2The rank of a matrix is defined to be the maximum number of linearly independent rows in the matrix or,
equivalently, the maximum number of linearly independent columns. The rank of a k X [ matrix has to be less than
or equal to the minimum of k£ and [. If the rank is equal to the minimum of k and [, the matrix is said to be of full

rank.
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redundant asset was cheaper than the replicating trading strategy, an arbitrage can be realized by
buying the redundant asset and shorting the replicating trading strategy. Conversely, if the redun-
dant asset was more expensive than the replicating strategy. This observation is the foundation
of many models of derivatives pricing including the famous Black-Scholes-Merton model of stock
option pricing, cf. Black and Scholes (1973) and Merton (1973).

Although the definition of arbitrage focuses on payoffs at time T, it does cover shorter term
riskless gains. Suppose for example that we can construct a trading strategy with a non-positive
initial value (i.e. a non-positive price), always non-negative values, and a strictly positive value
at some time ¢ < T. Then this strictly positive value can be invested in the bank account in the
period [t, T generating a strictly positive terminal value.

Any realistic model of equilibrium prices should rule out arbitrage. However, in our continuous-
time setting it is in fact possible to construct some strategies that generate something for nothing.
These are the so-called doubling strategies. Think of a series of coin tosses enumerated by n =
1,2,.... The n’th coin toss takes place at time 1 — 1/(n + 1). In the n’th toss, you get a2"~!
if heads comes up, and looses 2"~ ! otherwise. You stop betting the first time heads comes up.
Suppose heads comes up the first time in toss number (k + 1). Then in the first k& tosses you have
lost a total of a(142+---+2%71) = a(2¥ — 1). Since you win a2 in toss number k + 1, your total
profit will be a2® —a(2F —1) = . Since the probability that heads comes up eventually is equal to
one, you will gain a with probability one. Similar strategies can be constructed in continuous-time
models of financial markets, but are clearly impossible to implement in real life. These strategies
are ruled out by requiring that trading strategies have values that are bounded from below, i.e.
that some constant K exists such that Vta’o > —K for all t. This is a reasonable restriction since
no one can borrow an infinite amount of money. If you have a limited borrowing potential, the

doubling strategy described above cannot be implemented.

4.3 State-price deflators, risk-neutral probabilities, and market prices

of risk

In stead of trying to separately price each of the many, many financial assets traded, it is wiser
first to derive a representation of the general pricing mechanisms in an arbitrage-free market. In
order to price a particular asset the general mechanism can then be combined with the asset-
specific payoff. In this section we give three basically equivalent representations of arbitrage-free
price systems: state-price deflators, risk-neutral probability measures, and markets price of risk.

Once one of these objects has been specified, any payoff stream can be priced.

4.3.1 State-price deflators

A state-price deflator is a strictly positive process ( = ((;) with {, = 1 and the property
that the product of the state-price deflator and the price of an asset is a martingale, i.e. (¢;Pi)
is a martingale for any ¢ = 1,..., N and ({; eXp{f(;5 ry du}) is a martingale. In particular, for all
t <t <T, we have

PGy = E¢ [P Cer],
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or
Py =E; {QPW} . (4.2)

@
Suppose we are given a state-price deflator ¢ and hence the distribution of {r/{;. Then the price
at time ¢t of an asset with a terminal dividend given by the random variable P;p is equal to
Ei[(¢r/¢ ) Pir]. Hence, the state-price deflator captures the market-wide pricing information. In

particular, if a zero-coupon bond maturing at time 7 is traded, its time ¢ price must be

Bl = E, [%] : (4.3)

Due to the linearity of the value of a trading strategy, the pricing relation (4.2) also holds for any

self-financing trading strategy:

VP =E, {@Vﬁ"’} :
Gt

Let us write the dynamics of a state-price deflator as
d¢y = (i [me dt + v] dzy)

for some relative drift m and some “sensitivity” vector v. Define ( = (A = exp{fot ry du}. By
It6’s Lemma,
dC: = C: [(mt + Tt) dt + 'U;r dZt] .

Since ¢* = (¢/) is a martingale, we must have m; = —r, i.e. the relative drift of a state-price
deflator is equal to the negative of the short-term interest rate. We will later give a characterization
of the sensitivity vector v.

Given a state-price deflator we can price any asset. But can we be sure that a state-price
deflator exist? It turns out that the existence of a state-price deflator is basically equivalent to

absence of arbitrage. Here is the first part of that statement:
Theorem 4.1 If a state-price deflator exists, prices admit no arbitrage.

Proof: For simplicity, we will ignore the lower bound on the value processes of trading strategies.
(The interested reader is referred to Duffie (2001, p. 105) to see how to incorporate the lower
bound; this involves local martingales and super-martingales which we will not discuss here.)
Suppose (o, 0) is a self-financing trading strategy with V' % > 0. Given a state-price deflator
¢ = (¢¢) the initial value of the strategy is

Vil =B vy,

which must be non-negative since (7 > 0. If, furthermore, there is a positive probability of V7' 0
being strictly positive, then VOO"G must be strictly positive. Consequently, arbitrage is ruled out.
O

Conversely, under some technical conditions, the absence of arbitrage implies the existence of a
state-price deflator. In the absence of arbitrage the optimal consumption strategy of any agent is
finite and well-defined and we will now show that the marginal rate of intertemporal substitution

of the agent can then be used as a state-price deflator.
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In a continuous-time setting it is natural to assume that each agent consumes according to a
non-negative continuous-time process ¢ = (¢;). We assume that the life-time utility from a given
consumption process is of the time-additive form E| fOT e %%u(cy) dt]. Here u(-) is the utility function
and ¢ the time-preference rate (or subjective discount rate) of this agent. In this case ¢; is the
consumption rate at time t, i.e. it is the number of consumption goods consumed per time period.
:+At ¢, ds which
for small At is approximately equal to ¢; - At. The agents can shift consumption across time and

The total number of units of the good consumed over an interval [¢,t 4+ At] is

states by applying appropriate trading strategies.

Suppose ¢ = (¢;) is the optimal consumption process for some agent. Any deviation from this
strategy will generate a lower utility. One deviation occurs if the agent at time 0 increases his
investment in asset ¢ by € units. The extra costs of €P;y implies a reduced consumption now. Let
us suppose that the agent finances this extra investment by cutting down his consumption rate
in the time interval [0, At] for some small positive At by eP;g/At. The extra ¢ units of asset i is
resold at time t < T, yielding a revenue of e P;;. This finances an increase in the consumption rate
over [t,t + At] by eP;;/At. Since we have assumed so far that the assets pay no dividends before
time 7', the consumption rates outside the intervals [0, At] and [t, ¢t + At] will be unaffected. Given

the optimality of ¢ = (¢;), we must have that

At . t+At A
/ e % <u (CS - 85?) — u(Cg)) ds +/ e % (u (Cs + Egj) - U(Cs)> ds] <0.
O t

Dividing by ¢ and letting ¢ — 0, we obtain

E

E

p. At p, [iHA
_Alt /0 e~ %% (cs) ds + Kzt/t e %/ (c,)ds| <0.
Letting At — 0, we arrive at
E [~ Pt/ (co) + Pie " ()] <0,

or, equivalently,
Pyou'(co) > E [6_5tPitu’(ct)] )

The reverse inequality can be shown similarly by considering the “opposite” perturbation, i.e.
a decrease in the investment in asset ¢ by € units at time 0 over the interval [0, t] leading to higher
consumption over [0, At] and lower consumption over [t,¢ + At]. Combining the two inequalities,

we have that Pjyu’(co) = E[e™% Pj;u’(cs)] or more generally

/
Py =B, |e 0t “/((Ct)) Pul|, t<t <T. (4.4)
u (Ct

With intermediate dividends this relation is slightly different, cf. Section 4.6.

Comparing (4.2) and (4.4), we see that ¢; = e~ °%u/(c;)/u’(co) is a good candidate for a state-
price deflator whenever the optimal consumption process ¢ of the agent is well-behaved, as it
presumably will be in the absence of arbitrage. (The u'(cp) in the denominator is to ensure that
¢o = 1.) However, there are some technical subtleties one must consider when going from no
arbitrage to the existence of a state-price deflator. Again, we refer the interested reader to Duffie

(2001). We summarize in the following theorem:
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Theorem 4.2 If prices admit no arbitrage and technical conditions are satisfied, then a state-price

deflator exists.

The state-price deflator ¢; = e~%u/(¢;) /u’(co) is the marginal rate of substitution of a particular
agent evaluated at her optimal consumption rate. Since the purpose of financial assets is to allow
agents to shift consumption across time and states, it is not surprising that the market-wide pricing
information can be captured by the marginal rate of substitution. Note that each agent will lead
to a state-price deflator and since agents have different utility functions, different time preference
rates, and different optimal consumption plans, there can potentially be (at least) as many state-
price deflators as agents. However, some or all of these state-price deflators may be identical, cf.
the discussion in Section 4.4.

Combining the two previous theorems, we have the following conclusion:

Corollary 4.1 Under technical conditions, the ezistence of a state-price deflator is equivalent to

the absence of arbitrage.

4.3.2 Risk-neutral probability measures

For our market with no intermediate dividends, a probability measure Q is said to be a risk-
neutral probability measure (or equivalent martingale measure) if the following three conditions

are satisfied:
(i) Q is equivalent to P,
(ii) for any asset 4, the discounted price process P;; = P exp{— f(f rsds} is a Q-martingale,
(iii) the Radon-Nikodym derivative dQ/dP has finite variance.
In particular, if Q is a risk-neutral probability measure, then
Py, = EQ [e_ftt/ s dsPit/} (4.5)

for any ¢ < t/ < T. Under some technical conditions on 6, see Duffie (2001, p. 109), the same

relation holds for any self-financing trading strategy («, 0), i.e.
‘/ta,e _ E9 |:67 ftt Ts ds‘/t?l79:| . (46)

These relations show that the risk-neutral probability measure (together with the short-term in-
terest rate process) captures the market-wide pricing information. The price of a particular asset
follows from the risk-neutral probability measure and the asset-specific payoff.

The existence of a risk-neutral probability measure is closely related to absence of arbitrage:
Theorem 4.3 If a risk-neutral probability measure exists, prices admit no arbitrage.

Proof: Suppose (a, 0) is a self-financing trading strategy satisfying technical conditions ensuring
that (4.6) holds. Then
Vb“ﬂ —EQ oo e dtngﬁ} .

Note that if V' 9 g non-negative with probability one under the real-world probability measure P,

then it will also be non-negative with probability one under a risk-neutral probability measure Q
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since Q and P are equivalent. We see from the equation above that if Vi 9 is non-negative, so is
Vba’e. If, in addition, V;’e is strictly positive with a strictly positive possibility, then Vba’e must

be strictly positive (again using the equivalence of P and Q). Arbitrage is ruled out. O

The next theorem shows that, under technical conditions, there is a one-to-one relation between
risk-neutral probability measures and state-price deflators. Hence, they are basically two equivalent

representations of the market-wide pricing mechanism.

Theorem 4.4 Given a risk-neutral probability measure Q. Let & = E;[dQ/dP] and define (; =
& exp{— fot rsds}. If (¢ has finite variance for all t < T, then ¢ = (¢;) is a state-price deflator.

Conversely, given a state-price deflator ¢, define & = exp{fot rsds}C. If & has finite variance,
then a risk-neutral probability measure Q is defined by dQ/dP = &rp.

Proof: Suppose that Q is a risk-neutral probability measure. The change of measure implies that
Et [Cspis] =e j(f T du Et |:€sPise_ fts ) — e j(f v duft E(P [Pise_ f: e du:|

rt
= e Jorudug, Py = ¢, Py,

where the second equality follows from (3.37). Hence, ( is a state-price deflator. The finite variance
condition on ¢; (and the finite variance of prices) ensure the existence of the expectations.
Conversely, suppose that ( is a state-price deflator and define ¢ as in the statement of the

theorem. Then
El¢r]=E [efoT e dSCT} =1,

where the last equality is due to the fact that the product of the state-price deflator and the bank
account value is a martingale. Furthermore, {p is strictly positive so dQ/dP = & defines an
equivalent probability measure Q. By assumption {7 has finite variance. It remains to check that

discounted prices are Q-martingales. Again using (3.37), we get

E(t@ |:e_ ftt/ Ts dsPit’:| _ Et |:£t’ o ftt/ Ty dsPit’:| — Et |:QP”,:| — Pit,
& Gt

so this condition is also met. Hence, Q is a risk-neutral probability measure. O

As discussed in the previous subsection, the absence of arbitrage implies the existence of a state-
price deflator under some technical conditions, and the above theorem gives a one-to-one relation
between state-price deflators and risk-neutral probability measures, also under some technical
conditions. Hence, the absence of arbitrage will also imply the existence of a risk-neutral probability
measure - again under technical conditions. Let us try to clarify this statement somewhat. The
absence of arbitrage by itself does not imply the existence of a risk-neutral probability measure.
We must require a little more than absence of arbitrage. As shown by Delbaen and Schachermayer
(1994, 1999) the condition that prices admit no “free lunch with vanishing risk” is equivalent to the
existence of a risk-neutral probability measure and hence, following Theorem 4.4, the existence of
a state-price deflator. We will not go into the precise and very technical definition of a free lunch
with vanishing risk. Just note that while an arbitrage is a free lunch with vanishing risk, there

are trading strategies which are not arbitrages but nevertheless are free lunches with vanishing
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risk. More importantly, we will see below that in markets with sufficiently nice price processes,
we can indeed construct a risk-neutral probability measure. So the bottom-line is that absence of

arbitrage is virtually equivalent to the existence of a risk-neutral probability measure.

4.3.3 Market prices of risk

If Q is a risk-neutral probability measure, the discounted prices are Q-martingales. The dis-

counted risky asset prices are given by
P,=P,e Jorsds,
An application of It6’s Lemma shows that the dynamics of the discounted prices is
dP, = diag(Py) [(p, — 141) dt + ¢ dzy] . (4.7)

Suppose that Q is a risk-neutral probability measure. The change of measure from P to Q is
captured by a random variable, which we denote by dQ/dP. Define the process £ = (&) by
& = E;[dQ/dP]. This is martingale since, for any ¢ < t/, we have E;[{y/] = E[Ey[dQ/dP]] =
E:[dQ/dP] = & due to the law of iterated expectations (see the discussion in Section 3.10). Then
it follows from the Martingale Representation Theorem, see Theorem 3.3, that a d-dimensional
process A = (A;) exists such that

d& = =&/ dzy,

or, equivalently (using &, = E[dQ/dP] = 1),

1 t t
gt:exp{—i/o ||)\s|\2ds—/0 /\sszs}. (4.8)

According to Girsanov’s Theorem, i.e. Theorem 3.7, the process 2% = (z(tQ) defined by

dz2 = dzy + A\ dt, 22 =0, (4.9)
is then a standard Brownian motion under the Q-measure. Substituting dz; = dz? — A dt
into (4.7), we obtain

dP, = diag(P;) [(ut =g\ dt+ gy dz?} . (4.10)

If discounted prices are to be Q-martingales, the drift must be zero, so we must have that
gtkt = My — T‘tl. (411)

From these arguments it follows that the existence of a solution A to this system of equations is a
necessary condition for the existence of a risk-neutral probability measure. Note that the system
has N equations (one for each asset) in d unknowns, Aq,..., Aq (one for each exogenous shock).
On the other hand, if a solution A exists and satisfies certain technical conditions, then a risk-
neutral probability measure Q is defined by dQ/dP = &r, where & is obtained by letting ¢ = T
in (4.8). The technical conditions are that & has finite variance and that exp {% fOT ||)\tH2dt}
has finite expectation. (The latter condition is Novikov’s condition which ensures that the process

& = (&) is a martingale.) We summarize these findings as follows:
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Theorem 4.5 If a risk-neutral probability measure exists, there must be a solution to (4.11) for
all t. If a solution A, exists for all t and the process XA = (A;) satisfies technical conditions, then a

risk-neutral probability measure exists.

Any process A = (A;) solving (4.11) is called a market price of risk process. To understand

this terminology, note that the i’th equation in the system (4.11) can be written as

d

E Uijt>\jt = Wit — Tt
J=1

If the price of the ¢’th asset is only sensitive to the j’th exogenous shock, the equation reduces to
OijtNjt = Hit — Tt,
implying that
Ajt = Hit — Tt.
Oijt
Therefore, \j; is the compensation in terms of excess expected return per unit of risk stemming
from the j’th exogenous shock.

According to the theorem above, we basically have a one-to-one relation between risk-neutral
probability measures and market prices of risk. Combining this with earlier results, we can conclude
that the existence of a market price of risk is virtually equivalent to the absence of arbitrage.

With a market price of risk it is easy to see the effects of changing the probability measure from
the real-world measure P to a risk-neutral measure Q. Suppose A is a market price of risk process
and let Q denote the associated risk-neutral probability measure and 29 the associated standard

Brownian motion. Then
dP, = diag(P;)a dz¢ (4.12)

and
dP, = diag(P;) [ri1dt + g, dz;ﬂ .

So under a risk-neutral probability all asset prices have a drift equal to the short rate. The
volatilities are not affected by the change of measure.

Next, let us look at the relation between market prices of risk and state-price deflators. Suppose
that A is a market price of risk and & in (4.8) defines the associated risk-neutral probability

measure. From Theorem 4.4 we know that, under a regularity condition, the process ¢ defined by

) t 1 t t
Ct :gte_'f‘)t75ds :eXP{—/ rsds — _/ ||>‘s||2d8_/ )‘sT dzs}
0 2 0 0

is a state-price deflator. Since d¢; = —& [ dzy, an application of It6’s Lemma implies that
dCt = _Ct [’I’t dt + )\;—dzt] . (413)

As we have already seen, the relative drift of a state-price deflator equals the negative of the
short-term interest rate. Now, we see that the sensitivity vector of a state-price deflator equals
the negative of a market price of risk. Up to technical conditions, there is a one-to-one relation
between market prices of risk and state-price deflators.

Let us again consider the key equation (4.11), which is a system of N equations in d unknowns

given by the vector A = (A1,...,As)". The number of solutions to this system depends on the rank
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of the N x d matrix g, which, as discussed in Section 4.2.3, equals the number of non-redundant
assets. Let us assume that the rank of g; is the same for all ¢ (and all states) and denote the
rank by k. We know that k < d. If k < d, there are several solutions to (4.11). We can write one

solution as )
(=g (itif) (i, —mi1), (4.14)

where g . and fr, were defined in Section 4.2.3. In the special case where k = d, we have the unique
solution

% _ -1

¢ =0, (, —ml).

4.4 Complete vs. incomplete markets

A financial market is said to be (dynamically) complete if all relevant risks can be hedged by
forming portfolios of the traded financial assets. More formally, let £ denote the set of all random
variables (with finite variance) whose outcome can be determined from the exogenous shocks to the
economy over the entire period [0,7]. In mathematical terms, L is the set of all random variables
that are measurable with respect to the o-algebra generated by the path of the Brownian motion z
over [0, T]. On the other hand, let M denote the set of possible time T values that can be generated

by forming self-financing trading strategies in the financial market, i.e.

M= {V;’e | (o, ) self-financing with V;**® bounded from below for all ¢ € [0, T]} .

Of course, for any trading strategy («, ) the terminal value Vi % is a random variable, whose
outcome is not determined until time 7. Due to the technical conditions imposed on trading
strategies, the terminal value will have finite variance, so M is always a subset of L. If, in fact, M
is equal to L, the financial market is said to be complete. If not, it is said to be incomplete.

In a complete market, any random variable of interest to the investors can be replicated by a
trading strategy, i.e. for any random variable W we can find a self-financing trading strategy with
terminal value V' 0 —w. Consequently, an investor can obtain exactly her desired exposure to
any of the d exogenous shocks.

Intuitively, to have a complete market, sufficiently many financial assets must be traded. How-
ever, the assets must also be sufficiently different in terms of their response to the exogenous shocks.
After all, we cannot hedge more risk with two perfectly correlated assets than with just one of
these assets. Market completeness is therefore closely related to the sensitivity matrix process g

of the traded assets. The following theorem provides the precise relation:

Theorem 4.6 Suppose that the short-term interest rate r is bounded. Also, suppose that a bounded
market price of risk process X exists. Then the financial market is complete if and only if the rank

of g is equal to d (almost everywhere).

Clearly, a necessary (but not sufficient) condition for the market to be complete is that at least
d risky asset are traded — if N < d, the matrix g; cannot have rank d. If g, has rank d, then
there is exactly one solution to the system of equations (4.11) and, hence, exactly one market
price of risk process, namely A*, and (if A* is sufficiently nice) exactly one risk-neutral probability

measure. If the rank of g; is strictly less than d, there will be multiple solutions to (4.11) and
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therefore multiple market prices of risk and multiple risk-neutral probability measures. Combining

these observations with the previous theorem, we have the following conclusion:

Theorem 4.7 Suppose that the short-term interest rate r is bounded and that the market is com-
plete. Then there is a unique market price of risk process A and, if A satisfies technical conditions,

there is a unique risk-neutral probability measure.

This theorem and Theorem 4.4 together imply that in a complete market, under technical condi-
tions, we have a unique state-price deflator.

Real financial markets are probably not complete in a broad sense, since most investors face
restrictions on the trading strategies they can invest in, e.g. short-selling and portfolio mix restric-
tions, and are exposed to risks that cannot be fully hedged by any financial investments, e.g. labor
income risk. An example of an incomplete market is a market where the traded assets are only
sensitive to k < d of the d exogenous shocks. Decomposing the d-dimensional standard Brownian
motion z into (Z, Z), where Z is k-dimensional and Z is (d — k)-dimensional, the dynamics of the

traded risky assets can be written as
dPt = dlag(Pt) [l’l’t dt +gt dZt] .

For example, the dynamics of 74, p;, or g, may be affected by the non-traded risks Z, representing
non-hedgeable risk in interest rates, expected returns, and volatilities and correlations, respectively.
Or other variables important for the investor, e.g. his labor income, may be sensitive to Z. Let us
assume for simplicity that £ = N and the k x k matrix g, is non-singular. Then we can define a

unique market price of risk associated with the traded risks by the k-dimensional vector

Ar = (a) 7" (g —701),

but for any well-behaved (d — k)-dimensional process A, the process A = (A, A) will be a market
price of risk for all risks. Each choice of A generates a valid market price of risk process and hence

a valid risk-neutral probability measure and a valid state-price deflator.

4.5 Equilibrium and representative agents in complete markets

An economy consists of agents and assets. Each agent is characterized by her preferences
(utility function) and endowments (initial wealth and future income). An equilibrium for an
economy consists of a set of prices for all assets and a feasible trading strategy for each agent such
that

(i) given the asset prices, each agent has chosen an optimal trading strategy according to her

preferences and endowments,
(ii) markets clear, i.e. total demand equal total supply for each asset.

To an equilibrium corresponds an equilibrium consumption process for each agent as a result of her
endowments and her trading strategy. Clearly, an equilibrium set of prices cannot admit arbitrage.
As shown in Section 4.3, the absence of arbitrage (and some technical conditions) imply that the

optimal consumption process for any agent defines a state-price deflator. Assuming time-additive
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preferences, the state-price deflator associated to agent [ is the process ¢! = (¢!) defined by
l -6t l l
G =e " Muyler) Jui(cp),

where u; is the utility function, &' the time preference rate, and ¢! = (ct) the optimal consumption
process of agent [.

In general the state-price deflators associated with different agents may differ, but in complete
markets there is a unique state-price deflator. Consequently, all the state-price deflators associated
with the different agents must be identical. In particular, for any agents k£ and [ and any state w,
we must have that

Cw) = (@) (@)

UACH) u(cp)

The agents trade until their marginal rates of substitution are perfectly aligned. This is known as
efficient risk-sharing. In a complete market equilibrium we cannot have (f(w) > ¢}(w), because
agents k and [ will then be able to make a trade that makes both better off. Any such trade
is feasible in a complete market, but not necessarily in an incomplete market. In an incomplete
market it may thus be impossible to completely align the marginal rates of substitution of the
different agents.

Suppose that aggregate consumption at time ¢ is higher in state w than in state w’. Then there
must be at least one agent, say agent [, who consumes more at time ¢ in state w than in state w’,
cl(w) > cb(w'). Consequently, uj(ck(w)) < u)(ct(w’)). Let k denote any other agent. If the market

is complete we will have that
up(ct (W) _ uy(ch(w))

up(ef (@) uplci(w”)’

for any two states w,w’. Consequently, u} (cf(w)) < u}(cF(w’)) and thus cf(w) > cf(w') for any

agent k. It follows that in a complete market, the optimal consumption of any agent is an increasing
function of the aggregate consumption level. Individuals’ consumption levels move together.

A consumption allocation is called Pareto-optimal if the aggregate endowment cannot be
allocated to consumption in another way that leaves all agents at least as good off and some agent

strictly better off. An important result is the First Welfare Theorem:

Theorem 4.8 If the financial market is complete, then every equilibrium consumption allocation

is Pareto-optimal.

The intuition is that if it was possible to reallocate consumption so that no agent was worse off and
some agent was strictly better off, then the agents would generate such a reallocation by trading
the financial assets appropriately. When the market is complete, an appropriate transaction can
always be found, which is not necessarily the case in incomplete markets.

Both for theoretical and practical applications it is very cumbersome to deal with the individual
utility functions and optimal consumption plans of many different agents. It would be much simpler
if we could just consider a single agent. So we want to set up a single-agent economy in which
equilibrium asset prices are the same as in the more realistic multi-agent economy. Such a single
agent is called a representative agent. Like any agent, a representative agent is defined through
her preferences and endowments, so the question is under what conditions and how we can construct

preferences and endowments for such an agent. Clearly, the endowment of the single agent should
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be equal to the total endowments of all the individuals in the multi-agent economy. Hence, the
main issue is how to define the preferences of the agent so that she is representative. The next

theorem states that this can be done whenever the market is complete.

Theorem 4.9 Suppose all individuals are greedy and risk-averse. If the financial market is com-

plete, the economy has a representative agent.

When the market is complete, we must look for preferences such that the associated marginal
rate of substitution evaluated at the aggregate endowments is equal to the unique state-price
deflator. If all agents have identical preferences, then we can use the same preferences for a repre-
sentative agent. If individual agents have different preferences, the preferences of the representative
agent will be some appropriately weighted average of the preferences of the individuals. We will
not go into the details here, but refer the interested reader to Duffie (2001). Note that in the rep-
resentative agent economy there can be no trade in the financial assets (who should be the other
party in the trade?) and the consumption of the representative agent must equal the aggregate
endowment or aggregate consumption in the multi-agent economy. In Chapter 5 we will use these

results to link interest rates to aggregate consumption.

4.6 Extension to intermediate dividends

Up to now we have assumed that the assets provide a final dividend payment at time 7" and no
dividend payments before. Clearly, we need to extend this to the case of dividends at other dates.
We distinguish between lump-sum dividends and continuous dividends. A lump-sum dividend is a
payment at a single point in time, where as a continuous dividend is paid over a period of time.

Suppose Q is a risk-neutral probability measure. Consider an asset paying only a lump-sum
dividend of Ly at time ¢ < T. If we invest the dividend in the bank account over the period [t/, T7,
we end up with a value of Ly exp{ ft/T ry du}. Thinking of this as a terminal dividend, the value of

the asset at time t < ¢’ must be
Pt = E(t@ |:€_ ffrT T du (Ltleftrl; Tu du):| = E? |:€_ fttl Tu duLt/

Intermediate lump-sum dividends are therefore valued similarly to terminal dividends and the
discounted price process of such an asset will be a Q-martingale over the period [0,¢'] where the
asset “lives”. An important example is that of a zero-coupon bond paying one at some future

date ¢. The price at time ¢ < ¢’ of such a bond is given by
B! = E2 [e_ I ﬂ . (4.15)

In terms of a state-price deflator ¢, we have

B! =E, [CJJ . (4.16)

A continuous dividend is represented by a dividend rate process D = (D;), which means that
the total dividend paid over any period [t,t'] is equal to ftt D, du. Over a very short interval
[s,s + ds] the total dividend paid is approximately D;ds. Investing this in the bank account

provides a time T value of e/ ST dup, ds. Integrating up the time T values of all the dividends in
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the period [t,T], we get a terminal value of ftT el T dwD,ds. According to the previous sections

the time t value of such a terminal payment is

T T
Pt:E(? e_ftTrudu (/ efsdeuDst> :E9 / e‘f{€7'uduDSdS] )
t t
This implies that for any ¢t < ¢ < T, we have
t! t s
P, =E2 |¢~ /e medup, +/ e~ Jirudup gg (4.17)
t

and the process with time t value given by P; exp{ffot rodu} + fot exp{— [y rudu}D,ds is a
Q-martingale. In terms of a state-price deflator ( we have that the process with time t value
(P + fot (sDy ds is a P-martingale and

e

G P+ | 2D, ds] .

P, =E, |2
e L G

The link between state-price deflators and the marginal rate of substitution of an agent is still the
same: (; = e %%/ (c;)/u/(co) is valid state-price deflator.
Pricing expressions for assets that have both continuous and lump-sum dividends can be ob-

tained by combining the expressions above appropriately.

4.7 Concluding remarks

This chapter has reviewed the central results of modern asset pricing theory in a continuous-

time framework. Ignoring technicalities, we can summarize our main findings as follows:

e The market-wide pricing principles can be represented in three equivalent objects: state-
price deflators, risk-neutral probability measures, and market prices of risk. These objects

are closely related to individuals’ marginal rates of substitution.

e A specification of a state-price deflator, a risk-neutral probability measure, or a market price

of risk fixes the prices of all traded assets.

e The absence of arbitrage is equivalent to the existence of a state-price deflator, a risk-neutral

probability measure, and a market price of risk.

e In a complete and arbitrage-free market, there is a unique state-price deflator, a unique

risk-neutral probability measure, and a unique market price of risk.

e In a complete market, a representative agent exists and the unique state-price deflator is that

agent’s marginal rate of substitution evaluated at the aggregate consumption process.

4.8 Exercises

EXERCISE 4.1 Show that if there is no arbitrage and the short rate can never go negative, then the

discount function is non-increasing and all forward rates are non-negative.

EXERCISE 4.2 Show Equation (4.7).



Chapter 5

The economics of the term structure of

interest rates

5.1 Introduction

A bond is nothing but a standardized and transferable loan agreement between two parties. The
issuer of the bond is borrowing money from the holder of the bond and promises to pay back the
loan according to a predefined payment scheme. The presence of the bond market allows individuals
to trade consumption opportunities at different points in time among each other. An individual
who has a clear preference for current capital to finance investments or current consumption can
borrow by issuing a bond to an individual who has a clear preference for future consumption
opportunities. The price of a bond of a given maturity is, of course, set to align the demand and
supply of that bond, and will consequently depend on the attractiveness of the real investment
opportunities and on the individuals’ preferences for consumption over the maturity of the bond.
The term structure of interest rates will reflect these dependencies. In Sections 5.2 and 5.3 we
derive relations between equilibrium interest rates and aggregate consumption and production in
settings with a representative agent. In Section 5.4 we give some examples of equilibrium term
structure models that are derived from the basic relations between interest rates, consumption,
and production.

Since agents are concerned with the number of units of goods they consume and not the dollar
value of these goods, the relations found in the first sections of this chapter apply to real interest
rates. However, most traded bonds are nominal, i.e. they promise the delivery of certain dollar
amounts, not the delivery of a certain number of consumption goods. The real value of a nominal
bond depends on the evolution of the price of the consumption good. In Section 5.5 we explore the
relations between real rates, nominal rates, and inflation. We consider both the case where money
has no real effects on the economy and the case where money does affect the real economy.

The development of arbitrage-free dynamic models of the term structure was initiated in the
1970s. Until then, the discussions among economists about the shape of the term structure were
based on some relatively loose hypotheses. The most well-known of these is the expectation
hypothesis, which postulates a close relation between current interest rates or bond returns and
expected future interest rates or bond returns. Many economists still seem to rely on the validity

of this hypothesis, and a lot of man power has been spend on testing the hypothesis empirically. In

89



5.2 Real interest rates and aggregate consumption

90

Section 5.6, we review several versions of the expectation hypothesis and discuss the consistency
of these versions. We argue that neither of these versions will hold for any reasonable dynamic

term structure model. Some alternative traditional hypothesis are briefly reviewed in Section 5.7.

5.2 Real interest rates and aggregate consumption

In order to study the link between interest rates and aggregate consumption, we assume
the existence of a representative agent maximizing an expected time-additive utility function,
E[ fOT e %u(Cy)dt]. As discussed in Section 4.5, a representative agent will exist in a complete
market. The parameter ¢ is the subjective time preference rate with higher ¢ representing a more
impatient agent. C} is the consumption rate of the agent, which is then also the aggregate con-
sumption level in the economy. In terms of the utility and time preference of the representative
agent the state price deflator is therefore characterized by

s w(Cy)
4 (G

Assume that the aggregate consumption process C = (C}) has dynamics of the form
dCy = Cy luce dt + o5y dzi]

where z = (z;) is a (possibly multi-dimensional) standard Brownian motion. The dynamics
of the state-price deflator will then follow from It6’s Lemma applied to the function g(C,t) =

e~ %/ (C) /u'(Cy). Since the relevant derivatives are

99 _
ot

09 _ _yu'(C) _w(C) Py _au(C) w(C)
59(0,75)’ Yol e 9 u’(Co) = u/(c) Q(C,t)a 902 —e 9 u’(CO) — u’(C) g(C,t),

the dynamics of ¢ = () is

Recalling from Section 4.3.1 that the equilibrium short-term interest rate equals minus the relative
drift of the state-price deflator, we can write the short rate as

—Ctu”(Ct) _l QUIII(Ct)
W(Cy) HtT 2 (e

Tt :(5+ HO’Ct||2. (52)

This is the interest rate at which the market for short-term borrowing and lending will clear.
The equation relates the equilibrium short-term interest rate to the time preference rate and the
expected growth rate pcy and the variance rate |oc¢||? of aggregate consumption growth over the

next instant. We can observe the following relations:

e There is a positive relation between the time preference rate and the equilibrium interest
rate. The intuition behind this is that when the agents of the economy are impatient and
has a high demand for current consumption, the equilibrium interest rate must be high in

order to encourage the agents to save now and postpone consumption.

e The multiplier of ey in (5.2) is the relative risk aversion of the representative agent, which

is positive. Hence, there is a positive relation between the expected growth in aggregate
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consumption and the equilibrium interest rate. This can be explained as follows: We expect
higher future consumption and hence lower future marginal utility, so postponed payments
due to saving have lower value. Consequently, a higher return on saving is needed to maintain

market clearing.

e If u'” is positive, there will be a negative relation between the variance of aggregate consump-
tion and the equilibrium interest rate. If the representative agent has decreasing absolute
risk aversion, which is certainly a reasonable assumption, u’” has to be positive. The intu-
ition is that the greater the uncertainty about future consumption, the more will the agents
appreciate the sure payments from the riskless asset and hence the lower a return is necessary

to clear the market for borrowing and lending.

In the special case of constant relative risk aversion, u(c) = ¢!=7/(1 — «), Equation (5.2)
simplifies to

1
Ty =0+ Yot — 5’)’(1 + Mol (5:3)

In particular, we see that if the drift and variance rates of aggregate consumption are constant, i.e.
aggregate consumption follows a geometric Brownian motion, then the short-term interest rate will
be constant over time. Consequently, the yield curve will be flat and constant over time. This is
clearly an unrealistic case. To obtain interesting models we must either allow for variations in the
expectation and the variance of aggregate consumption growth or allow for non-constant relative
risk aversion (or both).

We can also characterize the equilibrium term structure of interest rates in terms of the expec-

1

tations and uncertainty about future aggregate consumption.” The equilibrium time ¢ price of a

zero-coupon bond paying one consumption unit at time T > ¢ is given by
Gr] _ cmr-o 1)
@ w(Cy)

where Cr is the uncertain future aggregate consumption level. We can write the left-hand side of

Bl =E, { (54)

the equation above in terms of the yield y{ of the bond as
Bl = e v M0~ 1 —yI(T — 1),

using a first order Taylor expansion. Turning to the right-hand side of the equation, we will use a

second-order Taylor expansion of u/(Cr) around Ci:
1
U/(CT) ~ U/(Ct) + U//(Ct)(CT - Ct) + EU/N(Ct)(CT - Ct)2.

This approximation is reasonable when C7p stays relatively close to C;, which is the case for fairly
low and smooth consumption growth and fairly short time horizons. Applying the approximation,
the right-hand side of (5.4) becomes

_ _E [u’(CT)] _ B u//(Ct) 1’U/N(Ct)
S(T—) 2t AT —8(T=1) [ B 3 1 B
e u'(Cy) e + W (Cy) {[Cr — Ci] + 2w (Cy) Var|Cr — C}]
1
1 sy 2" (C) Cr
+ 26 Ct U/(Ct) Vart Ct ,

IThe presentation is adapted from Breeden (1986).
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where Var,[ -] denotes the variance conditional on the information available at time ¢, and we have
used the approximation e=®(T=%) ~ 1 — §(T — t). Substituting the approximations of both sides

into (5.4) and rearranging, we find the following approximate expression for the zero-coupon yield:

yT a6 4 e=H(T=) —Cd"(Cy) \ E¢ [Cr/Cy —1] 1 s 02 u"'(Cy) Var, [Cr/CY]
¢ u/(Cy) Tt 2 bau(cy) Tt

(5.5)

Again assuming v’ > 0, v” < 0, and v/ > 0, we can state the following conclusions. The
equilibrium yield is increasing in the subjective rate of time preference. The equilibrium yield for
the period [t,T] is positively related to the expected growth rate of aggregate consumption over
the period and negatively related to the uncertainty about the growth rate of consumption over
the period. The intuition for these results is the same as for short-term interest rate discussed
above. We see that the shape of the equilibrium time ¢ yield curve T + y! is determined by
how expectations and variances of consumption growth rates depend on the length of the forecast
period. For example, if the economy is expected to enter a short period of high growth rates, real

short-term interest rates tend to be high and the yield curve downward-sloping.

5.3 Real interest rates and aggregate production

In order to study the relation between interest rates and production, we will look at a slightly
simplified version of the general equilibrium model of Cox, Ingersoll, and Ross (1985a).

Consider an economy with a single physical good that can be used either for consumption or
investment. All values are expressed in units of this good. The instantaneous rate of return on an

investment in the production of the good is

dne

—— g(wy) dt + &(x4) dza, (5.6)

where z; is a standard one-dimensional Brownian motion and g and £ are well-behaved real-valued
functions (given by Mother Nature) of some state variable x;. To be more specific, 1y goods
invested in the production process at time 0 will grow to 7, goods at time t if the output of the
production process is continuously reinvested in this period. We can interpret g as the expected
real growth rate of the economy and the volatility £ (assumed positive for all x) as a measure of the
uncertainty about the growth rate of the economy. The production process has constant returns
to scale in the sense that the distribution of the rate of return is independent of the scale of the
investment. There is free entry to the production process. We can think of individuals investing
in production directly by forming their own firm or indirectly be investing in stocks of production
firms. For simplicity we take the first interpretation. All producers, individuals and firms, act
competitively so that firms have zero profits and just passes production returns on to their owners.
All individuals and firms act as price takers.
We assume that the state variable is one-dimensional and evolves according to the stochastic
differential equation
dry = m(xy) dt + v1(xt) dz1e + va(xy) dzoy, (5.7)

where z5 is another standard one-dimensional Brownian motion independent of z1, and m, vy, and
vy are well-behaved real-valued functions. The instantaneous variance rate of the state variable

is vy (2)? + vo()?, the covariance rate of the state variable and the real growth rate is &(z)vy ()
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so that the correlation between the state and the growth rate is vy (z)//v1(2)2 + v2(2)2. Unless
vy = 0, the state variable is imperfectly correlated with the real production returns. If vy is positive
[negative], then the state variable is positively [negatively] correlated with the growth rate of the
economy (since £ is assumed positive). Since the state determines the expected returns and the
variance of returns on real investments, we may think of x; as a productivity or technology variable.

In addition to the investment in the production process, we assume that the agents have access

to a financial asset with a price P; with dynamics of the form

d?i)t = py dt + 014 dz1y + 09 dzoy. (5.8)
As a part of the equilibrium we will determine the relation between the expected return p; and
the volatility coefficients o1; and o9;. Finally, the agents can borrow and lend funds at an instan-
taneously riskless interest rate r;, which is also determined in equilibrium. The market is therefore
complete. Other financial assets affected by z; and 2o may be traded, but they will be redundant.
We will get the same equilibrium relation between expected returns and volatility coefficients for
these other assets as for the one modeled explicitly. For simplicity we stick to the case with a
single financial asset.

If an agent at each time ¢ consumes at a rate of ¢; > 0, invests a fraction a; of his wealth in the
production process, invests a fraction 7; of wealth in the financial asset, and invests the remaining
fraction 1 — oy — 7y of wealth in the riskless asset, his wealth W; will evolve as

AWy = {riWi + Wiy (g(z¢) — 1) + Weme (e — 1) — ¢} dt (5.9)

+ Wiaw§(at) dzie + Wimpory dzae + Wimoay dzay. .
Since a negative real investment is physically impossible, we should restrict a; to the non-negative
numbers. However, we will assume that this constraint is not binding. Let us look at an agent

maximizing expected utility of future consumption. The indirect utility function is defined as

T
/ e 06Dy ey) ds] ,
t

i.e. the maximal expected utility the agent can obtain given his current wealth and the current

JW,z,t)=  sup B

(as 77TSaCS)se[t,T]

value of the state variable. Applying dynamic programming techniques, it can be shown that the

optimal choice of v and 7 satisfies

N —Jw 0’% +U% o1 —Jwae 0201 — 0102
_ _ (Tl 5.10
0" = [( TR = =) |+ s T e (5.10)
* *JW g1 1 7JWI V2
= W T ) (- w2 5.11
r = [ Zola =)+ 300 rﬂ + e 22 (5.11)

In equilibrium, prices and interest rates are such that (a) all agents act optimally and (b) all
markets clear. In particular, summing up the positions of all agents in the financial asset we should
get zero, and the total amount borrowed by agents on a short-term basis should equal the total
amount lend by agents. Since the available production apparatus is to be held by some investors,
summing the optimal a’s over investors we should get 1. Since we have assumed a complete
market, we can construct a representative agent, i.e. an agent with a given utility function so that
the equilibrium interest rates and price processes are the same in the single agent economy as in

the larger multi agent economy. Alternatively, we may think of the case where all agents in the
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economy are identical so that they will have the same indirect utility function and always make
the same consumption and investment choice.

In an equilibrium, we have 7* = 0 for the representative agent, and hence (5.11) implies that
_JWz
—Jw

()

Substituting this into the expression for a* and using the fact that o* = 1 in equilibrium, we get

that

o1
p—r=—(g-r)—

f 0202. (512)

—Jwe
_ 2 2
1= ( Jw ) (- )0'1 +o035 01 01 (g—1)+ (WJWW) o1

W R ()
W Jww
+ ( —Jwa ) 02V1 — 0102
W Jww §oa

() o )
W Jww £2 Wlww ) &
Consequently, the equilibrium short-term interest rate can be written as

r=g— M £2+ waé—vl- (513)
Jw Jw

This equation ties the equilibrium real short-term interest rate to the production side of the

economy. Let us address each of the three right-hand side terms:

e The equilibrium real interest rate r is positively related to the expected real growth rate
g of the economy. The intuition is that for higher expected growth rates, the productive
investments are more attractive relative to the riskless investment, so to maintain market

clearing the interest rate has to be higher.

e The term —W Jyww /Jw is the relative risk aversion of the representative agent’s indirect
utility, which is assumed to be positive. Hence, we see that the equilibrium real interest rate
r is negatively related to the uncertainty about the growth rate of the economy, represented
by the instantaneous variance £2. For a higher uncertainty, the safe returns of a riskless
investment is relatively more attractive, so to establish market clearing the interest rate has

to decrease.

e The last term in (5.13) is due to the presence of the state variable. The covariance rate of
the state variable and the real growth rate of the economy is equal to £v;. Suppose that high
values of the state variable represents good states of the economy, where the wealth of the
agent is high. Then the marginal utility Jy will be decreasing in z, i.e. Jy, < 0. If the state
variable and the growth rate of the economy are positively correlated, we see from (5.10)
that the hedge demand of the productive investment is decreasing, and hence the demand for
depositing money at the short rate increasing, in the magnitude of the correlation (both Jy,
and Jyw are negative). To maintain market clearing, the interest rate must be decreasing

in the magnitude of the correlation as reflected by (5.13).

We see from (5.12) that the market prices of risk are given by

N=ITT AQEWiXV:V:VgUQ{]VVV:UQ. (5.14)
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Applying the relation

(Wiww ) .2 Jwe
g r= ( JW ) £ JW £U17

we can rewrite \; as

_ (W iww Jwa
)\1:< . >g . (5.15)

5.4 Equilibrium term structure models
5.4.1 Production-based models

As a special case of their general equilibrium model with production, Cox, Ingersoll, and Ross
(1985b) consider a model where the representative agent is assumed to have a logarithmic utility so
that the relative risk aversion of the direct utility function is 1. In addition, the agent is assumed to
have an infinite time horizon, which implies that the indirect utility function will be independent
of time. It can be shown that under these assumptions the indirect utility function of the agent
is of the form J(W,z) = AlnW + B(z). In particular, Jy, = 0 and the relative risk aversion of
the indirect utility function is also 1. It follows from (5.13) that the equilibrium real short-term

interest rate is equal to
r(xe) = g(zt) — f(%)z-

The authors further assume that the expected rate of return and the variance rate of the return

on the productive investment are both proportional to the state, i.e.
9(z) = kiz, &(x)? = ko,

where k1 > ko. Then the equilibrium short-rate becomes r(z) = (k1 — k2)z = kx. Assume now

that the state variable follows a square-root process

dzy = K (T — ) dt + pog/xrdzie + /1 — p20,1/T dzoy
=K (i’ — .Tt) dt -+ O'I\/l'_tdzt,

where Z is a standard Brownian motion with correlation p with the standard Brownian motion z;
and correlation m with z5. Then the dynamics of the real short rate is dr; = kdx;, which
yields

dry = k(T — 1) dt + 0p+/r¢ dZs, (5.16)

where 7 = kZ and ¢, = v/ko,. The market prices of risk given in (5.14) and (5.15) simplify to

M o= &) = Vkox = ko /kF, A =0.

The short-rate dynamics and the market prices of risk fully determine prices of all bonds and hence
the entire term structure of interest rates. In fact, this is one of the most frequently used dynamic
term structure models, the so-called CIR model, which we will discuss in much more detail in
Section 7.5.
Longstaff and Schwartz (1992a) study a two-factor version of the production-based equilibrium
model. They assume that the production returns are given by
dne

n :g(xltath) dt+£(x2t)d21t,
t
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where

g(w1,m2) = k121 + koo, &(22)? = k3o,

so that the state variable xo affects both expected returns and uncertainty of production, while
the state variable x; only affects the expected return. With log utility the short rate is again equal

to the expected return minus the variance,
’/’(iEl,JUQ) e g(xl,:@) — 5(.172)2 =kix1 + (kg — kg)l‘g.
The state variables are assumed to follow independent square-root processes,

dz1e = (p1 — K121e) dt + Pry/T1e dzoy,
dxor = (2 — KoTay) dt + Ba/Tar d2ss,

where z; are independent of z; and z3, but z; and z3 may be correlated. The market prices of risk

associated with the Brownian motions are

A(w2) = &(x2) = \/14372\/33_27 Ao = A3 =0.

We will discuss the implications of this model in much more detail in Chapter 8.

5.4.2 Consumption-based models

Other authors take a consumption-based approach for developing models of the term structure
of interest rates. For example, Goldstein and Zapatero (1996) present a simple model in which the
equilibrium short-term interest rate is consistent with the term structure model of Vasicek (1977).

They assume that aggregate consumption evolves as
dCt = Ct [/,Lct dt + [Xei dZt] s

where z is a one-dimensional standard Brownian motion, o¢ is a constant, and the expected

consumption growth rate pcy follows an Ornstein-Uhlenbeck process
duct = k (e — po) dt + 0 dzy.

The representative agent is assumed to have a constant relative risk aversion of ~. It follows

from (5.3) that the equilibrium real short-term interest rate is
1 2
Tt =0+ Yot — 57(1 +7)oe
with dynamics dr; = vducy, i.e.
dry = k(T — 1) dt + 0, dzt, (5.17)
where 0, =70 and ¥ = yic + 0 — %7(1 + v)oZ. The market price of risk is given by
A= Yoc,

which is constant. We will give a thorough treatment of this model in Section 7.4.
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In fact, we can generate any affine term structure model in this way. Assume that the expected

growth rate and the variance rate of aggregate consumption are affine in some state variables, i.e.

n n
por=ao+ Y 4T, locel> =bo+ Y biwir,

=1 i=1

then the equilibrium short rate will be
re = (64 7a0 — 291+ ) + zn: a4 — (1) )
t — Yao 27 7Y )00 "Yi:1 7 9 Y)0; it-

Of course, we should have by + Z:.l:l b;x;y > 0 for all values of the state variables. The market
price of risk is A\; = yocy. If the state variables x; follow processes of the affine type, we have an
affine term structure model.We will return to the affine models both in Chapter 7 and Chapter 8.

For other term structure models developed with the consumption-based approach, see e.g.
Bakshi and Chen (1997).

5.5 Real and nominal interest rates and term structures

In this section we discuss the difference and relation between real interest rates and nominal
interest rates. Nominal interest rates are related to investments in nominal bonds, which are
bonds that promise given payments in a given currency, say dollars. The purchasing power of these
payments are uncertain, however, since the future price level of consumer goods is uncertain. Real
interest rates are related to investments in real bonds, which are bonds whose dollar payments
are adjusted by the evolution in the consumer price index and effectively provide a given purchasing
power at the payment dates.? Although most bond issuers and investors would probably reduce
relevant risks by using real bonds rather than nominal bonds, the vast majority of bonds issued and
traded at all exchanges is nominal bonds. Surprisingly few real bonds are traded. To the extent
that people have preferences for consumption units only (and not for their monetary holdings) they
should base their consumption and investment decisions on real interest rates rather than nominal
interest rates. The relations between interest rates and consumption and production discussed in
the previous sections apply to real interest rates.

In a world where traded bonds are nominal we can quite easily get a good picture of the term
structure of nominal interest rates. But what about real interest rates? Traditionally, economists
think of nominal rates as the sum of real rates and the expected (consumer price) inflation rate.
This relation is often referred to as the Fisher hypothesis or Fisher relation in honor of Fisher
(1907). However, neither empirical studies nor modern financial economics theories (as we shall
see below) support the Fisher hypothesis.?

In the following we shall first derive some generally valid relations between real rates, nominal
rates, and inflation and investigate the differences between real and nominal asset prices. Then

we will discuss two different types of models in which we can say more about real and nominal

2Since not all consumers will want the same composition of different consumption goods as that reflected by the
consumer price index, real bonds will not necessarily provide a perfectly certain purchasing power for each investor.
30f course, at the end of any given period one can compute an ex-post real return by subtracting the realized
inflation rate from an ex-post realized nominal return. It is not clear, however, why investors should care about

such an ex-post real return.
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rates. The first setting follows the neoclassical tradition in assuming that monetary holdings do
not affect the preferences of the agents so that the presence of money has no effects on real rates
and real asset returns. Hence, the relations derived earlier in this chapter still applies. However,
several empirical findings indicate that the existence of money does have real effects. For example,
real stock returns are negatively correlated with inflation and positively correlated with money
growth. Also, assets that are positively correlated with inflation have a lower expected return.* In
the second setting we consider below, money is allowed to have real effects. Economies with this

property are called monetary economies.

5.5.1 Real and nominal asset pricing
As before, let ¢ = (¢;) denote a state-price deflator, which evolves over time according to
dCt = _Ct [Tt dt + A;r dzt] y

where r = (r;) is the short-term real interest rate and A = (A;) is the market price of risk. Then

the time ¢ real price of a real zero-coupon bond maturing at time 7' is given by

Bl = E, [%] .

If the real price S = (S;) of an asset follows the stochastic process
dSt = St [,LLSt dt + o_:gl't dZt} y

then we know that

Ust — T = To N (5.18)

must hold in equilibrium. From Chapter 4 we also know that we can characterize real prices in

terms of the risk-neutral probability measure Q, which is formally defined by the change-of-measure

dQ LT e T
=E |—| = —= - .
gt t |:dIP:| exp{ 2/t H)‘SH ds /t As dzs

The real price of an asset paying no dividends in the time interval [t,T] can then be written as

P, =E; |:%PT:| = E(t@ |:€_ ftT rs dSPT:| )

process

In particular, the time ¢ real price of a real zero-coupon bond maturing at T is
Bl = E} {e*ftT T ds} .

In order to study nominal prices and interest rates, we introduce the consumer price index I;,
which is interpreted as the dollar price I; of a unit of consumption. We write the dynamics of
I= (L) as

dl; = It iz dt + o], dzy] . (5.19)

We can interpret dl;/I; as the realized inflation rate over the next instant, i; as the expected

inflation rate, and o ; as the percentage volatility vector of the inflation rate.

4Such results are reported by, e.g., Fama (1981), Fama and Gibbons (1982), Chen, Roll, and Ross (1986), and
Marshall (1992).
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Consider now a nominal bank account which over the next instant promises a riskless monetary
return represented by the nominal short-term interest rate 7;. If we let N, denote the time ¢ dollar

value of such an account, we have that
dNt = ’I:tNt dt

The real price of this account is N; = N /I, since this is the number of units of the consumption
good that has the same value as the account. An application of Itd’s Lemma implies a real price
dynamics of

ANy = Ny [(7e — iy + |lon]?) dt — o7, dz] . (5.20)

Note that the real return on this instantaneously nominally riskless asset, dN; /Ny, is risky. Since
the percentage volatility vector is given by —o ¢, the expected return is given by the real short
rate plus —oj,A;. Comparing this with the drift term in the equation above, we have that

'Ft — it + ||Ult||2 =T — U}rtAt
Consequently the nominal short-term interest rate is given by

fo=re+ic— onl® — o, (5.21)

i.e. the nominal short rate is equal to the real short rate plus the expected inflation rate minus the
variance of the inflation rate minus a risk premium. The presence of the last two terms invalidates
the Fisher relation, which says that the nominal interest rate is equal to the sum of the real interest
rate and the expected inflation rate. The Fisher hypothesis will hold if and only if the inflation
rate is instantaneously riskless.

Since most traded assets are nominal, it would be nice to have a relation between expected
nominal returns and volatility of nominal prices. For this purpose, let P, denote the dollar price

of a financial asset and assume that the price dynamics can be described by
dP, = P, [fipy dt + &5, dzy] .
The real price of this asset is given by P, = Pt/It and by Ito’s Lemma
dP, = P, [(ﬂPt — iy — O p O+ H0'1t||2) dt+ (6pt—on) dzt] .
The expected excess real rate of return on the asset is therefore

ppt — e = fipt — it — 0 p0 1 + |lopl|* — e
= [ipt — Tt *&Jj;ta'lt — o[ A,
where we have introduced the nominal short rate 7; by applying (5.21). The volatility vector of

the real return on the asset is

Opt =0pt — Ofy.
Substituting the expressions for pp; — 7 and o p; into the relation (5.18), we obtain
fpy — Tt — &;talt - U}rtkt = (&Pt - O'It)T AL,

and hence
fipt — Tt = 6 by At (5.22)
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where A, is the nominal market price of risk vector defined by
S\t =05+ At. (523)

In terms of expectations, we know that

b, ¢r Pr
I; G It
from which it follows that R
= Cr It (r o~
P=E,|——Pr| =E; | =P
t t [Q Ir T t ; T,

where ( = ¢t/ for any t. (In particular, G = 1/Iy.) Since the left-hand side is the current
nominal price and the right-hand side involves the future nominal price or payoff, it is reasonable

to call f = (ft) a nominal state-price deflator. Its dynamics is given by
dé = —; [ft dt + ;\: dzt} (5.24)

so the drift rate is (minus) the nominal short rate and the volatility vector is (minus) the nominal
market price of risk, completely analogous to the real counterparts.

We can also introduce a nominal risk-neutral measure Q by the change-of-measure process

R s
= exp —5/ ||>\s||2d8—/ A, dzs ¢ .
t t

Then the nominal price of a non-dividend paying asset can be written as

- dQ
& =E P

g
t

j:)t = Et = E(El) [6_ fﬁT Ts dSPT:| .

In particular, the time ¢ nominal price of a nominal zero-coupon bond maturing at T is

BI' =E,

C_] g [o ]
Gt

To sum up, the prices of nominal bonds are related to the nominal short rate and the nominal
market price of risk in exactly the same way as the prices of real bonds are related to the real short
rate and the real market price of risk. Models that are based on specific exogenous assumptions
about the short rate dynamics and the market price of risk can be applied both to real term
structures and to nominal term structures. This is indeed the case for most popular term structure
models. However the equilibrium arguments that some authors offer in support of a particular
term structure model, cf. Section 5.4, typically apply to real interest rates and real market prices
of risk. Due to the relations (5.21) and (5.23), the same arguments cannot generally support
similar assumptions on nominal rates and market price of risk. Nevertheless, these models are
often applied on nominal bonds and term structures.

Above we derived an equilibrium relation between real and nominal short-term interest rates.

What can we say about the relation between longer-term real and nominal interest rates? Applying
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the well-known relation Cov(z,y) = E(zy) — E(z) E(y), we can write

iy

_ Cr Iy Cr Iy

I; ¢r I
=BI'E, | == | + Cov (—,—)
¢ |:IT:| ‘\¢ Ir

From the dynamics of the state-price deflator and the price index, we get

CT T 1 T

T 7/ (rs+—|>\s||2> dsf/ AT dz, \
Ct t 2 t

I T 1 T

L= exp —/ (is — —||0'13||2) ds—/ ol dzs 7,
IT t 2 t

which can be substituted into the above relation between prices on real and nominal bonds. How-
ever, the covariance-term on the right-hand side can only be explicitly computed under very special

assumptions about the variations over time in r, i, A, and o;.

5.5.2 No real effects of inflation

In this subsection we will take as given some process for the consumer price index and assume
that monetary holdings do not affect the utility of the agents directly. As before the aggregate

consumption level is assumed to follow the process

dCy = Cy luce dt + o &y dzy)
so that the dynamics of the real state-price density is

d¢y = —C [re dt + A/ dzy] .

The short-term real rate is given by

Cuu''(Cy) 1 _ou"(Cy) 9
_ _Z o 2
re=9 u'(C) pot =5t u'(Cy) lorc| (5.26)
and the market price of risk vector is given by
Ciu (Cy)
At =|———5 . 2
¢ < u'(Cy) gt (5.27)

By substituting the expression (5.27) for A; into (5.21), we can write the short-term nominal

rate as o ’/(C)
- . U
Ty =T+ — ||(7'1t||2 - <—W> O'EO'Ct.

In the special case where the representative agent has constant relative risk aversion, i.e. u(C) =
C'=7/(1—7), and both the aggregate consumption and the price index follow geometric Brownian

motions, we get constant rates

1
r=08+yuc = 571+l (5.28)

F=r+4i—|or)|*—vo]oc. (5.29)
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Breeden (1986) considers the relations between interest rates, inflation, and aggregate consump-
tion and production in an economy with multiple consumption goods. In general the presence of
several consumption goods complicates the analysis considerably. Breeden shows that the equilib-
rium nominal short rate will depend on both an inflation rate computed using the average weights
of the different consumption goods and an inflation rate computed using the marginal weights
of the different goods, which are determined by the optimal allocation to the different goods of
an extra dollar of total consumption expenditure. The average and the marginal consumption
weights will generally be different since the representative agent may shift to other consumption
goods as his wealth increases. However, in the special (probably unrealistic) case of Cobb-Douglas
type utility function, the relative expenditure weights of the different consumption goods will be

constant. For that case Breeden obtains results similar to our one-good conclusions.

5.5.3 A model with real effects of money

In the next model we consider, cash holdings enter the direct utility function of the agent(s).
This may be rationalized by the fact that cash holdings facilitate frequent consumption transac-
tions. In such a model the price of the consumption good is determined as a part of the equilibrium
of the economy, in contrast to the models studied above where we took an exogenous process for

the consumer price index. We follow the set-up of Bakshi and Chen (1996) closely.

The general model

We assume the existence of a representative agent who chooses a consumption process C' = (Ct)
and a cash process M = (M), where M; is the dollar amount held at time ¢. As before, let I; be
the unit dollar price of the consumption good. Assume that the representative agent has an infinite
time horizon, no endowment stream, and an additively time-separable utility of consumption and
the real value of the monetary holdings, i.e. M, = M, /I;. At time t the agent has the opportunity
to invest in a nominally riskless bank account with a nominal rate of return of 7,. When the agent
chooses to hold M; dollars in cash over the period [¢,t + dt], she therefore gives up a dollar return
of M7 dt, which is equivalent to a consumption of M;7; dt/I; units of the good. Given a (real)
state-price deflator ¢ = ((;), the total cost of choosing C' and M is thus E UOOO Ce(Cy + M7/ Iy) dt] ,
which must be smaller than or equal to the initial (real) wealth of the agent, Wy. In sum, the

optimization problem of the agent can be written as follows:

sup E {/ e Ot (Cy, M,/ 1) dt}
(C¢,My) 0

0 Iy

The first order conditions are

e uc(Cy, My /I) = ¥, (5.30)
e upng (Cyy My /1) = Py, (5.31)
where uc and uys are the first-order derivatives of u with respect to the first and second argument,

respectively. 1 is a Lagrange multiplier, which is set so that the budget condition holds as an

equality. Again, we see that the state-price deflator is given in terms of the marginal utility with
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respect to consumption. Imposing the initial value ¢y = 1 and recalling the definition of M, we

have ~
- uc(Cy, M)

'LLC(C(), MO) .

We can apply the state-price deflator to value all payment streams. For example, an investment

@ (5.32)

of one dollar at time ¢ in the nominal bank account generates a continuous payment stream at the
rate of 75 dollars to the end of all time. The corresponding real investment at time ¢ is 1/1; and

the real dividend at time s is 7s/I;. Hence, we have the relation

1 F (s T }
—=E = —ds|,
It ! |: t <t Is
or, equivalently,
]. o SvMS ~S
~—E / e UclCo M) Ts ) | (5.33)
It t UC(Ct7 Mt) Is

Substituting the first optimality condition (5.30) into the second (5.31), we see that the nominal

short rate is given by
_up(Cy, My /1)

" ue(CL M T

The intuition behind this relation can be explained in the following way. If you have an extra dollar

(5.34)

now you can either keep it in cash or invest it in the nominally riskless bank account. If you keep
it in cash your utility grows by wups(Cy, My/1) /1. If you invest it in the bank account you will
earn a dollar interest of 7; that can be used for consuming 7 /I; extra units of consumption, which
will increase your utility by uc(Ct, My/I1)7:/I;. At the optimum, these utility increments must
be identical. Combining (5.33) and (5.34), we get that the price index must satisfy the recursive

relation

~ =F

A (5.35)

o C,, M) 1
/ o—be—tyun(Cs, Ms) 1 |
t UC(Cth) I

Let us find expressions for the equilibrium real short rate and the market price of risk in this
setting. As always, the real short rate equals minus the percentage drift of the state-price deflator,
while the market price of risk equals minus the percentage volatility vector of the state-price
deflator. In an equilibrium, the representative agent must consume the aggregate consumption
and hold the total money supply in the economy. Suppose that the aggregate consumption and
the money supply follow exogenous processes of the form

dCy = Cy luce dt + oy dzy]
dM; = My [ppe dt + o 4y dze]

Assuming that the endogenously determined price index will follow a similar process,
Iy, = I [iy dt + o], dz4],
the dynamics of M, = M, /I; will be
dM, = M [fipe dt + 63, dzy]

where

/J/Mt:ﬂMt_it+||UIt||2_aTMtalt7 oMt = Ot — Ot



5.5 Real and nominal interest rates and term structures

104

Given these equations and the relation (5.32), we can find the drift and the volatility vector of the
state-price deflator by an application of I[t6’s Lemma. We find that the equilibrium real short-term
interest rate can be written as

*CtUCC(Cth) *MtUCM(Ot,Mt) -
Ty =109+ = pot + = 1Y
K ( ’ZLC(Ct,Mt) ! UC(Ct;Mt) K

1CEUCCC(Ct,Mt) 2 1M,52UCMM(CtaMt) ~ 2 CtMtUCCM(Ct,Mt) T ~
-3 ———|loctl|” — 5 - o aell” — = O 51O Mt
2 UC(CtaMt) 2 UC(Ct,Mt) UC(Cth)
(5.36)
while the market price of risk vector is
Crucc(Ct, M, —Myucy(Cy, M) \ -
A = [ Cruee(CoMy) wuon (G M) ) o
uc(Cy, My) uc(Cy, My)
- - ~ (5.37)
Ciucc(Cy, M, —Mu Cy, M,
_ [ _Crucc(Cr, My) - vucy (Cr, M) (Oati— 1)
uc(Cy, My) uc(Cy, My)

With ucpr < 0, we see that assets that are positively correlated with the inflation rate will have
a lower expected real return, other things equal. Intuitively such assets are useful for hedging
inflation risk so that they do not have to offer as high an expected return.

The relation (5.21) is also valid in the present setting. Substituting the expression (5.37) for

the market price of risk into (5.21), we obtain

_Ctu”(Ct)) ol o — —Mt’U,CM(Ct,Mt)
u/(Cy) nect uc(Cy, My)

P — 1 —ip + o) = — ( ) OOt (5.38)

An example

To obtain more concrete results, we must specify the utility function and the exogenous pro-

cesses C' and M. Assume a utility function of the Cobb-Douglas type,

(erir)
-~

where ¢ is a constant between zero and one, and -~y is a positive constant. The limiting case for

u(C, M) =

)

~v =1 is log utility,
u(C, M) = plnC + (1 — o) In M.

By inserting the relevant derivatives into (5.36), we see that the real short rate becomes

re =04+ [1— o1 —y)]pce — (1 — @) (1 =)t — %[1 — (1 =9)]2—- o1 —y)]loc?

+ %(1 o)1= = 1 =)A= Farel® + (1 = )1 =ML = (1 = N]oE: T,
(5.39)
which for v = 1 simplifies to
re =04 por — ool (5.40)
We see that with log utility, the real short rate will be constant if aggregate consumption C' = (C})
follows a geometric Brownian motion. From (5.34), the nominal short rate is
L _1-9GC

Ty = . 5.41
= (5.41)
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The ratio C;/ M, is called the velocity of money. If the velocity of money is constant, the nominal
short rate will be constant. Since ]\th = M, /I; and I, is endogenously determined, the velocity of
money will also be endogenously determined.

To identify the nominal short rate for any v and the real short rate for v # 1, we have to
determine the price level in the economy, which is given recursively in (5.35). This is possible

under the assumption that both C' and M follow geometric Brownian motions. We conjecture that

I; = kM, /C; for some constant k. From (5.35), we get

O S 2 A T (@)1_7 <Ms>_1]
= e PCTYUE, || = — ds.
C M,

k ¥ t

Inserting the relations

c, 1 ;

G e { (e - 3llocl?) (s =0+ 0Bz - 20},
M, 1 _

i = o] (s = glowl?) -0+ ot~ 20}

and applying a standard rule for expectations of lognormal variables, we get

I 1—¢ [*

1
exp{ (= 0+ (1= = 5llocl®) = pas + low?

L =?locl? = (L =otou)(s—1)} ds,

k ¥ t

N —

+

which implies that the conjecture is true with

%) 1 1
b= 2 (5= (0= = gllacl) + o — ol = 50 =2 Plocl? + (1= aon).
From an application of It6’s Lemma, it follows that the price index also follows a geometric Brow-

nian motion
(5.42)

dl; = I, [idt + o] dz,],

where
i=pum —pc+|oc|?—oloc,  or=0om—oc.

With I, = kM, /C}, we have M, = C}/k, so that the velocity of money C’t/]\;[t = k is constant, and

the nominal short rate becomes

- 11— 1 1
= Tk =6—(1=7)(pc— 5||Uc||2)+uM— ||UM||2—5(1—7)2H00||2+(1—7)050M7 (5.43)

which is also a constant. With log utility, the nominal rate simplifies to § + pas — ||oas]|?. In order
to obtain the real short rate in the non-log case, we have to determine fip;¢ and o4 and plug
into (5.39). We get fine = po + %||0'c||2 + o0 ,0¢c and 6 = o¢ and hence

1
re=0+pc —vlocl’ |51+7) + el =), (5.44)

which is also a constant. In comparison with (5.28) for the case where money has no real effects,

the last term in the equation above is new.
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Another example

Bakshi and Chen (1996) also study another model specification in which both nominal and real
short rates are time-varying, but evolve independently of each other. To obtain stochastic interest
rates we have to specify more general processes for aggregate consumption and money supply than
the geometric Brownian motions used above. They assume log-utility (v = 1) in which case we

have already seen that

- 1—§DCt 1—@015]15
:5 — 2 = - = —
T +pet — loct”, Tt o 1, o M,

The dynamics of aggregate consumption is assumed to be
dCy = Cy [(ae + kowy) dt + oo/xr dz1y]
where = can be interpreted as a technology variable and is assumed to follow the process
dry = Ky(0p — x¢) dt + 04/T d21y.

The money supply is assumed to be M; = Moel‘?wtgt/go, where

dg; = g ”g(ag —g¢) dt + Ug\/!% (PCM dz1y + \/ 1- psz dZ2t>:| )

and where z; and 2z, are independent one-dimensional Brownian motions. Following the same basic

procedure as in the previous model specification, the authors show that the real short rate is
re =04+ ag + (ko — 0524, (5.45)

while the nominal short rate is

F, = (6 + MM*)((S + L +2“g99). (5.46)
8+ py + (kg + Jg)gt

Both rates are time-varying. The real rate is driven by the technology variable x, while the
nominal rate is driven by the monetary shock process g. In this set-up, shocks to the real economy
have opposite effects of the same magnitude on real rates and inflation so that nominal rates are
unaffected.

The real price of a real zero-coupon bond maturing at time 7 is of the form

BtT — efa(Tfif)fb(Tfif):n7

while the nominal price of a nominal zero-coupon bond maturing at T is

BT a(T —t) +b(T —t)g,
! S+ iy + (kg +02)ge

where a, b, a, and b are deterministic functions of time for which Bakshi and Chen provide closed-
form expressions.

In the very special case where these processes are uncorrelated, i.e. popyr = 0, the real and
nominal term structures of interest rates are independent of each other! Although this is an
extreme result, it does point out that real and nominal term structures in general may have quite

different properties.
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5.6 The expectation hypothesis

The expectation hypothesis relates the current interest rates and yields to expected future
interest rates or returns. Such relations were discussed already by Fisher (1896) and further devel-
oped and concretized by Hicks (1939) and Lutz (1940). The original motivation of the hypothesis
is that when lenders (bond investors) and borrowers (bond issuers) decide between long-term or
short-term bonds, they will compare the price or yield of a long-term bond to the expected price
or return on a roll-over strategy in short-term bonds. Hence, long-term rates and expected future
short-term rates will be linked. Of course, a cornerstone of modern finance theory is that, when
comparing different strategies, investors will also take the risks into account. So even before going
into the specifics of the hypothesis you should really be quite skeptical, at least when it comes to
very strict interpretations of the expectation hypothesis.

The vague idea that current yields and interest rates are linked to expected future rates and
returns can be concretized in a number of ways. Below we will present and evaluate a number of
versions. This analysis follows Cox, Ingersoll, and Ross (1981a) quite closely. We find that some
versions are equivalent, some versions inconsistent. We end up concluding that none of the variants
of the expectations hypothesis are consistent with any realistic behavior of interest rates. Hence,
the analysis of the shape of the yield curve and models of term structure dynamics should not be
based on this hypothesis. It is surprising, maybe even disappointing, that empirical tests of the
expectation hypothesis have generated such a huge literature in the past and that the hypothesis

still seems to be widely accepted among economists.

5.6.1 Versions of the pure expectation hypothesis

The first version of the pure expectation hypothesis that we will discuss says that prices in
the bond markets are set so that the expected gross returns on all self-financing trading strategies
over a given period are identical. In particular, the expected gross return from buying at time ¢ a
zero-coupon bond maturing at time 7' and reselling it at time ¢’ < T, which is given by E,[B}, /Bl'],
will be independent of the maturity date T of the bond (but generally not independent of ). Let
us refer to this as the gross return pure expectation hypothesis.

This version of the hypothesis is consistent with pricing in a world of risk-neutral investors.
If we have a representative agent with time-additive expected utility, we know that zero-coupon

bond prices satisfy

/ /C/)
BT =g, |01 pr
t t[e W(C) ]

where u is the instantaneous utility function, ¢ is the time preference rate, and C' denotes aggregate
consumption. If the representative agent is risk-neutral, his marginal utility is constant, which

implies that

E, By =0t (5.47)
Bf

which is clearly independent of T'. Clearly, the assumption of risk-neutrality is not very attractive.
There is also another serious problem with this hypothesis. As is to be shown in Exercise 5.2, it
cannot hold when interest rates are uncertain.

A slight variation of the above is to align all expected continuously compounded returns, i.e.

7= Ey[In (BY/BF)] for all T. In particular with 7' = ¢/, the expected continuously compounded
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rate of return is known to be equal to the zero-coupon yield for maturity ¢', which we denote by

tl. We can therefore formulate the hypothesis as

1 BY o
mEt |:1H<Bg—,):| =Y aHTz t/.

Let us refer to this as the rate of return pure expectation hypothesis. For ¢ — ¢, the right-hand

t_
Y¢ = —

side approaches the current short rate r;, while the left-hand side approaches the absolute drift
rate of In BY .

An alternative specification of the pure expectation hypothesis claims that the expected return
over the next time period is the same for all investments in bonds and deposits. In other words
there is no difference between expected returns on long-maturity and short-maturity bonds. In the
continuous-time limit we consider returns over the next instant. The riskless return over [t,t + dt]

is r¢ dt, so for any zero-coupon bond, the hypothesis claims that

dBl

BT } =rydt, forallT >t, (5.48)

or, equivalently,® that
BT — E, [e*ff ds] . forall T >t

This is the local pure expectations hypothesis.
Another interpretation says that the return from holding a zero-coupon bond to maturity should

equal the expected return from rolling over short-term bonds over the same time period, i.e.

1 .
=7 =E [ejtT dS] . forall T >t (5.49)

t

or, equivalently, .
BtT - (Et {eftT Ts ds]) , forallT >t.

This is the return-to-maturity pure expectation hypothesis.
A related claim is that the yield on any zero-coupon bond should equal the expected yield on a

roll-over strategy in short bonds. Since an investment of one at time ¢ in the bank account generates

5Here and later we use that, under suitable regularity conditions, the relative drift rate of an It6 process
z = (x¢) is given by the process p = (u¢) if and only if x; = Eifzp exp{ftT ws ds}]. Suppose first that the
relative drift rate is given by p so that dzy = ¢ dt + 0';'— dz¢]. Then an application of Itd’s Lemma reveals
that the process x¢ exp{f(;5 s ds} is a martingale so that x¢ exp{fot usds} = E¢lzr exp{fOT 1s ds}] and hence
= Eufer exp{ [, ps ds}].
The absolute drift of x is the limit of ﬁ Et[zi4ar — x¢] as At — 0. If 4 = E¢fzp exp{ftT s ds}] for all ¢, then
=S Et[vi4ae — @] = ~ B¢ [(Et+At {xTefﬁM " ds]) - (Et [ngftT e ds])]
At At

At

JEEaty,
T
= —E; xTeft ”Sds }

T
— —ut Et [J?Tejt to ds

= —HtT¢,

i.e. the relative drift rate equals —p.
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el s ds ot time T, the ex-post realized yield is ﬁ ftT rsds. Hence, this yield-to-maturity pure

expectation hypothesis says that

T—1

T 1 T 1 4
Yp =~ By =E; | [ rsds|, (5.50)
Tt/

or, equivalently,
BT = e Bl reds] forall T > .

Finally, the unbiased pure expectation hypothesis states that the forward rate for time T
prevailing at time ¢t < T is equal to the time ¢t expectation of the short rate at time 7', i.e. that

forward rates are unbiased estimates of future spot rates. In symbols,

i =Ery], forall T >t

T T T
—lnBtT:/ f;dsz/ Eirs] ds = E; V rsds],
t t t

from which we see that the unbiased version of the pure expectation hypothesis is indistinguishable

This implies that

from the yield-to-maturity version.

We will first show that the three versions are inconsistent when future rates are uncertain. This
follows from an application of Jensen’s inequality which states that if X is a random variable and
f is a convex function, i.e. f” > 0, then E[f(X)] > f(E[X]). Since f(z) = e” is a convex function,

we have E[eX] > ePX] for any random variable X. In particular for X = f tT rsds, we get

E, [eff s ds} S BT s L BT reds] o (Et [eff . dstl_

This shows that the bond price according to the yield-to-maturity version is strictly greater than

the bond price according to the return-to-maturity version. For X = — ftT rsds, we get

b

E, [67 [T, ds:| S B[ [T reds] _ o= Bu[f ra ds]

hence the bond price according to the local version of the hypothesis is strictly greater than the
bond price according to the yield-to-maturity version. We can conclude that at most one of the

versions of the local, return-to-maturity, and yield-to-maturity pure expectations hypothesis can
hold.

5.6.2 The pure expectation hypothesis and equilibrium

Next, let us see whether the different versions can be consistent with any equilibrium. As-
sume that interest rates and bond prices are generated by a d-dimensional standard Brownian
motion z. Assuming absence of arbitrage there exists a market price of risk process A so that for

any maturity 7', the zero-coupon bond price dynamics is of the form
dBf = BT [(ro+ (o) A) di+ (o) dz], (5.51)

where o denotes the d-dimensional sensitivity vector of the bond price. Recall that the same A

applies to all zero-coupon bonds so that A; is independent of the maturity of the bond. Comparing
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with (5.48), we see that the local expectation hypothesis will hold if and only if (o'tT)T A =0
for all T'. This is true if either investors are risk-neutral or interest rate risk is uncorrelated with
aggregate consumption. Neither of these conditions hold in real life.

To evaluate the return-to-maturity version, first note that an application of Itd’s Lemma
on (5.51) show that

1 1
t(57) = g7 [(r= @D Mol ) di= (@) az].

On the other hand, according to the hypothesis (5.49) the relative drift of 1/B} equals —ry; cf. a

previous footnote. To match the two expressions for the drift, we must have
(O'tT)T Xt = |lof||?, forall T. (5.52)

Is this possible? Cox, Ingersoll, and Ross (1981a) conclude that it is impossible. If the exogenous
shock z and therefore o and \; are one-dimensional, they are right, since A; must then equal
ol and this must hold for all T. Since A; is independent of T' and the volatility o] approaches
zero for T' — t, this cannot hold when interest rates are stochastic. However, as pointed out by
McCulloch (1993) and Fisher and Gilles (1998), in multi-dimensional cases the key condition (5.52)
may indeed hold, at least in very special cases. Let ¢ be a d-dimensional function with the property
that [|o(7)||? is independent of 7. Define A; = 2p(0) and o] = ¢(0) — (T —t). Then (5.52) is
indeed satisfied. However, all such functions ¢ seem to generate very strange bond price dynamics.

The examples given in the two papers mentioned above are

- (x/i%f = 627> R (Z:E/?:))) |

1—e 7

where k, k1, ko are constants.
As discussed above, the rate or return version implies that the absolute drift rate of the log-bond
price equals the short rate. We can see from (5.50) that the same is true for the yield-to-maturity

version and hence the unbiased version.® On the other hand It6’s Lemma and (5.51) imply that
1
d(InBf) = (rt + (e — §||0'tT||2> dt + (oF)" dz. (5.53)
Hence, these versions of the hypothesis will hold if and only if

(D) TA = %HatTHQ, for all T.
Again, it is possible that the condition holds. Just let ¢ and o] be as for the return-to-maturity
hypothesis and let Ay = ¢(0). But such specifications are not likely to represent real life term
structures.

The conclusion to be drawn from this analysis is that neither of the different versions of the
pure expectation hypothesis seem to be consistent with any reasonable description of the term

structure of interest rates.

6This is analogous to the previous footnote. According to the hypothesis,

T T 1 t+At
/ rsds}—i-Et{/ T’SdsH:—Et{/ T‘Sd8:|,
AL t At t

1 1
EEt [lnBtTJrAt —lnt‘] == Kt Et |:_Et+At

which approaches r+ as At — 0.
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5.6.3 The weak expectation hypothesis

Above we looked at versions of the pure expectation hypothesis that all aligns an expected
return or yield with a current interest rate or yield. However, as pointed out by Campbell (1986),
there is also a weak expectation hypothesis that allows for a difference between the relevant ex-
pected return/yield and the current rate/yield, but restricts this difference to be constant over
time.

The local weak expectation hypothesis says that

E, {‘fﬂ — (e +g(T —1)) dt
i

for some deterministic function g. In the pure version g is identically zero. For a given time-to-

maturity there is a constant “instantaneous holding term premium”. Comparing with (5.51), we

see that this hypothesis will hold when the market price of risk A; is constant and the bond price

sensitivity vector o} is a deterministic function of time-to-maturity. These conditions are satisfied

in the Vasicek (1977) model and in other models of the Gaussian class.

Similarly, the weak yield-to-maturity expectation hypothesis says that
f=Eilrr] + W(T — 1)

for some deterministic function h with h(0) = 0, i.e. that there is a constant “instantaneous forward
term premium”. The pure version requires h to be identically equal to zero. It can be shown that
this condition implies that the drift of In B} equals r; + h(T —t).” Comparing with (5.53), we see
that also this hypothesis will hold when ); is constant and o} is a deterministic function of 7' — ¢
as is the case in the Gaussian models.

The class of Gaussian models have several unrealistic properties. For example, such models
allow negative interest rates and requires bond and interest rate volatilities to be independent of
the level of interest rates. So far, the validity of even weak versions of the expectation hypothesis

has not been shown in more realistic term structure models.

5.7 Liquidity preference, market segmentation, and preferred habitats

Another traditional explanation of the shape of the yield curve is given by the liquidity pref-
erence hypothesis introduced by Hicks (1939). He realized that the expectation hypothesis
basically ignores investors’ aversion towards risk and argued that expected returns on long bonds
should exceed the expected returns on short bonds to compensate for the higher price fluctuations
of long bonds. According to this view the yield curve should tend to be increasing. Note that the

word “liquidity” in the name of the hypothesis is not used in the usual sense of the word. Short

“From the weak yield-to-maturity hypothesis, it follows that —In Bf = ftT (Et[rs] + h(s —t)) ds. Hence,

1 1 T T
At E; [lnB,aAt — lnBtT} = E; {— /t+At (Et4at[rs] + h(s — (t+ At))) ds +/t (Et[rs] + h(s —1)) ds}
1 t+At 1 T T
= —E / rsds 7—</ h(s — (t + At dsf/ hsftds>.
ar |, AV (s —( ) /, (s—1)

The limit of ﬁ (ftz—At h(s — (t + At))ds — ftT h(s —t) ds) as At — 0 is exactly the derivative of ftT h(s —t)ds
with respect to t. Applying Leibnitz’ rule and h(0) = 0, this derivative equals — /tT h'(s —t)ds = —h(T — t). In
sum, the drift rate of In BzT becomes r¢ + h(T — t) according to the hypothesis.
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bonds are not necessarily more liquid than long bonds. A better name would be “the maturity
preference hypothesis”.

In contrast the market segmentation hypothesis introduced by Culbertson (1957) claims
that investors will typically prefer to invest in bonds with time-to-maturity in a certain interval, a
maturity segment, perhaps in an attempt to match liabilities with similar maturities. For example,
a pension fund with liabilities due in 20-30 years can reduce risk by investing in bonds of similar
maturity. On the other hand, central banks typically operate in the short end of the market.
Hence, separated market segments can exist without any relation between the bond prices and the
interest rates in different maturity segments. If this is really the case, we cannot expect to see
continuous or smooth yield curves and discount functions across the different segments.

A more realistic version of this hypothesis is the preferred habitats hypothesis put forward
by Modigliani and Sutch (1966). An investor may prefer bonds with a certain maturity, but should
be willing to move away from that maturity if she is sufficiently compensated in terms of a higher
yield.® The different segments are therefore not completely independent of each other, and yields
and discount factors should depend on maturity in a smooth way.

It is really not possible to quantify the market segmentation or the preferred habitats hypothesis
without setting up an economy with agents having different favorite maturities. The resulting
equilibrium yield curve will depend heavily on the degree of risk aversion of the various agents as

illustrated by an analysis of Cox, Ingersoll, and Ross (1981a).

5.8 Concluding remarks

In this chapter we have derived links between equilibrium interest rates and aggregate con-
sumption and production that are useful in interpreting and understanding shifts in the level of
interest rates and the shape of the yield curve. We have derived relations between nominal rates,
real rates, and inflation, and among other things concluded that the term structure of nominal
rates can behave very differently than the term structure of real rates. We have shown that some
popular term structure models can be supported by equilibrium considerations. Finally, we have
discussed and criticized traditional hypotheses about the shape of the yield curve.

The equilibrium models and arguments of this chapter were set in a relatively simple framework,
e.g. assuming the existence of a representative agent with time-additive utility. For models of the
equilibrium term structure of interest rates with investor heterogeneity or more general utility
functions than studied in this chapter, see, e.g., Duffie and Epstein (1992), Wang (1996), Riedel
(1999, 2000), Wachter (2002). The effects of central banks on the term structure are discussed and
modeled by, e.g., Babbs and Webber (1994), Balduzzi, Bertola, and Foresi (1997), and Piazzesi
(2001).

5.9 Exercises

EXERCISE 5.1 The term premium at time ¢ for the future period [t', T] is the current forward rate for
that period minus the expected spot rate, i.e. ftt/’T — E¢[yl]. This exercise will give a link between the

term premium and a state-price deflator ¢ = ().

8In a sense the liquidity preference hypothesis simply says that all investors prefer short bonds.
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(a) Show that

BI = B! E, [BtTr] + Covy <%7 E—T)
t t!
for any t <t <T.

(b) Using the above result, show that

. [e 0] B 0 IR SO, (& C_T> ,

Using the previous result and the approximation e* ~ 1 + x, show that

1 ¢ Cr
@By (Z’ ?) '

T — Eulys]

EXERCISE 5.2 The purpose of this exercise is to show that the claim of the gross return pure expectation
hypothesis is inconsistent with interest rate uncertainty. In the following we consider time points to < t1 <
ta.
(a) Show that if the hypothesis holds, then
1 1 .
By~ B e Pl
0 0

Hint: Compare two investment strategies over the period [to,t1]. The first strategy is to buy at time to
zero-coupon bonds maturing at time t1. The second strategy is to buy at time to zero-coupon bonds

maturing at time t2 and to sell them again at time t;.

(b) Show that if the hypothesis holds, then

1 1

s — it “to
B2 B!

1
B;?

(¢) Show from the two previous questions that the hypothesis implies that

1
B

1

E = .
© Eto [B:ﬂ

(d) Show that (*) can only hold under full certainty. Hint: Use Jensen’s inequality.

EXERCISE 5.3 Go through the derivations in Section 5.5.3.

EXERCISE 5.4 Constantinides (1992) develops a theory of the nominal term structure of interest rates
by specifying exogenously the nominal state-price deflator Q: . In a slightly simplified version, his assumption
is that

ét _ e—gH—(ﬂvt—&)2

where g and « are constants, and z = (x¢) follows the Ornstein-Uhlenbeck process
d.’I}t = —RIT¢ dt + o dZt7

where x and o are positive constants with 6% < k and z = (2;) is a standard one-dimensional Brownian

motion.

(a) Derive the dynamics of the nominal state-price deflator. Express the nominal short-term interest

rate, 7+, and the nominal market price of risk, 5\157 in terms of the variable x;.

(b) Find the dynamics of the nominal short rate.
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()

Find parameter constrains that ensure that the short rate stays positive? Hint: The short rate is a

quadratic function of x. Find the minimum value of this function.
What is the distribution of zr given x:?

Let Y be a normally distributed random variable with mean p and variance v?. Show that

2
—yv2] _ 2\—1/2 TH
E[e v ]7(1+2’yv) exp{—m}.

Use the results of the two previous questions to derive the time t price of a nominal zero-coupon
bond with maturity T, i.e. BT 1t will be an exponential-quadratic function of z;. What is the yield

on this bond?
Find the percentage volatility o7 of the price of the zero-coupon bond maturing at 7.

The instantaneous expected excess rate of return on the zero-coupon bond maturing at 7T is often
called the term premium for maturity 7. Explain why the term premium is given by o7 ¢ and show

that the term premium can be written as

ot e (5 1) (3 - ).

where
1

%_’_ (1_ %) e2f—m’

For which values of z; will the term premium for maturity 7" be positive/negative? For a given state

B(r) =

Z, is it possible that the the term premium is positive for some maturities and negative for others?



Chapter 6

Introduction to dynamic term structure

models

6.1 Introduction

Chapter 4 reviewed general asset pricing theory. In this chapter we will explore some of the
consequences the general theory has for term structure modeling and the pricing of some standard
classes of derivatives. These results will be derived without specifying a concrete term structure
model so that they apply in more or less all the models we shall consider in the following chapters.

One of the key observations of Chapter 4 is that the general pricing mechanisms in the financial
market can be captured by a risk-neutral probability measure. Section 6.2 shows that even other
probability measures will be helpful in the computation of the prices of derivative assets such as
options on bonds, caps, floors, and swaptions.

In Section 6.3 we discuss the implications of the general asset pricing theory for the pricing of
forwards and futures. We give a general characterization of both the forward price and the futures
price and discuss the difference between these prices. In particular, we obtain general pricing
formulas for bond futures and Eurodollar-futures.

In Section 6.4 we will briefly describe and discuss the special features of American-style deriva-
tives, i.e. derivatives that entitle the owner to exercise the contract at all points in time before the
final expiration date, or a least at several pre-specified points in time. Closed-form expressions for
the prices of American-style derivatives are only present in the very trivial cases where premature
exercise can be ruled out. Hence, in general, one must resort to numerical methods to compute
both prices and hedge rations for American-style derivatives.

The asset pricing relations of Chapter 4 were developed under quite general assumptions on the
dynamics of prices and interest rates. In Section 6.5 we will specialize this framework by assuming
that the values of interest rates, expected returns, and volatilities are given as functions of some
common state variable and that this state variable follows a diffusion process. The state variable
may be one- or multi-dimensional. We will refer to such models as diffusion models. The main
advantage of this added structure is that then, for most assets, the price can be written as some
function of the state variable and time, and this function can be computed by solving a partial
differential equation. Sometimes it is easier to solve partial differential equations than to compute

the necessary risk-neutral expectations involving the future asset dividends and short-term interest
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rates. All the classic and also many modern dynamic term structure models are diffusion models
so this section also serves as an introduction to many concrete term structure models.

The best known model for the pricing of derivative securities is the Black-Scholes-Merton model
developed by Black and Scholes (1973) and Merton (1973). The model was originally created for
the pricing of stock options, but a variant of the model (the so-called Black model introduced by
Black (1976)) has later been applied to the pricing of many other derivative securities, including
some of the interest rate dependent securities discussed in Chapter 2. In Section 6.6 we will briefly
go through the Black-Scholes-Merton model and Black’s variant and state Black’s formula for the
pricing of selected fixed income securities. However, we will also point out that the assumptions
underlying Black’s model are completely unacceptable when it comes to interest rate dependent
securities.

Section 6.7 gives an overview of the concrete continuous-time term structure models we will
describe in detail in Chapters 7-11. The distinction between absolute pricing models and relative
pricing models is discussed. We will also outline some criteria for the choice of which of the

numerous term structure models to use.

6.2 Additional probability measures convenient for pricing

In Chapter 4 we discussed the idea of computing prices using a risk-neutral probability measure.
For some applications it turns out to be convenient to use different probability measures. First we

discuss the general idea and then we introduce some particularly useful probability measures.

6.2.1 Martingale measures

Suppose that Q is a risk-neutral probability measure and let A; = exp{ fot rsds} be the time ¢

value of the bank account. According to (4.5) the price P; of any asset with a single payment date

P _o[Pr
t_E
A, " [AJ

for all ¢ > t before the payment date of the asset, i.e. the relative price process (P;/A;) is a

satisfies the relation

Q-martingale. In a sense, we use the bank account as a numeraire. If the asset pays off Pr at

time T', we can compute the time ¢ price as
P, = E} [—PT] =B [~ i dopy ]

This involves the simultaneous risk-neutral distribution of |, tT rsds and Pp, which might be quite
complex.

For some assets we can simplify the computation of the price P; by using a different, appropri-
ately selected, numeraire asset. Let S; denote the price process of a particular traded asset or the
value process of a dynamic trading strategy. We require that S; > 0. Can we find a probability
measure Q° so that the relative price process (P;/S;) is a Q°-martingale? Let us write the price

dynamics of S; and P; as

dPt:Pt [/Lptdt-i-O';tdZt}, dSt:St [Mstdt+dgtdzt].
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Then by Itd’s Lemma, cf. Theorem 3.6,

P, P, -
d (?t) = gt [(IU/Pt — St + ||Ust||2 _ Ugtcpt) dt + (UPt — O'St) dzt} . (61)
t t

When we change the probability measure, we change the drift rate. In order to obtain a martingale,
we need to change the probability measure such that the drift becomes zero. Suppose we can find

a well-behaved stochastic process A7 such that
(0pt—0st) A = ppe — psi + losi|> — o 5o p (6.2)

Then we can define a probability measure Q° by the Radon-Nikodym derivative

dQ® 1 /T 52 T s\T
—— =expq —= [IAZ I ds—/ ()\ dzi ¢ .
dP { 2/, 0 t) ‘
The process z° defined by
dz? =dz, + AP dt, z5=0

is a standard Brownian motion under Q°. Substituting dz; = dz5 — )\f dt into (6.1) we get
Py Py T 8
d| = | == (ocpt—0 dz
(St) St ( Pt St) to
so that (P;/S;) indeed is a Q°-martingale.
How can we find a A° satisfying (6.2)7 As we have seen, under weak conditions a market
price of risk A; will exist with the property that pup, = ry + op, A and pgy = ry + 0§ A, 1If we
substitute in these relations and recall that ||os¢||*> = 0,0 s¢, the right-hand side of (6.2) simplifies

to (ops —0s:) (A¢ — asi). We can therefore use
Af = >\t — OS¢t

In general we refer to such a probability measure QF as a martingale measure for the asset
with price S = (S;). In particular, a risk-neutral probability measure Q is a martingale measure
for the bank account.

Given a martingale measure Q° for the asset with price S, the price P, of an asset with a single
payment Pr at time T satisfies

P, =S, EY [ (6.3)

Pr

St
In situations where the distribution of Pr/St under the measure Q° is relatively simple, this
provides a computationally convenient way of stating the price P; in terms of S;. In the following

subsections we look at some important examples.

6.2.2 A zero-coupon bond as the numeraire — forward martingale measures

For the pricing of derivative securities that only provide a payoff at a single time T, it is
typically convenient to use the zero-coupon bond maturing at time 7T as the numeraire. Recall
that the price at time ¢ < T of this bond is denoted by B} and that BL = 1. Let 0! denote the

sensitivity vector of B] so that

dB] = B [(re + (6])"A) dt + (o)) Tdz],
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assuming the existence of a market price of risk process A = (A¢).

We denote the martingale measure for the zero-coupon bond maturing at 7" by Q7 and refer to
QT as the T-forward martingale measure. This type of martingale measure was introduced by
Jamshidian (1987) and Geman (1989). The term comes from the fact that under this probability
measure the forward price for delivery at time T of any security with no intermediate payments is
a martingale, i.e. the expected change in the forward price is zero. If the price of the underlying
asset is P, the forward price is P;/B{, and by definition this relative price is a QT -martingale.
The expectation under the T-forward martingale measure is sometimes called the expectation in
a T-forward risk-neutral world.

The time ¢ price of an asset paying Pr at time T' can be computed as
P, = BT EY" [Py]. (6.4)
Under the probability measure Q7', the process z” defined by
dzf =dz+ (N —of) dt, z{ =0, (6.5)

is a standard Brownian motion. To compute the price from (6.4) we only have to know (1) the
current price of the zero-coupon bond that matures at the payment date of the asset and (2) the
distribution of the random payment of the asset under the 7-forward martingale measure Q7. We
shall apply this pricing technique to derive prices of European options on zero-coupon bonds. The
forward martingale measures are also important in the analysis of the so-called market models
studied in Chapter 11.

Note that if the yield curve is constant (and therefore flat) as in the Black-Scholes-Merton model
for stock options, the bond price volatility o} is zero and, consequently, there is no difference
between the risk-neutral probability measure and the T-forward martingale measure. The two
measures differ only when interest rates are stochastic. The general difference is captured by the
relation

dzl = dz2% — o7 dt, (6.6)

which follows from (4.9) and (6.5). To emphasize the difference between the risk-neutral measure
and the forward martingale measures, the risk-neutral probability measure is sometimes referred

to as the spot martingale measure since it is linked to the short rate or spot rate bank account.

6.2.3 An annuity as the numeraire — swap martingale measures

As discussed above it is often computationally advantageous for the pricing of European options
to use as a numeraire the zero-coupon bond maturing at the same time as the option. In this
subsection we show that for the pricing of European swaptions it is computationally convenient
to use another numeraire and hence another probability measure. A European payer swaption
with expiration time T and an exercise rate of K gives the right to enter into a payer swap with
some face value H at time Ty. If the right is exercised, the holder must at given future points in
time, T; = Ty + 96 where ¢ = 1,...,n, pay HOK, but will receive payments Hél;’j_é that are still
unknown. From (2.33) on page 39 we have that the time Tj value of the payoff of such a swaption
can be expressed as

Pr, = (i: B;S) Hémax ([ﬁfpo - K, O) ,

=1
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where l~£}0 is the (equilibrium) swap rate prevailing at time Tj.

If we were to use the zero-coupon bond maturing at T as the numeraire, we would have to
find the expectation of the payoff Pz, under the Tp-forward martingale measure Q7°. But since
the payoff depends on several different bond prices, the distribution of Pz, under Q0 is rather
complicated. It is more convenient to use another numeraire, namely the annuity bond, which at
each of the dates 11, ..., T}, provides a payment of 1 dollar. The value of this annuity at time ¢ < T}

equals Gy = Y i, BtT In particular, the payoff of the swaption can be restated as
Pr, = G, H max (Z‘}O _ K, o) ,

and the payoff expressed in units of the annuity bond is simply Hd max (Z5T0 - K, 0). The mar-
tingale measure corresponding to the annuity being the numeraire is called the swap martingale
measure and will be denoted by Q¢ in the following. This type of martingale measure was in-
troduced by Jamshidian (1997). The price of the European payer swaption can now be written

as
Pry

P, = G, B
! G ! |:GTO

} = GHIEY [max (I, - K,0)], (6.7)

so we only need to know the distribution of the swap rate ZN%O under the swap martingale measure.
In Chapter 11 we will look at a model that is based on the assumption that Z%O is lognormally
distributed under the swap martingale measure. This results in a Black-Scholes-Merton-type for-
mula for the price of the European swaption very similar to the pricing formula applied by many

practitioners, cf. Equation (6.60) on page 136.

6.2.4 A general pricing formula for European options

We can use the idea of changing the numeraire and the probability measure to obtain a general
characterization of the price of a European call option. Of course, a similar result is valid for
FEuropean put options. Let T be the expiry date and K the exercise price of the option, so that
the option payoff at time T is of the form

Cr = max(hr — K, 0).

For an option on a traded asset, hr is the price of the underlying asset at the expiry date. For an
option on a given interest rate, Ay denotes the value of this interest rate at the expiry date. We
can rewrite the payoff as

Cr = (hr — K) 1,5k,

where 1.~ k1 is the indicator for the event hr > K. This indicator is a random variable whose

value will be 1 if the realized value of hp turns out to be larger than K and the value is 0 otherwise.
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According to (6.4) the time ¢ price of the option is?
¢, = BTEY [max(hr) — K,0)]
= BI'EY [(hr — K) 10> )]
= B! (EgT (hrlin, sy — KEZ [1{hT>K}]> (6.8)
=B/ (E;QT [(hrlpn,sxy] — KQF (hy > K))
=Bl EY [hrlgy,sxy] - KBIQY (hr > K).

Here Q' (hr > K) denotes the probability (using the probability measure Q7) of hy > K given
the information known at time ¢. This can be interpreted as the probability of the option finishing
in-the-money, computed in a hypothetical forward-risk-neutral world.

For an option on a traded asset we can rewrite the first term in the above pricing formula,
since hy is then a valid numeraire with a corresponding probability measure Q". Applying (6.3)

for both the numeraires B and hy, we get
BIEY [l inesny] = MEE [Lron]
= h Q! hr > K).
The call price is therefore
Cy = hyQMhr > K) — KBI'Q! (hr > K). (6.9)

Both probabilities in this formula show the probability of the option finishing in-the-money, but
under two different probability measures. To compute the price of the European call option in a
concrete model we “just” have to compute these probabilities.

In particular, for a call option on a zero-coupon bond maturing at time S > T we get that
Cy = ByQ; (B} > K) — KB/ Q{ (B} > K), (6.10)

where Q° denotes the S-forward martingale measure and Q”', as before, is the T-forward martingale
measure. We will use this equation in later chapters to derive closed-form option pricing formulas

in specific models of the term structure of interest rates.

6.3 Forward prices and futures prices

As we noted in Section 2.5, it is relatively easy to show that the forward price and the futures

price for the same settlement date and the same underlying asset are identical if there is no

1In the computation we use the fact that the expected value of the indicator of an event is equal to the probability
of that event. This follows from the general definition of an expected value, E[g(w)] = [, 9(w)f(w) dw, where
f(w) is the probability density function of the state w and the integration is over all possible states. The set of
possible states can be divided into two sets, namely the set of states w for which hy > K and the set of w for which

hr < K. Consequently,

Ellin, >k} :/GQ lin,skyf(w)dw

:/ 1Tf(w)dw+/ 0" f(w) dw
Jwhp>K Jwhp<K

- [ @,
w:hp>K

which is exactly the probability of the event hp > K.
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uncertainty about future interest rates. The original proof of this result was given by Cox, Ingersoll,
and Ross (1981b). Armed with our general asset pricing theory, we can now characterize forward
and futures prices under less restrictive assumptions. In particular, we can allow for stochastic

interest rates.

6.3.1 Forward prices

A forward with maturity date T' and delivery price K provides a payoff of S — K at time T,
where S is the underlying variable, typically the price of an asset or a specific interest rate. For
forwards contracted upon at time ¢, K is set so that the value of the forward at time ¢ is zero. This
value of K is called the forward price at time ¢ (for the delivery date T) and is denoted by F{. At
the settlement date the forward price equals the value of the underlying variable, i.e. FZ = Sp. It
follows from the results on the pricing under the risk-neutral measure that the forward price F;'

is fixed so that

0=E® [e_ftT redu (G — T )]
= E(t@ [6_ S duST} —Fr E? [e_ [Fra d“]
=B [e~ " dusy] - FTBT,
1

E? [67 ftT T duST:|
BI '

Fl' = (6.11)

If the underlying variable is the price of a traded asset with no payments in the period [t,T],
we have
BY e I redugy] = s,
so that the forward price can be written as

S
T _ t
Fl = g7

This expression is consistent with the results for bond forwards given in Section 2.3 on page 22.

Applying a well-known property of covariances, we have that
B [ Jredugy] = Cov (eI, gy ) 4 B [ I me e BR8]
= Cov?® (e— S rudu ST) + BT EY[Sy].
Upon substitution of this into (6.11) we get the following expression for the forward price:

Cov? (e‘ Ji rudu ST>
BE '

FT =EQ[Sr] + (6.12)

We can also characterize the forward price in terms of the T-forward martingale measure.
The forward price process for contracts with delivery date T is a martingale under the T-forward
martingale measure. This is clear from the following considerations. With B} as the numeraire,
we have that the forward price F/ is set so that

0 QT ST—FtT
BT | T pT
t T
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and hence
T T
FI' =EY [Sr] =Ef [Ff],

which implies that the forward price F}l' is a QT-martingale.

6.3.2 Futures prices

Consider a futures with final settlement at time 7. Let ®! be the futures price at time t.
The futures price at the settlement time is ®% = Sp. We assume that the futures is continuously
marked-to-market so that over any infinitesimal interval [t,t + dt] it provides a payment of d®}.

The following theorem characterizes the futures price:

Theorem 6.1 The futures price ®] is a martingale under the spot martingale measure Q, so that

in particular
oI = B2 [S7]. (6.13)

Proof: We will prove the theorem by first considering a discrete-time setting in which positions can
be changed and the futures contracts marked-to-market at times ¢, t+At, t+2A¢t, ... ,t+ NAt =T.
This proof is originally due to Cox, Ingersoll, and Ross (1981b). A proof based on the same idea,
but formulated directly in continuous-time, was given by Duffie and Stanton (1992).

The idea is to set up a self-financing strategy that requires an initial investment at time ¢ equal
to the futures price ®. Hence, at time ¢, ®! is invested in the bank account. In addition, "4
futures contracts are acquired (at a price of zero).

At time t + At, the deposit at the bank account has grown to e™*“*®I. The marking-to-
market of the futures position yields a payoff of e"+4t (@g; AL~ @?), which is deposited at the
bank account, so that the balance of the account becomes eTfAtfl)tT+ At- The position in futures is
increased (at no extra costs) to a total of e("t+a:+7)AL contracts.

At time t+2At, the deposit has grown to e(”+m+"t)At<I>tT+At, which together with the marking-
to-market payment of e("+actr)At (9T — &, ) gives a total of e("=rartr)Atel |

Continuing this way, the balance of the bank account at time 7' =t + N At will be

e<rt+(N71)At+"'+7't>At(Dg'+NAt _ e(Tt+(N—l)At+"'+rt)At®%: _ e<rt+(N71)At+”'+7‘t)AtST.

The continuous-time limit of this is e/¢ ™ dugr. The time ¢ value of this payment is ®7 , since this
is the time ¢ investment required to obtain that terminal payment. On the other hand, we can
value the time T payment by discounting by e~ /. JTudu gang taking the risk-neutral expectation.

Hence,
@f = Bf [ et (el ety ) | = mfsy],

as was to be shown. |
The theorem implies that the time ¢ futures price for a futures on a zero-coupon bond maturing

at time S > T is given by
T,S
o/ % =E? [B]].
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For a futures on a coupon bond with payments Y; at time 7T; the final settlement is based on the

bond price By = ZTi>T YZ-B? and hence the futures price is

D VB

T;>T

B = B - ¥ vE}[Bf] = 3 viel™, (6.4

T;>T T;>T

so that the the futures price on a coupon bond is a payment-weighted average of futures prices of
the zero-coupon bonds maturing at the payment dates of the coupon bond.

Finally, consider Eurodollar futures contracts. As discussed in Section 2.6 on page 25 the
marking-to-market payments of a Eurodollar futures are based on the changes in the actual futures
price

eT =100 — 0.25 (100 - étT) — 100 — 2547,

where étT is the quoted futures price for the final settlement time 7', and ¢! is the corresponding
LIBOR futures rate. At the final settlement time 7" the quoted futures price is fixed at the value

€7 =100 (1 —1770%) =100 (1 — 4 [(Bf*%)~' —1]),
so that the final settlement is based on the terminal actual futures price
ef =100 - 0.25 (100 - £7)
=100 — 0.25 (400 [(B7*"*)~! —1])
=100 [2 _ (B:,:C+025)—1} )

It follows from the analysis above that the actual futures price at any earlier point in time ¢ can

be computed as
el = B2 [e1] =100 (2 — g [(35“’-25)*1]) .

The quoted futures price is therefore

€T = 4&T — 300 = 500 — 400 EZ [(BLF0-25)71] . (6.15)

6.3.3 A comparison of forward prices and futures prices

From (6.12) and (6.13) we get that the difference between the forward price F;l and the futures

price ®] is given by

(6.16)

The forward price and the futures price will only be identical if the two random variables Sp and
exp (— ftT Tu du) are uncorrelated under the risk-neutral probability measure. Of course, this is
true if the short rate r; is constant or deterministic, in which case we recover the standard result.
The forward price is larger [smaller| than the futures price if the variables exp (— /, tT Tu du> and
St are positively [negatively] correlated under the risk-neutral probability measure.

An intuitive, heuristic argument for this goes as follows. If the forward price and the futures
price are identical, the total undiscounted payments from the futures contract will be equal to the
terminal payment of the forward. Suppose the interest rate and the spot price of the underlying

asset are positively correlated, which ought to be the case whenever exp (— ftT Tu du) and St are
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negatively correlated. Then the marking-to-market payments of the futures tend to be positive
when the interest rate is high and negative when the interest rate is low. So positive payments can
be reinvested at a high interest rate, whereas negative payments can be financed at a low interest
rate. With such a correlation, the futures contract is clearly more attractive than a forward contract
when the futures price and the forward price are identical. To maintain a zero initial value of both
contracts, the futures price has to be larger than the forward price. Conversely, if the sign of the

correlation is reversed.

6.4 American-style derivatives

Consider an American-style derivative where the holder can choose to exercise the derivative
at the expiration date T" or at any time before T. Let H, denote the payoff if the derivative is
exercised at time 7 < T. In general, H, may depend on the evolution of the economy up to and
including time 7, but it is usually a simple function of the time 7 price of an underlying security
or the time 7 value of a particular interest rate. At each point in time the holder of the derivative
must decide whether or not he will exercise. Of course, this decision must be based on the available
information, so we are seeking an entire exercise strategy that tell us exactly in what states of the
world we should exercise the derivative. We can represent an exercise strategy by an indicator
function I(w,t), which for any given state of the economy w at time ¢ either has the value 1 or 0,
where the value 1 indicates exercise and 0 indicates non-exercise. For a given exercise strategy I,
the derivative will be exercised the first time I(w,t) takes on the value 1. We can write this point
in time as

7(I) =min{s € [t,T] | I(w,s) = 1}.

This is called a stopping time in the literature on stochastic processes. By our earlier analysis, the
value of getting the payoff H.(;) at time 7(I) is given by EY [e* Jr “WH_ (| If we let J[t, T]
denote the set of all possible exercise strategies over the time period [t,T], the time ¢ value of the
American-style derivative must therefore be

P, = sup E? [67 Jr duH.,.([)} . (617)
1€7[t,T)

An optimal exercise strategy I* is such that
Pt — E(t@ |:€_ f{[* Tu duHTI*] .

Note that the optimal exercise strategy and the price of the derivative must be solved for simulta-

neously. We will return to the valuation of American-style derivatives in the next section.

6.5 Diffusion models and the fundamental partial differential equation

Many financial models assume the existence of one or several so-called state variables, i.e.
variables whose current values contain all the relevant information about the economy. Of course,
the relevance of information depends on the purpose of the model. The state variables of term
structure models should be informative for the term structure. In models with a single state
variable we denote the time ¢ value of the state variable by x;, while in models with several state

variables we gather their time ¢ values in the vector x;.
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By assumption, the current values of the state variables are sufficient information for the pricing
and hedging of fixed income securities. In particular, historical values of the state variables, x, for
s < t, are irrelevant. It is therefore natural to model the evolution of x; by a diffusion process since
we know that such processes have the Markov property, cf. Section 3.4 on page 50. We will refer
to models of this type as diffusion models. We will first consider diffusion models with a single
state variable, which are naturally termed one-factor diffusion models. Afterwards, we shall briefly
discuss how the results obtained for one-factor models can be extended to multi-factor models, i.e.

models with several state variables.

6.5.1 One-factor diffusion models

We assume that a single, one-dimensional, state variable contains all the relevant information,
i.e. that the possible values of x; lie in a set § C R. We assume that x = (2¢)>0 is a diffusion

process with dynamics given by the stochastic differential equation
dxy = axe, t) dt + Bz, t) dzt, (6.18)

where z is a one-dimensional standard Brownian motion, and « and 3 are “well-behaved” functions
with values in R. Given a market price of risk Ay = A(x¢,t), we can use (4.9) to write the dynamics

of the state variable under the risk-neutral probability measure as
dry = [oae, t) — B(we, )M (e, )] dt + Blay, t) dz2. (6.19)

We also assume that the short interest rate depends at most on x and ¢, i.e. ry = r(ay,t).

Consider a security with a single payment of Hp at time T. We know that the price of the
security satisfies P, = E(t@ [e’ftT Tu d“HT} . Assuming that Hr = H(xz7,T), we can rewrite the
price as P, = P(x,t), where

P(a,t) = ES, [e7 /7 e i (o, 7))

and we have exploited the Markov property of (z;) to write the expectation as a function of the
current value of the process. Here Eg,t denotes the expectation given that x; = x. It follows from

Itd’s Lemma (see Theorem 3.5 on page 55) that the dynamics of P, = P(xy,t) is
dP; = Py [p(xe, t) dt + o(xe, t) dze] (6.20)

where the functions p and o are defined by

OP OP 19%P

w(z, t)P(z,t) = E(w, t) + a—x(a:, t)a(z,t) + 5W(x,t)ﬁ(m,t)2, (6.21)
o(x,t)P(x,t) = g—f(aj,t)ﬁ(m,t). (6.22)

We also know that for a market price of risk A(x,t), we have
(e, t) = r(ze, t) + o(xe, t) A (e, t)
for all possible values of x; and hence
w(x, t)P(x,t) = r(x,t)P(x,t) + o(z, t) Pz, t) \(x¢, t)

for all (x,t). Substituting in u and o and rearranging, we arrive at a partial differential equation
(PDE) as stated in the following theorem.
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Theorem 6.2 The function P defined by
P(x,t) = B2, [e= [/ rum) d“H(xT,T)] (6.23)

satisfies the partial differential equation

oP oP
E(mvt) + (O‘(xvt) - ﬁ(w,t)/\(l‘,t))a—x(x,t)
+ %ﬁ(m,t)Q(ZTf(x,t) —r(x,t)P(x,t) =0, (x,t)€8x][0,T), (6.24)

together with the terminal condition
P(x,T)=H(z,T), z€S8. (6.25)

The relation between expectations and partial differential equations is generally known as the
Feynman-Kac theorem, cf. Qksendal (1998, Thm. 8.2.1). Note that the coefficient of the dP/dx
in the PDE is identical to the risk-neutral drift of the state variable, cf. (6.19). Also note that
the prices of all securities with no payments before T' solve the same PDE. However, the terminal
conditions and thereby also the solutions depend on the payoff characteristics of the securities.

When the state variable itself is the price of a traded asset, the market price of risk disappears
from the pricing PDE. The expected rate of return (corresponding to p) of this asset is a(x,t)/z,
and the volatility (corresponding to o) is B(x,t)/x. Since Equation (4.11) in particular must hold
for this asset, we have that

alz,t)
A t) = =22 —r(x,t) _ alz,t) —r(z,t)x
EIex) 3. 0)

€T

or
a(z,t) — Bz, )N (z,t) = r(z,t)z. (6.26)

By insertion of this expression, the PDE (6.24) reduces to

2
%—f(aat) +r(z,t) <xg—§(m7t) - P(ac,t)) + %ﬁ(x,t)QZTI:(x,t) =0, (z,t)e8x][0,T). (6.27)

Since no knowledge of the market price of risk is necessary, assets with price of the form P(xy,t) are
in this case priced by pure no-arbitrage arguments. The securities which can be priced in this way
are exactly the redundant securities. This approach has proven successful in the pricing of stock
options with the Black-Scholes-Merton model as the prime example. However, it is inappropriate to
price interest rate derivatives just by modeling the dynamics of the underlying security. Consistent
pricing of fixed income securities must be based on the evolution of the entire term structure of
interest rates. Broadly speaking, the entire term structure is the underlying “asset” for all fixed
income securities. Just as the relevant market price of risk in the Black-Scholes-Merton setting can
be extracted from the current market price of the underlying stock, the market prices of interest
rate risk can be extracted from the entire current market yield curve. Given the current yield curve
(i.e. current bond prices) and an assumption on the volatility of the curve, all yield curve derivatives
(bond options and futures, caps, floors, swaptions, etc.) can be priced by the no-arbitrage principle,
i.e. without precise knowledge of preferences, etc. In a sense, such models have infinitely many

state variables, namely bond prices or yields of all maturities. We will consider such term structure
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models in Chapters 10 and 11. For the term structure models based on one or a few state variables
we need some knowledge of the market price of risk, either from an equilibrium model or by a
reasonable assumption.

In many models the PDE (6.24) with the appropriate terminal condition can be solved explicitly
for a large number of interesting securities. The solution is often found by coming up with a qual-
ified guess and verifying that the guess is correct by substitution into the equation. Alternatively,
the PDE can in some cases be restated as another partial differential equation which has a solution
that is already known. In other models explicit solutions for the important securities cannot be
found, so that it is necessary to resort to numerical solution techniques as those introduced in
Chapter 16.

Hedging

In a model with a single one-dimensional state variable a locally riskless portfolio can be
constructed from any two securities. In other words, the bank account can be replicated by a
suitable trading strategy of any two securities. Conversely, it is possible to replicate any risky
asset by a suitable trading strategy of the bank account and any other risky asset. To replicate

asset 1 by a portfolio of the bank account and asset 2, the portfolio must at any point in time

consist of
9, = aail (xtat) _ Jl(l't,t)Pl({L‘t,t)
t %(mt,t) o9 (zy,t) Po(zy, t)
units of asset 2, plus
O—l(xtat)
=(l1—-——F| P, t
“ < 02(3%71?)) (1 0)

invested in the bank account. Then indeed the time ¢ value of the portfolio is

Ht = Ot + HtPQ(.’IJt,t)

Ul(.’L’t7t) Ul(l’t7t)
=(1—-———= )P t — P t
< UZ(xbt)) (7 ) + oo (x¢,t) 1(#10)
= Py (x4, 1),
and the dynamics of the portfolio value is
dHt = O[t’/‘(ﬂit, )dt + et dP2 .I‘t,t
oy (e, t
= P
T(xht) ( 0_2 xt,t)> 1 .Tt,
o1z, t) Py (24, )
t)P: t)dt t)P: t)d
-l- O'Q(JCt, ) Py(, ) (o(zy, t) Po(y, t) dt + oo(zs, t) Po(ay, t) dzy)

A r(a o1(xe, t)
= (et + S5y

= (r(z¢, t) + o1(ze, ) A (2, 1)) Pr(xe, t) dt + o1 (x4, 1) Py (24, t) dzy
= Ml(l't,t)Pl(l't, t) dt —+ O’l(l't,t)Pl(l't, t) dZt
= dPy,

(u2(ze,t) — (2, t))) Py(x,t) dt + o1 (xe, t) Py (2, ) d2y

so that the trading strategy replicates asset 1. In particular, in one-factor term structure models
any fixed income security can be replicated by a portfolio of the bank account and any other fixed

income security. We will discuss hedging issues in more detail in Chapter 12.
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If the state variable x; itself is the price of a traded asset, the considerations above imply that
any asset can be replicated by a trading strategy that at time ¢ consists of %—f(mt, t) units of the

underlying asset and an appropriate position in the bank account.

Securities with several payment dates

Many financial securities have more than one payment date, e.g. coupon bonds, swaps, caps,
and floors. Theorem 6.2 does not directly apply to such securities. In the extension to securities
with several payments, we distinguish again between securities with discrete lump-sum payments
and securities with a continuous stream of payments.

First consider a security with discrete lump-sum payments, which are either deterministic or
depend on the value of the state variable at the payment date. Then Theorem 6.2 can be applied
in order to separately find the current value of each of these payments after which the value of the
security follows from a simple summation. Suppose that the security provides payments H;(z7;)
at time T} for j = 1,2,..., N, where T3 < T5 < --- < Ty. Then the price of the security at time
t < T is given by

where Pj(z,t) solves the PDE

P, P
2 @1+ (alz, 1) = Bz, )A(z, 1)) 7= (2, 1)
+ lﬁ(m,t)Qa Ly (x,t) —r(x,t)Pj(x,t) =0, (x,t) €8 x[0,Tj),

2 02

with the terminal condition
Pj(.Z',Tj):HJ(ZE), 3368.

Here is an alternative pricing approach. Clearly, at the time of a payment the value of the
security will drop exactly by the payment. The “ex-payment” value will equal the “cum-payment”
value minus the size of the payment. Letting t+ denote “immediately after time ¢”, we can express
this relation as

P(z,T;+) = P(z,T;) — H;(z).

If the drop in the price —[P(x,Tj+) — P(x,T;)] was less than the payment H;(x), an arbitrage
profit could be locked in by buying the security immediately before the time of payment and selling
it again immediately after the payment was received. Between payment dates, i.e. in the intervals
(T;,T;+1), the price of the security will satisfy the PDE (6.24). If the price of the security is to
be priced by numerical techniques, this alternative approach is simpler than that explained in the
previous paragraphs, since only one PDE needs to be solved rather than one PDE for each payment
date.

Next consider a security providing continuous payments at the rate hy = h(xy,t) throughout
[0,7] and a terminal lump-sum payment of Hr = H(xz,T). From (4.17) we know that the price

of such a security in our diffusion setting is given by

T
Py, t) = E? e*ftT r(Tu,u) duH(IT,T) Jr/ e [ r(@uu) duh(xs,s) ds
t



6.5 Diffusion models and the fundamental partial differential equation 129

Theorem 6.2 can be extended to show that the function P in this case will solve the PDE

8—P(a:,t) + (afz,t) — ﬁ(x,t)/\(x,t))?)—f(x,t)

ot
1 o*pP

+ iﬁ(z,tfw(x,t) —r(x,t)P(x,t) + h(z,t) =0, (z,t) €8 x[0,T),

with the terminal condition P(z,T) = H(x,T) for all x € 8. The only change in the PDE relative
to the case with no intermediate dividends is the addition of the term h(z,t) on the left-hand side
of the equation.

In the special case where the payment rate is proportional to the value of the security, i.e.
h(z,t) = q(x,t)P(x,t), the PDE can be written as

opP opP
E(x,t) + (afz,t) — B(x,t))\(x,t))%(x,t)
1 , 0%P
+ §/B(x,t) W(a@t) — (r(z,t) — q(z,0)) P(z,t) =0, (x,t) €8 x[0,T). (6.28)

In this case the price can be written as

P(z;,t) = E2 [e_ [Fr@ew—a@ewldu (g, T) (6.29)

Futures prices

In Section 6.3.2 we showed that the futures price of an asset is generally given by the risk-neutral
expectation of the price of the underlying asset at the final settlement date. In our diffusion setting,

the futures price is ®7 = &7 (x;,t) and we can write the pricing relation as
" (2,,t) = B [S(ar, T)],

where S denotes the price of the underlying asset. Comparing this with (6.29) we see that we can
think of the futures price as being the price of an asset that has a terminal payment of S(zr,T)
and a continuous dividend rate equal to r(xy,t)S (x4, ). From (6.28) we get that the futures price
function ®7'(x,t) must satisfy the PDE

0T ooT
W(%t) + (a(m,t) — 5(93%)/\(37715))W(%t)
5B t) =0, (5,0 €8x [0,T). (6.30)

American-style derivatives

In a diffusion model with a state variable z, we can write the indicator function representing
the exercise strategy of an American-style derivative as I(z,t), so that I(z,¢) = 1 if and only if
the derivative is exercised at time ¢ when x; = x. An exercise strategy divides the space 8 x [0, T
of points (x,t) into an exercise region and a continuation region. The continuation region

corresponding to a given exercise strategy I is the set
Cr ={(x,t) € 8§ x [0,T] | I(z,t) =0}
and the exercise region is then the remaining part

&r ={(z,t) €8x [0,T] | I(z,t) =1},
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which can also be written as &y = (8 x [0,7]) \ €;. To an optimal exercise strategy I*(z,t)
corresponds optimal continuation and exercise regions C* and £*.

It is intuitively clear that the price function P(z,t) for an American-style derivative must
satisfy the PDE (6.24) in the continuation region corresponding to the optimal exercise strategy,
i.e. for (z,t) € C*. But since the continuation region is not known, but is part of the solution, it is
much harder to solve the PDE for American-style derivatives than for European-style derivatives.
Explicit solutions have only been obtained in trivial cases where premature exercise is known to be
inoptimal, and the American-style derivative is therefore effectively a European-style security. This
is for example the case for an American call option on a zero-coupon bond. However, numerical
solution techniques for PDEs can, with some modifications, also be applied to the case of American-

style derivatives; see Chapter 16.

6.5.2 Multi-factor diffusion models

Assume now that the short-term interest rate and the securities we want to price depend on n

state variables x1,...,x, and that the vector = (z1, ... ,:rn)T follows the stochastic process
dry = oz, t) dt + g(azt, t) dzy, (6.31)
where z is a vector of n independent standard Brownian motions. Here,
a(xy,t) = (ay (T, 1), ..., an(xe, 1) "

is the vector of expected changes in each of the n state variables, and (x4, t) is an n xn-dimensional
matrix, which contains information about the variances and covariances of changes in the different
state variables. To be more precise, the instantaneous variance-covariance matrix of changes in

the state variables is given by B(x;,t)3(x¢,t)" dt. We can write (6.31) componentwise as

n
dxi = ai(@e, t) dt + B;(xe, 1) dzy = (@, t) dt + Z Bij(xe,t) dzjy.
j=1
As discussed in Section 3.4, the covariance between changes in the i’th and the j’th state variable

over the next infinitesimal time period is given by

Covy(das, dxj) = Z Bir (e, 1) Bk (x4, 1) dt,
k=1

while the variance of the change in the i’th state variable is
Vary(dzie) = > Bik(@, 1) dt.
k=1

In particular, the volatility of the i’th state variable is the standard deviation

n
18i(@e, ) = | > Bin(@e,t)?,
k=1
where || - || denotes the length of the vector. The instantaneous correlation between changes in
the 7’th and the j’th state variable is
Covy(dxit, dx ;) Yk By t) By (g, t)

pij(@e,t)

- \/Vart(dzit)\/vart(dxjt) B Hﬂz(wt,t)H ||5j(33t;t)|| .
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Consider again a security with a single payment of Hy = H(xr,T) at time T. Its price is
P, = P(x,t), where
P(@,t) = B3, e~ I v dup (2, 7).

It follows from the multi-dimensional version of It6’s Lemma (see Theorem 3.6 on page 65) that
the dynamics of P; is
dP,

P w(xy, t) dt + Z oj(xs,t) dzjs, (6.32)

Jj=1

where the functions i and o; are defined as

w(x, t)P(x,t) = —(x,t Zg (x, t)oj (. t)
oo a (6.33)
1
+3 Z (@, t)pjk (@, 1) 1B (2, ) [ [|B). (2, )],
j=1k=
—~ 0P
O'j(.’l},t)P(CC,t) = —(wat)ﬂkj(mvt)' (634)
el 6J}k
We also know that for a market price of risk A(x¢,t), we have
,U(fEt,t) = r(mht) + U(mtat))‘(mtvt) = T’(.’I)t7t) + Zaj(wtat)A](mht) (635)

j=1
Substituting in p and o, we arrive at a PDE as summarized in the following multi-dimensional

version of Theorem 6.2:

Theorem 6.3 The function P defined by
P(a,t) = E2, [e— S r(@aw) du g (g T)} (6.36)

satisfies the partial differential equation

%—f(az,t) —I—; (aj(x t) 267’“ z,t) A\, (x, t)) glt; (x,1)

k=1
& 2P
D3 piel, ) 18 O 181, Ol 2= t) = v, ()P 0) = 0, (1) €8 % [0,T),

j=1k=1

DN | =

+

(6.37)

and the terminal condition
P(x,T)=H(x,T), x€S.

Using matrix notation the PDE can be written more compactly as

O @.1) + (alw.) — pa, A1) O (a,1)

2

T %tr (g(:c,t)g(a;,t) Z P e, t)) (@, )P, t) =0, () €Sx[0,T), (6.38)

where P/dx is the vector of first-order derivatives dP/dx;, 8*P/0x?* is the n x n matrix of
second-order derivatives 92P/0x;0x;, and tr(M) denotes the “trace” of the matrix M, which is
defined as the sum of the diagonal elements, tr(M) =3, Mj;.
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In a model with n state variables the bank account can be replicated by a suitably constructed
trading strategy in n+1 (sufficiently different) securities. Conversely, any security can be replicated
by a suitably constructed trading strategy in the bank account and n other (sufficiently different)
securities. For securities with more than one payment date the analysis must be modified similarly
to the one-dimensional case.

In Chapter 8 we will study specific multi-factor diffusion models of the term structure of interest
rates. In some of these models explicit solutions to the PDE can be found for some important

securities.

6.6 The Black-Scholes-Merton model and Black’s variant

The best known model for derivative pricing is the Black-Scholes-Merton model developed by
Black and Scholes (1973) and Merton (1973) for the pricing of European options on stocks. This
model also serves as an example of a diffusion model. Practitioners often apply slightly modified
versions of the Black-Scholes-Merton model and option pricing formula to price other derivatives
than stock options, including many fixed-income securities. These modifications are often based on
Black (1976) who adapted the Black-Scholes-Merton setting to the pricing of European options on
commodity futures. However, as we shall discuss at the end of the section, the use of the Black-76

approach to fixed-income securities is not theoretically justified.

6.6.1 The Black-Scholes-Merton model

The critical assumptions underlying the Black-Scholes-Merton option pricing model are that
the riskless interest rate r (continuously compounded) is constant over time and that the price S;
of the underlying asset follows a continuous stochastic process with a constant relative volatility,
ie.

dS; = pu(Sy, t) dt + 0S¢ dz, (6.39)

where z is a standard Brownian motion, o is a constant, and p is a “nice” function. It is often
assumed that p(Sy,t) = pS; for a constant parameter p, but that is not necessary. However, we
must require that the function u is such that the value space for the price process will be § = R,..
Furthermore, we assume that the underlying asset has no payments in the life of the derivative
security.

We seek to determine the price of a derivative security that at time T pays off H(St,T'), which
depends on the price of the underlying asset St and on no other uncertain variables. The time ¢

price P; of the derivative asset is then given by P, = P(S;,t) where
P(S.t) = EZ, [e— JErduprsy, T)} = "= EQ [H(Sy, T)]
and the risk-neutral dynamics of the underlying asset price is
dS; = Sy dt + oSy dz2,

i.e. a geometric Brownian motion so that St is lognormally distributed. The function P(S,t) solves
the PDE

aP aP 1 .0 0°P

o - (S,t) = rP(S,1), (S,t)€8x[0,T). (6.40)
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In addition, the price function must satisfy the terminal condition of the form
P(S,T)=H(S,T), forallSeS§, (6.41)

where § is the set of all possible terminal prices St of the underlying asset.
For a European call option with an exercise price of K the payoff function is given by H(S,T) =
max (S — K,0). The price Cy = C(St,t) can then be found either by solving the PDE (6.40) with

the relevant terminal condition or by calculating the discounted risk-neutral expected payoff, i.e.
C(Sy,t) = e "T1ES | [max(St — K,0)].

Applying Theorem A.4 in Appendix A, the latter approach immediately gives the famous Black-

Scholes-Merton formula for the price of a European call option on a stock:?
C(Se,t) = SN (d1(Se, 1)) — Ke "IN (dy(Sy, 1)), (6.42)
where

(S, 1) = t/If/)T_[ 1! 20\/T (6.43)

da(Si. 1) = 20 \/)_[ 4_ \/ = d1(Sp,t) — VT — 1. (6.44)

It can be verified that the function C(S,t) defined in (6.42) solves the PDE (6.40) with the relevant

terminal condition. Applying the put-call parity for European stock options, we get the price

formula for a European put option:
7(Sp,t) = Ke "N (—dy(Si, 1)) — SN (—dy (Sy, 1)) . (6.45)

Strictly speaking, to derive the option pricing formulas above, the only assumption needed on
the price of the underlying asset is that St (given S;) is lognormally distributed in the risk-neutral
world. Letting ov/T — t denote the standard deviation of In Sy, the formulas above will hold.
However, if we want to use the pricing formulas for options on the same underlying asset, but with
different maturities, we must have that the uncertain prices of the underlying asset at different
future points in time must all be lognormally distributed in the risk-neutral world. This is ensured
by the assumption (6.39).

For the case where the underlying asset has payments in the life of the derivative asset, the

same procedure applies with some minor corrections, which can be found in Hull (2003).

2 According to Abramowitz and Stegun (1972), the cumulative distribution function N(-) of the standard normal

distribution can be approximated with six-digit accuracy as follows:
N(z) =1 —n(z) (arb(z) + azb(z)? + asb(x)® + asb(z)* + a5b(x)5) , x>0,
where n(z) = e‘m2/2/\/ 27 is the probability density function, b(z) = 1/(1 + cz), and the constants are given by

c = 0.2316419, a1 = 0.31938153,
az = —0.356563782, a3 = 1.781477937,
ag = —1.821255978, a5 = 1.330274429.

For < 0, we can use the relation N(z) = 1 — N(—z), where N(—z) can be computed using the approximation

above.
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6.6.2 Black’s model

Black (1976) introduced a variant of the Black-Scholes-Merton model, which he applied for the
pricing of European options on commodity futures. Let us consider a European call option that
expires at T, has an exercise price K, and is written on a commodity futures expiring at 7%, where
T* > T. The futures price at time ¢ is denoted by @f*. The payoff of the option at time T is
max(®%" — K,0).

To price this option, Black assumed a constant riskless interest rate and that the futures price
CI%* at expiry of the option is lognormally distributed in the risk-neutral world. The standard
deviation of In ®%." (with the information available at time t) is denoted by o+/T — t. Tt is further
assumed that the expectation of the time T futures price equals the current futures price, i.e.
E2(oT] = o .

We can see that this is correct when the riskless interest rate is constant and the asset underlying
the futures contract has a price Sy that follows a process of the form dS; = Si[r dt + odz(t@} in a
risk-neutral world. As discussed in Section 2.5, the futures price is then identical to the forward
price, which is given by FtT* = Sie’T" ! From Ité’s Lemma (Theorem 3.5 on page 55) we get
that

dFF" = oF dz2,

from which it follows that the expected change in the forward price (and hence the futures price)
is equal to zero, so that E? [@%] = @?*, and <I>? = F%“ is lognormally distributed with

. |
In &% ~N<1n<I>tT —502[T—t},02[T—t}>. (6.46)

Furthermore, under these assumptions the volatility of the futures price equals the volatility of the
price of the underlying asset.

According to the risk-neutral pricing principle, the option price can be written as
Cp = e "T-UED [max (@%: - K, 0)] .
Applying (6.46) and Theorem A.4 of Appendix A, we can compute the price as
Oy = e~rlT-1 [@{*N (dl(éf*,t)) — KN (dg({)f*,t))} , (6.47)

where

T
= M + la T—t, (6.48)
oVT —t 2

S, In(®7" /K) 1 -
do(®T" 1) = r;(tT\/—it) — 5a\/T —t=d(®]"t) —oVT —t. (6.49)

The expression (6.47) is called Black’s formula. For European put options we similarly have that

di(®]" 1)

= e TIT {KN (fﬁg(@?*,t)) —eT'N (ﬂfl(CDtT*,t))} .

Analogously to the Black-Scholes-Merton model it is not strictly necessary to assume that the
futures price <I>tT* follows a geometric Brownian motion. It suffices that the future futures price

CI%* is lognormally distributed in a hypothetical risk-neutral world and that the expected change
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in the futures price equals zero. The parameter o is then just a measure for the standard deviation
over the life of the option, but it is still often referred to as the volatility of the futures price.
Since the original development, Black’s model has been adapted by market participants for
the pricing of various fixed income securities, such as bond options, caps/floors, and swaptions.
Since the payoff of these securities depends on future interest rates, the original Black assumption
of constant interest rates is of course inappropriate. The pricing formulas are derived by first
computing the expected payoff in a risk-neutral world and then discounting by the current riskless
discount factor. The uncertainty of future interest rates is taken into account when the expected

payoff is computed, but not in the discounting. Let us look at some examples:

Bond options As in Section 2.7, we consider a European call option with expiration time T
and exercise price K, written on a bond with price B;. Black’s model applied to bond options

FtT,cpn

involves the forward price of the underlying bond with delivery at expiration of the option.

According to Theorem 2.2 on page 24, the forward price is

T, T,
pTepn _ YorsrYiBi'  Bi— 3 qr YiBy!
t BtT B,;T ’

(6.50)

where T7 < Tp < --- < T, are the payment dates and Y; denotes the payment of the bond at
time T;.

To apply Black’s model, the following assumptions must be made:
(a) the futures price equals the forward price;

(b) the forward price at the expiration time of the option, Fg P — B, is lognormally distributed
in the risk-neutral world with the standard deviation of In F; P given by ov/T — t;

(c) the expected change in the forward price of the bond between time ¢t and T equals zero in

the risk-neutral world;

(d) the option price can be computed as the risk-neutral expected payoff multiplied by the current

riskless discount factor.

The distributional assumption is satisfied if the forward price FltT’Cpn follows a stochastic process
with a constant relative volatility o and a drift of zero. The expected payoff in a risk-neutral world
is then
Q _ T,cpn 7 T,cpn 7 T,cpn
E? [max (Br — K,0)] = "N (dl(Ft ,t)) ~ KN (dg(Ft ,t)) ,

where the functions d; and ds are as in (6.48)—(6.49). By multiplying the expected payoff with
the riskless discount factor, i.e. the zero-coupon bond price B, we arrive at Black’s formula for a

FEuropean call option on a bond:

[T = BI [FLPN (dy (£, 0)) = KN (da(F" 1))

. . (6.51)
_ <191t - Y;BtTi> N (dl(FtT’Cp“,t)> ~ KBTN (dg(FtT’Cpn,t)) .
t<T,<T
Similarly, the price of a European put option on a bond is
gl Ten _ e gl Ny (—dg(FtT’Cp“,t)) - (Bt _ y;Bfi) N <—o?1(FtT’CP“,t)) . (6.52)
t<T; <T
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Caps and floors As discussed in Section 2.8, a cap can be seen as a portfolio of caplets. The

1’th caplet gives a payoff at time T; of
i = Homax (l;’;_ s — K, 0) , (6.53)
cf. (2.11). Under the assumptions that

(a) seen from time ¢, the risk-neutral distribution of l%; 5§ = L%:?TT‘ is lognormal with the
standard deviation of In l;f 5 given by o;v/T; — 6 — 15

(b) the expected change in the forward rate L;‘L/T"'_‘S’Ti between time ¢ and 7; — J is equal to zero

in a risk-neutral world;
(c) we can discount the risk-neutral expected payoff with the current discount factor;

we obtain Black’s formula for the caplet price
¢ — HsBT [in—mzv (d(LP=T ) — KN (d@(L?—é*Taw)} L t<Ti—5  (654)

where the functions czll and cié are given by

In(LF " /K)

1
I8 5 T -6 — .
P P +201 5 — 0 —t, (6.55)
dé(ngiié,Tat) _ Ai(szii&Tivt) — oy /E —_5—t (656)

T;—6,T;
Lt

BT =

The assumptions (a)-(b) are satisfied if the forward rate in the risk-neutral world follows

the process
stT,i—é,Ti _ O_iLz"i—tS,Tqi dz? (6.57)

with a constant volatility o;. The price for the entire cap is obtained by summation:
¢, = HsY Bl {LtT"_‘S’T"N (&i(Lf"'_‘s’Ti,t)) ~ KN (&;(Lfi_‘s’Ti,t))} L t<Ty.  (6.58)
i=1

As discussed in Section 2.8 the price must be adjusted slightly if the first payment is already known.

For a floor the corresponding formula is

5, = HsS Bl {KN (—cié(LtT"’_‘s’T",t)) LTy (—di(LtTi‘é*Ti,t))} . t<Ty. (6.59)
=1

Swaptions Let us look at a European payer swaption which was introduced in Section 2.9.2.
From (2.33) on page 39 we have that the payoff of a payer swaption at the expiration time Ty can

be expressed as
P, = (Z B%;) H5 max (Z‘STO -~ K, o) ,
i=1

where l%) is the (equilibrium) swap rate, and K is the exercise rate. Black’s formula for the price

of a European payer swaption is

P, = Ho (zn: BtTi> {Ef’T"N (dl(ifv“, t)) ~ KN (aig(if%, t))} . < T, (6.60)
i=1
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where the functions d; and dy are as in (6.48) and (6.49) with T' = Tj. As in Section 2.9, L7 is
the forward swap rate. By analogy, the following expression for the price of a European receiver

swaption is obtained:
R, = HS (Z Bfi) {KN (—dg(f/f’T",t)) N (—dl(if’T",t))}, t < Ty, (6.61)
i=1

The assumptions underlying the formula are that the swap rate l~50 = f/gloT“ at the expiration date
of the swaption is lognormally distributed, or more precisely that In f%o =In i%}TD is risk-neutrally
normally distributed with variance o?[Ty — ¢}, and that the risk-neutral expectation of the change
in the forward swap rate is zero. These assumptions are satisfied if the forward swap rate if’To in

the risk-neutral world follows the stochastic process

dL™ = gL 422 (6.62)

The prices of stock options are often expressed in terms of implicit volatilities. The implicit
volatility for a given European call option on a stock is that value of o, which by substitution
into the Black-Scholes-Merton formula (6.42), together with the observable variables S, r, K, and
T — t, yields a price equal to the observed market price. Similarly, prices of caps, floors, and
swaptions are expressed in terms of implicit interest rate volatilities computed with reference to
the Black pricing formula.

According to (6.58) different o-values must be applied for each caplet in a cap. For a cap with
more than one remaining payment date, many combinations of the ¢;’s will result in the same
cap price. If we require that all the o;’s must be equal, only one common value will result in the
market price. This value is called the implicit flat volatility of the cap. If caps with different
maturities, but the same frequency and overlapping payment dates, are traded, a term structure
of volatilities, o1, 09,...,0,, can be derived. For example, if a one-year and a two-year cap on
the one-year LIBOR rate are traded, the unique value of o1 that makes Black’s price equal to the
market price of the one-year cap can be determined. Next, by applying this value of o1, a unique
value of o5 can be determined so that the Black price and the market price of the two-year cap are
identical. The volatilities o; determined by this procedure are called implicit spot volatilities.

A graph of the spot volatilities as a function of the maturity, i.e. o; as a function of T; — J,
will usually be a humped curve, that is an increasing curve for maturities up to 2-3 years and
then a decreasing curve for longer maturities.® A similar, though slightly flatter, curve is obtained
by depicting the flat volatilities as a function of the maturity of the cap, since flat volatilities are
averages of spot volatilities. The picture is the same whether implicit or historical forward rate
volatilities are used.

If we consider formula (2.27) and assume as an approximation that the weights w; are constant

over time, the variance of the future swap rate can be written as

n n n

T;—6,T;
E wi Ly :E WiwW;oi0;Pij,
i=1

i=1 j=1

Var; [l~5}0] = Var;

3See for example the discussion in Hull (2003, Ch. 22).
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where o; denotes the standard deviation of the forward rate L%f‘s’Ti
relation between the forward rates L%f‘s’Ti and L%] —0T;

, and p;; denotes the cor-
. The prices of swaptions will therefore
depend on both the volatilities of the relevant forward rates and their correlations.* If implicit
forward rate volatilities have already been determined from the market prices of caplets and caps,
implicit forward rate correlations can be determined from the market prices of swaptions by

an application of Black’s formula for swaptions, cf. formula (6.60).

6.6.3 Problems in applying Black’s model to fixed income securities

As already hinted upon above, the assumptions underlying the application of Black’s formula
on interest rate dependent securities are highly problematic. Let us take a closer look at the critical
points.

Firstly, the lognormality assumption for bond prices and interest rates is doubtful. For sev-
eral reasons the price of a bond cannot follow a geometric Brownian motion throughout its life.
We know that the price converges to the terminal payment of the bond as the maturity date
approaches. Furthermore, the bond price is limited from above by the sum of the future bond
payments under the appropriate assumption that all forward rates are non-negative. When the
bond price approaches its upper limit or the maturity date approaches, the volatility of the bond
price has to go to zero. The volatility of the bond price will therefore depend on both the level of
the price and the time to maturity. A lognormality assumption can at best be an approximation
to the true distribution. In addition, the forward price and the futures price on a bond are not
necessarily equal when the interest rate uncertainty is taken into account. It is less clear whether
it is reasonable to assume that future interest rates are lognormally distributed, and that the ex-
pected changes in the forward rates and the forward swap rates are zero in a risk-neutral world.
We will discuss this further in later chapters.

Secondly, the multiplication of the current discount factor and the risk-neutral expectation of
the payoff does not lead to the correct price. In fact, as we have seen in Section 6.2.2, this is
true if we take the expectation under the appropriate forward martingale measure instead of the
risk-neutral measure.

Thirdly, simultaneous applications of Black’s formula to different derivative securities are incon-
sistent. If for example we apply Black’s formula for the pricing of a European option on zero-coupon
bond, we must assume that the price of the zero-coupon bond is lognormally distributed. If we also
apply Black’s formula for the pricing of a European option on a coupon bond, we must assume that
the price of the coupon bond is lognormally distributed. Since the price of the coupon bond is a
weighted average of the prices of zero-coupon bonds, cf. (1.2) on page 6, and a sum of lognormally
distributed random variables is not lognormally distributed, the assumptions are inconsistent.’
Similarly, the swap rate is a linear combination of forward rates according to (2.27) on page 37.

When Black’s formula is applied for the pricing of caplets, it is implicitly assumed that the relevant

4These considerations are taken from Rebonato (1996, Sec. 1.4).

5 A similar problem is present when the Black-Scholes-Merton formula is used both for the pricing of options on a
stock index and options on the individual stocks. If the prices of the individual stocks are lognormally distributed,
the value of the index will not be lognormally distributed. However, it can be shown that the distribution of a sum
of “many” lognormally distributed random variables is very accurately approximated by a lognormal distribution

with carefully selected parameters, cf. Turnbull and Wakeman (1991).
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forward rates are lognormally distributed. Then the swap rate will not be lognormally distributed,
so that it is inconsistent to use Black’s formula for swaptions also. Furthermore, lognormality
assumptions for both interest rates and bond prices are inconsistent.

Several research papers suggest other models for bond option pricing that are also based on
specific assumptions on the evolution of the price of the underlying bond. The most prominent
examples are Ball and Torous (1983) and Schaefer and Schwartz (1987). A critical analysis of such
models can be seen in Rady and Sandmann (1994). A problem in applying these models is that the
assumptions on the price dynamics for different bonds may be inconsistent, and hence the option
pricing formula obtained in the model will only be valid for options on one particular bond.

To ensure consistent pricing of different fixed income securities we must model the evolution of
the entire term structure of interest rates. In many of the consistent term structure models we shall
discuss in the following chapters, we will obtain relatively simple and internally consistent pricing
formulas for many of the popular fixed income securities. As we shall see in Chapter 11, it is in
fact possible to construct consistent term structure models in which Black’s formula is the correct
pricing formula for some securities, but, even in those models, applications of Black’s formula for

different classes of securities are inconsistent.

6.7 An overview of continuous-time term structure models
Economists and financial analysts apply term structure models in order to

e improve their understanding of the way the term structure of interest rates is set by the

market and how it evolves over time,
e price fixed-income securities in a consistent way,

e facilitate the management of the interest rate risk that affects the valuation of individual

securities, financial investment portfolios, and real investment projects.

As we shall see in the following chapters, a large number of different term structure models has been
suggested in the last three decades. All the models have both desirable and undesirable properties
so that the choice of model will depend on how one weighs the pros and the cons. Ideally, we seek

a model which has as many as possible of the following characteristics:®

(a) flexible: the model should be able to handle most situations of practical interest, i.e. it

should apply to most fixed income securities and under all likely states of the world;

(b) simple: the model should be so simple that it can deliver answers (e.g. prices and hedge

ratios) in a very short time;

(c) well-specified: the necessary input for applying the model must be relatively easy to observe

or estimate;
(d) realistic: the model should not have clearly unreasonable properties;

(e) empirically acceptable: the model should be able to describe actual data with sufficient

precision;

6The presentation is in part based on Rogers (1995).
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(f) theoretically sound: the model should be consistent with the broadly accepted principles

for the behavior of individual investors and the financial market equilibrium.

No model can completely comply with all these objectives. A realistic, empirically acceptable, and
theoretically sound model is bound to be quite complex and will probably not be able to deliver
prices and hedge ratios with the speed requested by many practitioners. On the other hand, simpler

models will have inappropriate theoretical and/or empirical properties.

6.7.1 Overall categorization

We can split the many term structure models into two categories: absolute pricing models and
relative pricing models. An absolute pricing model of the term structure of interest rates aims
at pricing all fixed-income securities, both the basic securities, i.e. bonds and bond-like contracts
such as swaps, and the derivative securities such as bond options and swaptions. In contrast,
a relative pricing model of the term structure takes the currently observed term structure of
interest rates, i.e. the prices of bonds, as given and aims at pricing derivative securities relative
to the observed term structure. The same distinction can be used for other asset classes. For
example, the Black-Scholes-Merton model is a relative pricing model since it prices stock options
relative to the price of the underlying stock, which is taken as given. An absolute stock option
pricing model would derive prices of both the underlying stock and the stock option.

Absolute pricing models are sometimes referred to as equilibrium models, while relative pricing
models are called pure no-arbitrage models. In this context the term equilibrium model does not
necessarily imply that the model is based on explicit assumptions on the preferences and endow-
ments of all market participants (including the bond issuers, e.g. the government) which in the end
determine the supply and demand for bonds and therefore bond prices and interest rates. Indeed,
many absolute pricing models of the term structure are based on an assumption on the dynamics of
one or several state variables and stipulated relations between the short rate and the state variables
and between the market prices of risk and the state variables. These assumptions determine both
the current term structure and the dynamics of interest rates and prices of fixed income securi-
ties. These models do not explain how these assumptions are produced by the actions of market
participants. Nevertheless, it is typically possible to justify the assumptions of these models by
some more basic assumptions on preferences, endowments, etc., so that the model assumptions are
compatible with market equilibrium; see the discussion and the examples in Section 5.4. The pure
no-arbitrage models offer no explanation to why the current term structure is as observed.

We can also divide the term structure models into diffusion models and non-diffusion models.
Again, by a diffusion model we mean a model in which all relevant prices and quantities are
functions of a state variable of a finite (preferably low) dimension and that this state variable
follows a Markov diffusion model. A non-diffusion model is a model which does not meet this
definition of a diffusion model. While the risk-neutral pricing techniques are valid both in diffusion
and non-diffusion models, the PDE approach can only be applied in diffusion models. All well-
known absolute pricing models of the term structure are diffusion models. In contrast, relative
pricing models are typically formulated as non-diffusion models at the outset, which is natural since
the evolution of the entire term structure must be modeled and the term structure consists of, in

principle, infinitely many values. In order to enjoy the benefits of diffusion models, non-diffusion
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models are sometimes successfully reformulated as diffusion models. We will consider examples of
this idea in Chapter 10.

6.7.2 Some frequently applied models

Apparently, the first dynamic model of the term structure of interest rates was introduced by
Merton (1970). His model is a diffusion model with a single state variable, which is the short-term
interest r; itself. It makes good sense to use an interest rate as the state variable in models of
bond prices and other interest rate derivatives. There is an obvious practical advantage in using
the short rate as the state variable. As we have seen above it is necessary to specify how the short
rate depends on the state variable chosen, which is evident when the short rate itself is the state
variable. Furthermore, if another state variable x is used and r; is a monotonic function of z;, we
can express all relevant functions in terms of r instead of x. Therefore we might as well use r as
the state variable from the beginning. Merton’s assumptions imply that the short rate follows a

generalized Brownian motion under the risk-neutral probability measure, i.e.
dry = ¢dt + Bdz2, (6.63)

where ¢ and [ are constants.

Following Merton’s idea, many other one-factor diffusion models with r as the single state
variable have been suggested in the literature. They all take a certain risk-neutral dynamics of the
short rate of the form

dry = &(ry) dt + B(ry) clz,i@7

where & and 3 are well-behaved functions. Either the functional form of & is assumed directly or it
is derived from assumptions on the real-world drift o and the market price of risk A. If the model
should be used for more than just computing prices at a given date, it is necessary to know both «
and A. The pricing differences between the models stem from differences in the specification of the
functions & and (. It turns out that models in which & and 3 are affine functions of the current
value of r are particularly tractable and allow many closed-form pricing equations to be derived.”
Such models are called affine models.

The two most famous term structure models are the one-factor affine diffusion models intro-
duced by Vasicek (1977) and Cox, Ingersoll, and Ross (1985b). In the Vasicek model the basic
assumption is that the short rate follows an Ornstein-Uhlenbeck process, cf. Section 3.8.2, and that

the market price of risk is constant, i.e.
dry = k[0 — ] dt + B dze, A+ = )\ constant. (6.64)

The risk-neutral drift of the short rate is then x[0 — ] — A = (k8 — BA) — k¢, which is affine in r;.
The variance rate is simply (32, which is constant and hence a (degenerate) affine function of r;. In
the Cox-Ingersoll-Ross (or CIR) model the assumption is that the short rate follows a square-root
process, cf. Section 3.8.3, and that the market price of risk is proportional to the square-root of

the short rate, i.e.
d’l"t = 5[9 — 7“,5] dt + ﬁ\/ﬁdzt, /\t = )\\/E (665)

7A function of the form f(z) = ap + a1z is affine in x. The function is only linear in a strict mathematical

terminology if ag = 0.
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The risk-neutral drift of the short rate is then k[0 — ;] — SAry = k0 — (k + B\)r¢, which is affine
in r;. The variance rate is 3r;, which is also affine in r;. Chapter 7 provides a detailed analysis
of these most important one-factor diffusion models and mentions a number of other, non-affine
one-factor models.

A common problem for the one-factor models is that because all bond prices are assumed to be
affected by a single exogenous variable, the price changes in any two bonds over an infinitesimal
time period will be perfectly correlated, which conflicts with empirical evidence. Empirical studies
by for example Litterman and Scheinkman (1991) and Stambaugh (1988) conclude that at least
two, and perhaps three or four, state variables are necessary for the model to give a reasonable
description of actual yield curve movements. This motivates the study of multi-factor diffusion
models. In these models, the short rate is assumed to be a function of several state variables and
each of these state variables are assumed to follow some diffusion process. Again it is common to
distinguish between affine models and non-affine models, where an affine model is a model in which
the risk-neutral drift rates and the variance and covariance rates of the state variables are affine
functions of the current value of the state variables. Beaglehole and Tenney (1991) and Longstaff
and Schwartz (1992a) have suggested two-factor affine models that extend the Vasicek model and
the CIR model, respectively. We will review these and other multi-factor models in Chapter 8.

The one- and multi-factor diffusion models are absolute pricing models. They involve a small
number of state variables and constant parameters. The derived prices and interest rates will also
be functions of the state variables and these few parameters. Consequently, the resulting term
structure of interest rates cannot typically fit the currently observed term structure perfectly. If
the main application of the model is to price derivative securities, this mismatch is troublesome.
If the model is not able to price the underlying securities (i.e. the zero-coupon bonds) correctly,
why trust the model prices for derivative securities? To completely avoid this mismatch one must
apply relative pricing models for the derivative securities.

We divide the relative pricing models of the term structure into three subclasses: calibrated
diffusion models, Heath-Jarrow-Morton (HJM) models, and market models. The common starting
point of all these models is to take the current term structure as given and then model the risk-
neutral dynamics of the entire term structure. This is done very directly in the HJM models and
the market models. The HJM models are based on assumptions about the dynamics of the entire
curve of instantaneous, continuously compounded forward rates, T+ f{. It turns out that only
the volatility structure of the forward rate curve needs to specified in order to price term structure
derivatives. We will discuss the general HJM model and various concrete models in Chapter 10.
The market models are closely related to the HJM models, but focus on the pricing of money
market products such as caps, floors, and swaptions. These products involve LIBOR rates that
are set for specific periods, e.g. 3 months, 6 months, and 12 months, with a similar compounding
period. The market models are all based on as assumption about a number of forward LIBOR
rates or swap rates. Again, only the volatility structure of these rates needs to be specified. Market
models are studied in Chapter 11. The third subclass of relative pricing models consists of so-called
calibrated diffusion models. These models can be seen as extensions of absolute pricing models of
the diffusion type. The basic idea is to replace one of the constant parameters in a diffusion model
by a suitable deterministic function of time that will make the term structure of the model exactly

match the currently observed term structure in the market. These calibrated diffusion models can
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be reformulated as HJM models, but since they are developed in a special way we treat them

separately in Chapter 9.

6.8 Concluding remarks

This chapter has further developed the consequences of asset pricing theory for the term struc-
ture modeling and derivatives pricing. The results obtained will be applied to specific models of

the term structure of interest rates in the following chapters.



Chapter 7

One-factor diffusion models

7.1 Introduction

This chapter is devoted to the study of one-factor diffusion models of the term structure of
interest rates. They all take the short rate as the sole state variable and, hence, implicitly assume
that the short rate contains all the information about the term structure that is relevant for pricing
and hedging interest rate dependent claims. All the models assume that the short rate is a diffusion

process
dry = are, t) dt + B(r, t) dzy, (7.1)

where z = (2;)1>0 is a standard Brownian motion under the real-world probability measure P. The
market price of risk at time ¢ is of the form A(r¢,t). The short rate dynamics under the risk-neutral

probability measure Q (i.e. the spot martingale measure) is therefore

dry = a(re, t) dt + B(ry, ) dz2, (7.2)

where 20 = (z?) is a standard Brownian motion under Q, and

a(r,t) = a(r,t) — Blr,t)A(r, t).

We let § C R denote the value space for the short rate, i.e. the set of values which the short rate
can have with strictly positive probability.!

A model of the type (7.2) is called time homogeneous if & and § are functions of the interest
rate only and not of time. Otherwise it is called time inhomogeneous. In the time homogeneous
models the distribution of a given variable at a future date depends only on the current short
rate and how far into the future we are looking. For example, the distribution of 7., given
ry = r is the same for all values of ¢t — the distribution depends only on the “horizon” 7 and the
initial value r. Similarly, asset prices will only depend on the current short rate and the time to
maturity of the asset. For example, the price of a zero-coupon bond B} = BT (ry,t) only depends
on r; and the time to maturity T — ¢, cf. Theorem 7.1 below. In time inhomogeneous models,
these considerations are not valid, which renders the analysis of such models more complicated.
Furthermore, time homogeneity seems to be a realistic property: why should the drift and the

volatility of the short rate depend on the calendar date? Surely, the drift and the volatility change

1Recall that since the real-world and the risk-neutral probability measures are equivalent, the process can have

exactly the same values under the different probability measures.
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over time, but this is due to changes in fundamental economic variables, not just the passage of
time. However, time inhomogeneous models have some practical advantages, which makes them
worthwhile looking at. We will do that in Chapter 9. In the present chapter we consider only time
homogeneous models.

We will focus on the pricing of bonds, forwards and futures on bonds, Eurodollar futures, and
European options on bonds within the different models. As discussed in Chapter 2, these option
prices lead to prices of other important assets such as caps, floors, and European swaptions. The
pricing techniques applied are those developed in Chapters 4 and 6: solution of a partial differential
equation (PDE) or computation of the expected payoff under a suitable martingale measure.

In Section 7.2 we will consider some general aspects of the so-called affine models. Then in
Sections 7.3-7.5 we will look at three specific affine models, namely the classical models of Merton
(1970), Vasicek (1977), and Cox, Ingersoll, and Ross (1985b). Some non-affine models are outlined
and discussed in Section 7.6. Section 7.7 gives a short introduction to the issues of estimating
the parameters of the models and testing to what extent the models are supported by the data.

Finally, Section 7.8 offers some concluding remarks.

7.2 Affine models

In a time homogeneous one-factor model, the dynamics of the short rate is of the form
dry = a(ry) dt + B(ry) dz2

under the risk-neutral (spot martingale) measure Q. The fundamental PDE of Theorem 6.2 on

page 126 is then

oP _oP 1 ,0°P B
E(r, t)+ oz(r)a—r(r, t)+ §ﬁ(r) W(T’ t)—rP(r,t) =0, (rt)edx][0,T), (7.3)

with the terminal condition
P(r,T)=H(r), re€S§, (7.4)

where the function H denotes the interest rate dependent payoff of the asset.
In this section we will study a subset of this class of models, namely the so-called affine models.
An affine model is a model where the risk-adjusted drift rate &(r) and the variance rate 3(r)? are

affine functions of the short rate, i.e. of the form
a(r) = ¢ — kr, B(r)? = 81 + dor, (7.5)

where ¢, &, 01, and J are constants. We require that §; + dor > 0 for all the values of r which
the process for the short rate can have, i.e. for r € §, so that the variance is well-defined. The
dynamics of the short rate under the risk-neutral probability measure is therefore given by the

stochastic differential equation

dry = (p — ry) dt + /61 + Gory dzg. (7.6)

This subclass of models is tractable and results in nice, explicit pricing formulas for bonds and
forwards on bonds and, in most cases, also for bond futures, Eurodollar futures, and European

options on bonds.
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7.2.1 Bond prices, zero-coupon rates, and forward rates

As before, B denotes the price at time ¢ of a zero-coupon bond giving a payment of 1 unit
of account with certainty at time 7" and nothing at all other points in time. We know that in
a one-factor model, this price can be written as a function of time and the current short rate,
BT = BT(ry,t). The following theorem shows that, in a model of the type (7.6), BT (r,t) is an
exponential-affine function of the current short rate. The proof of this result is based only on
the fact that BT (r,t) satisfies the partial differential equation (7.3) with the terminal condition
BT (r,T) = 1.

Theorem 7.1 In the model (7.6) the time t price of a zero-coupon bond maturing at time T is

given as
BT(’/', t) — B*G(T*t)*b(Tft)r’ (77)

where the functions a(t) and b(T) satisfy the following system of ordinary differential equations:
1
5(sz(T)Q +&b(T) + V(1) —1=0, 7>0, (7.8)
1
a/(7) = $b(r) + 501b(T)* = 0, 7 >0, (7.9)

together with the conditions a(0) = b(0) = 0.

Proof: We will show that the price BT (r,t) in (7.7) is a solution to the partial differential equa-
tion (7.3). Since a(0) = b(0) = 0, the terminal condition BT (r,T) = 1 is satisfied for all r € 8.

The relevant derivatives are

T
OB (rt) = BT (1) (T~ 1) 4 BT — 1)),
%(r, t)=—BT(r,t)b(T — ), (7.10)
%TBQT(T, t) = BT (r,t)b(T — t)%.

After substituting these derivatives into (7.3) and dividing through by B (r,t), we get
1
a' (T —t)+ (T —t)r —b(T — t)a(r) + §b(T —1)2B8(r)> —r=0, (r,t)e8x[0,T). (7.11)

Substituting (7.5) into (7.11) and gathering terms involving r, we find that the functions a and

b must satisfy the equation
1
(a’(T =) = $b(T — ) + 50b(T — t)2>
+ (%62b(T — )2+ BT —t) + V(T —t) — 1) r=0, (r,t)e8x][0,T).

This can only be true if (7.8) and (7.9) hold.? O

Conversely, it can be shown that the zero-coupon bond prices BT (r, ) are only of the exponential-

affine form (7.7), if the drift rate and the variance rate are affine functions of the short rate as

2Suppose A+ Br = 0 for all »r € 8. Given 71,72 € 8, where 71 # r2. Then, A+ Br; = 0 and A + Brs = 0.
Subtracting one of these equations from the other, we get B[ri — r2] = 0, which implies that B = 0. It follows

immediately that A must also equal zero.
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in (7.5).3
The differential equations (7.8)—(7.9) are called Ricatti equations. The functions a and b are
determined by first solving (7.8) with the condition b(0) = 0 to obtain the b-function. The solution

to (7.9) with the condition a(0) = 0 can be written in terms of the b-function as
7 1 T 9
a(r) =¢ [ blu)du— 361 [ b(u)du, (7.12)
0 0

since a(1) = a(r) — a(0) = [, a/(u) du. For many frequently applied specifications of ¢, &, 61, and
02, explicit expressions for a and b can be obtained in this way. For other specifications the Ricatti
equations can be solved numerically by very efficient methods. In all the models we will consider,
the function b(7) is positive for all 7. Consequently, bond prices will be decreasing in the short
rate consistent with the traditional relation between bond prices and interest rates.

Next, we study the yield curves in the affine models (7.6). The zero-coupon rate at time ¢
for the period up to time T is denoted by y! and is also a function of the current short rate,

yl = yT (ry,t). With continuous compounding we have

BT<T', t) — e—yT(r,t)(T—t)’

cf. (1.10) on page 9. It follows from (7.7) that

InBT(r,t) a(T—t) b(T—t)
T = — ? =
v == Tt  T-t (7.13)

i.e. any zero-coupon rate is an affine function of the short rate. If b is positive, all zero-coupon rates
are increasing in the short rate. An increase in the short rate will induce an upward shift of the
entire yield curve T + y7 (r,t). However, unless b(7) is proportional to 7, the shift is not a parallel
shift since the coefficient b(T — t)/(T —t) is maturity dependent. In the important models, this
coeflicient is decreasing in maturity 7', so that a shift in the short rate affects zero-coupon rates of
short maturities more than zero-coupon rates of long maturities, which seems to be a reasonable

property. Note that the zero-coupon rate for a fixed time to maturity of 7 can be written as
t+71 _ a
Yy t) = —=+ —, (7.14)

which is independent of ¢, which again stems from the time homogeneity of the model.

The forward rate f{ at time ¢ for a loan over an infinitesimally short period beginning at time T
is also given by a function of the current short rate, fI = f7 (r,t). With continuous compounding
we have .

F(r) = 2 D)
’ BT(r,t)’

cf. (1.14) on page 9. From (7.7) we get that
ffmt) =d (T —t) + V(T - t)r. (7.15)

Hence, the forward rates are also affine in the short rate r. For a fixed time to maturity 7, the

forward rate is
FHT () =d' (1) + V' ()r.

3For details see Duffie (2001, Sec. 7E).
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Let us consider the dynamics of the price Bf = BT(r,t) of a zero-coupon bond with a fixed
maturity date 7. Note that we are mostly interested in the evolution of prices and interest rates
in the real world — the martingale measures are only used for deriving the pricing formulas. From

the general asset pricing theory of Chapter 4, we know that the dynamics will be of the form
dBl" = B [(re + o (re,t)A(re, 1)) dt + o™ (ry,t) d2] (7.16)

and from It6’s Lemma the sensitivity term of the zero-coupon bond price is given by

aBT( )

or ’t
mﬁ(ra t)~

ol (r,t) =
In the time homogeneous affine models it follows from (7.10) that the sensitivity term is
ol (r,t) = —b(T — t)B(r). (7.17)

With b(T — t) and 3(r) being positive, o1 (r,t) will be negative. If there is a positive [negative]
shock to the short rate, there will a negative [positive] shock to the zero-coupon bond price. The
volatility of the zero-coupon bond price is the absolute value of o7 (r,t), i.e. b(T — t)3(r). In
equilibrium, risky assets will normally have an expected rate of return that exceeds the locally
riskfree interest rate. This can only be the case if the market price of risk A(r,t) is negative.

When we look at the dynamics of zero-coupon rates, we are often more interested in the
evolution of a rate with a fixed time to maturity 7 = 7" — ¢ (say, the 5 year interest rate) rather
than a rate with a fixed maturity date 7. Hence, we study the dynamics of 47 = yi ™7 = 7 (1, 1)
for a fixed 7. It6’s Lemma and (7.13) imply that

b(7)

——B(re) dz (7.18)
under the real-world probability measure. Here we have used that §%y/0r? = 0 and assumed that
the market price of risk and, therefore, the drift of the short rate under the real-world measure
a(ry) = G&(ry) + A(r¢)B(r¢) is time homogeneous. Similarly, the forward rate with fixed time to

maturity 7 is f7 = f{T7 = f*7(r,t), which by It6’s Lemma and (7.15) evolves as

dff = b (1)a(ry) dt + ' (7)B(re) dz:.

7.2.2 Forwards and futures

Theorem 2.1 on page 23 offers a general characterization of forward prices on zero-coupon bonds.
Letting F'7*%(r,t) denote the forward price at time ¢ with a current short rate of r for delivery at
time T of a zero-coupon bond maturing at time S, we have that F7%(r,t) = BS(r,t)/BT (r,t). In

the affine models where the zero-coupon price is given by (7.7), the forward price becomes
FTS(rt) = exp{—[a(S —t) —a(T — t)] — [b(S —t) — b(T —t)] r}, (7.19)

where the functions a and b are the same as in Theorem 7.1.
For a futures on a zero-coupon bond we let ®7%(r,t) denote the futures price. From Sec-

tion 6.3.2 we have that the futures price is given by

oS (r,t) = EY, [BY(rp, T)]
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and can be found by solving the partial differential equation (6.30), which in a time homogeneous

one-factor model is

ooTs oo

1 62¢)T’S
o (D) +alr) =5 — () + 56(r)?

Oor?

together with the terminal condition ®7+%(r,T) = BS(r,T). The following theorem characterizes

(r,t) =0, Y(rt)es$x[0,T), (7.20)

the solution.

Theorem 7.2 Assume an affine model of the type (7.6). For a futures contract with final settle-
ment date T and a zero-coupon bond maturing at time S as the underlying asset, the futures price

at time t with a short rate of r is given by
(I)T’S(T', t) _ efd(Tft)fl;(Tft)r7 (721)

where the functions a(t) and 5(7’) satisfy the following system of ordinary differential equations:

%525(7)2 R + B (1) =0, Te(0,T), (7.22)
a (1) — ¢b(r) + %515(7)2 =0, 7€(0,7T), (7.23)

with the conditions a(0) = a(S —T) and 5(0) =b(S —T), where a and b are as in Theorem 7.1.
If 65 = 0, we have b(t) = b(T + S —T) — b(7).

The solution to (7.23) with a(0) = a(S — T') can generally be written as

i) = alS—T) + ¢ /O b(u) du — %51 /O b(u)? du. (7.24)

The proof of this theorem is analogous to the proof of Theorem 7.1, since the PDE (7.20) is
almost identical to the PDE (7.3) satisfied by the zero-coupon bond price. The last claim in the
theorem above is left for the reader as Exercise 7.3. The claim implies that, for d; = 0, the futures

price becomes
TS (r,t) = e~ UT—t)=[b(S—t)=b(T—t)]r (7.25)

Comparing with the forward price expression (7.19), we see that, for do = 0, we have
BFT,S( 7t) 8<I>T’S( 7t)

or _ or
FT:5(rt) TS (r t)

i.e. any change in the term structure of interest rates will generate identical percentage changes in
forward prices and futures prices with similar terms.
If the underlying bond is a coupon bond with payments Y; at time 73, it follows from Theo-

rem 2.2 on page 24 that the forward price at time ¢ for delivery at time T is given by

FTeen (e t) = 3 VP T (r,1), (7.26)
T;>T
into which we can insert (7.19) on the right-hand side. From (6.14) we get that the same relation

holds for futures prices:

QT (r 1) = 3 Vi T (1), (7.27)
T;>T

into which we can insert (7.21) on the right-hand side.



7.2 Affine models 150

For Eurodollar futures we have from (6.15) on page 123 that the quoted futures price is
€7 (r,t) = 500 — 400EZ, [(BTT0#(r, T))" '],
which in an affine model becomes
ET(r,1) = 500 — 400 EF, [¢x(0:2+0:200rr [

where a and b are as in Theorem 7.1. Above we concluded that for a futures on a zero-coupon

bond the futures price is given by
(I)T,S(h t) = Egt [BS(T7 T)] _ Egt {efa(sz)fb(SfT)rT} _ efa(Tft)fg(Tft)rv

where @ and b solve the differential equations (7.22)—(7.23) with a(0) = a(S —T), b(0) = b(S —T)).
Analogously, we get that

EQt [ea(o.25)+b(o.25)rT] — o~ a(T=t)=b(T—t)r

where @ and b solve the same differential equations, but with the conditions a(0) = —a(0.25),

b(0) = —b(0.25). In particular, a is given as

T 1 T
a(7) = —a(0.25) + @ / b(u) du — 561 / b(u)? du. (7.28)
0 0
The quoted Eurodollar futures price is therefore
ET (r,t) = 500 — 400 4T D =b(T—)r (7.29)

If 65 = 0, we have b() = b() — b(r + 0.25).

7.2.3 European options on coupon bonds: Jamshidian’s trick

A reasonable affine one-factor model must have the property that bond prices are decreasing in
the short rate, which is the case if the function b(7) is positive. This is true in the specific models
studied later in this chapter. This property can be used to show that a European call option on a
coupon bond can be seen as a portfolio of European call options on zero-coupon bonds. Since this
result was first derived by Jamshidian (1989), we shall refer to it as Jamshidian’s trick.

Let us first recall the notation of Section 2.7. Since prices now depend on the short rate, we let
CE-T:5(r,t) denote the price at time ¢, given the prevailing short rate r; = r, of a European call
option expiring at time T with an exercise price of K written on a zero-coupon bond paying one
unit of account at time S. Here, ¢t < T < §. We also consider an option on a coupon bond with

payments Y; at time T; (i = 1,2,...,n), where T3 < Ts < --- < T},. The price of this bond is

B(T, t) = Z Y;BTl (7", t)a
T; >t
where we sum over all the future payment dates. C'K’T":lf’“(r7 t) denotes the price at time ¢ of
a Furopean call with expiry date T', an exercise price of K, and with the coupon bond as its

underlying asset. Jamshidian’s result can then be formulated as follows:
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Theorem 7.3 In an affine one-factor model, where the zero-coupon bond prices are given by (7.7)

with b(T) > 0 for all T, the price of a European call on a coupon bond is
CvK,T,cpn(T7 t) — Z Y'iCKi,T,Ti (n t), (730)
T;>T

where K; = BTi(r*,T), and r* is defined as the solution to the equation

B(r*,T) =K. (7.31)
Proof: The payoff of the option on the coupon bond is

max(B(rp, T) — K,0) = max ( > YiBTi(rp,T) - K, o) :
T;>T
Since the zero-coupon bond price BTi(ry,T) is a monotonically decreasing function of the interest
rate rr, the whole sum ZTi>T Y;Bi(rp,T) is monotonically decreasing in 7. Therefore, exactly

one value r* of rp will make the option finish at the money, i.e.

B(r*,T)= > Y;B"(r*,T) = K. (7.32)
T;>T
Letting K; = BTi(r*,T), we have that ETi>T V;K; = K.
For ro < r*,

> YiBTi(rp,T)> Y ViB" (", T) = K,
T,>T T;>T

and
Bi(rp, T) > BT (+*,T) = K;,

so that

max < Z Y; BT (rp,T) — K, 0) = Z Y;BTi(rp, T) — K

T;>T T;>T

Z Y; (BT (r, T) — K;)

T;>T

> Yimax (B" (rp,T) — K;,0) .
T;>T

ES
For ro > r*,

> YiBT(rr T) < Y ViB (" T) = K,
T;>T T;>T

and
BTi(rp, T) < BT (+*,T) = K,

so that

max < Z Y; BT (ry,T) — K, o) =0= Z Y; max (B" (rp, T) — K;,0) .

T,>T T,>T

Hence, for all possible values of r we may conclude that

max(Z Y; BT (rp,T) — K, o) = > Yymax (B"(rp,T) - K;,0) .
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The payoff of the option on the coupon bond is thus identical to the payoff of a portfolio of options
on zero-coupon bonds, namely a portfolio consisting (for each ¢ with T; > T') of Y; options on a
zero-coupon bond maturing at time 7; and an exercise price of K;. Consequently, the value of
the option on the coupon bond at time t < T equals the value of that portfolio of options on

zero-coupon bonds. The formal derivation is as follows:
C’K’T’Cpn(T, t) = Egt [e_ S rudu oy (B(rp,T) — K, O)}

— rQ
- Er,t

e~ Ji rudu Z Y; max (BTf'(?“T,T) — K¢70)‘|
T,>T
_ Z Y;Egt [e_ftT” du ) ax (BTi(TT,T) - Ki,O)}
T;>T
— Z KcKi’T7Ti(Ta t)?

T,>T

which completes the proof. O

To compute the price of a European call option on a coupon bond we must numerically solve
one equation in one unknown (to find r*) and calculate n’ prices of European call options on zero-
coupon bonds, where n’ is the number of payment dates of the coupon bond after expiration of
the option. In the following sections we shall go through three different time homogeneous, affine
models in which the price of a European call option on a zero-coupon bond is given by relatively
simple Black-Scholes type expressions.*

From (6.10) we get that the price of a European call with expiration date T' and an exercise

price of K; which is written on a zero-coupon bond maturing at 7T; is given by
CKoTTi(r t) = BT (r,t) Qry (B (re, T) > K;) — K; BT (r,t) QF, (BT (r1, T) > K) .
In the proof of Theorem 7.3 we found that
BTi(rp,T) > K; & rp <71

for all . Together with Theorem 7.3 these expressions imply that the price of a European call on

a coupon bond can be written as

crTwn () = 3 Vi { BH ) QT < ) = KiBT (1) QL (rr < 1)}

T;>T

> VBT (r, ) QFy(rr < 1) — KB (r,t) QF, (rp < 17).

T;>T

(7.33)

Note that the probabilities involved are probabilities of the option finishing in the money under
different probability measures. The precise model specifications will determine these probabilities

and, hence, the option price.

4As discussed by Wei (1997), a very precise approximation of the price can be obtained by computing the price
of just one European call option on a particular zero-coupon bond. However, since the exact price can be computed
very quickly by Jamshidian’s trick, the approximation is not that useful in these one-factor models, but more

appropriate in multi-factor models. We will discuss the approximation more closely in Chapter 12.
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7.3 Merton’s model
7.3.1 The short rate process

Apparently, the first dynamic, continuous-time model of the term structure of interest rates was
introduced by Merton (1970). In his model the short rate follows a generalized Brownian motion

under the risk-neutral probability measure, i.e.
dry = ¢dt + Bdz2, (7.34)

where ¢ and 3 are constants. This is a very simple time homogeneous affine model with a constant

drift rate and volatility, which contradicts empirical observations. This assumption implies that

rp =1+ QT — )+ Blz2 — 22, t<T. (7.35)

Since zg — z;@ ~ N(0,T —t), we see that, given the short rate r, = r at time ¢, the future short

rate rp is normally distributed under the risk-neutral measure with mean
Efyfrr] = r+ @[T — 1]

and variance
Vargt[rT] = BT —t].

If the market price of risk A(r¢,t) is constant, the drift rate of the short rate under the real-world
probability measure will also be a constant ¢ = ¢ + SA. In this case the future short rate is also
normally distributed under the real-world probability measure with mean r+ @[T —t] and variance
BT 1.

A model (like Merton’s) where the future short rate is normally distributed is called a Gaussian
model. A normally distributed random variable can take on any real valued number, so the value
space § for the interest rate in a Gaussian model is § = R.> In particular, the short rate in
a Gaussian model can be negative with strictly positive probability, which conflicts with both
economic theory and empirical observations. If the interest rate is negative, a loan is to be repaid
with a lower amount than the original proceeds. This allows so-called mattress arbitrage: borrow
money and put them into your mattress until the loan is due. The difference between the proceeds
and the repayment is a riskless profit. Note, however, that in a deflation period the smaller amount
to be repaid may represent a higher purchasing power than the original proceeds, so in such an
economic environment borrowing at negative nominal rates is not an arbitrage. On the other hand,
who would lend money at a negative nominal rate? It is certainly advantageous to keep the money
in the pocket where they earn a zero interest rate. Hence, both nominal and real interest rates

should stay non-negative.®

5Future interest rates may not have the same distribution under the real-world probability measure and the
martingale measures, but we know that the measures are equivalent so that the value space is measure-independent.
6Real-life bank accounts often provide some services valuable to the customer, so that their deposit rates (net of

fees) may be slightly negative.
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7.3.2 Bond pricing

Merton’s model is of the affine form (7.6) with & = 0, §; = 3%, and 62 = 0. Theorem 7.1 implies

that the prices of zero-coupon bonds in Merton’s model are exponentially-affine,
BT (r,t) = e~a(T=)=b(T=t)r (7.36)

According to (7.8), the function b(7) solves the simple ordinary differential equation &'(7) = 1 with
b(0) = 0, which implies that
b(t) =T. (7.37)

The function a(7) can then be determined from (7.12):

T 1 T 1 1
a(t) = ¢/ udu — 552/ u? du = 5@72 - 6ﬂ27'3. (7.38)
0 0

Note that since the future short rate is normally distributed, the future zero-coupon bond prices

are lognormally distributed in Merton’s model.

7.3.3 The yield curve

Let us see which shapes the yield curve can have in Merton’s model. Equation (7.14) implies

that the 7-maturity zero-coupon yield is

1 1
YT =+ 5@7’ — 6527'2.

Hence, for all values of ¢ and 3, the yield curve is a parabola with downward-sloping branches.
The maximum zero-coupon yield is obtained for a time to maturity of 7 = 34/(23?) and equals

r 4 3¢2/(88%). Moreover, yi7 is negative for 7 > 7%, where

c_ 3 (9 @* | 20%r
T_ﬁ2<2+ 4—|- 3 .

From (7.18) we see that in Merton’s model the 7-maturity zero-coupon rate evolves as

dy] = a(ry) dt + S dz

under the real-world probability measure, where a(r;) = @ + SA(r) is the real-world drift rate of
the short-term interest rate. Since dyj is obviously independent of 7, all zero-coupon rates will
change by the same. In other words, the yield curve will only change by parallel shifts. (See also
Exercise 7.1.) We can therefore conclude that Merton’s model can only generate a completely
unrealistic form and dynamics of the yield curve. Nevertheless, we will still derive forward prices,
futures prices, and European option prices, since this illustrates the general procedure in a relatively

simple setting.

7.3.4 Forwards and futures

By substituting the expressions (7.37) and (7.38) into (7.19), we get that the forward price on

a zero-coupon bond under Merton’s assumptions is

1 1 .
FT’S(r,t) = exp {5 [(S —t)? - (T—t)Q] + gﬂQ [(S —t)3 — (T—t)ﬂ — (S - T)T} )
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In Merton’s model dy equals 0, so by Theorem 7.2 the b function in the futures price on a zero-
coupon bond is given by 5(7) =b(tr+S5—-T)—0b(r) =S5 —T. Applying (7.24), the futures price

can be written as
dT5(r, 1) = exp {%@(S ~T)(S+T—2t) — éﬁQ(S ~T)*(2T + S —3t) — (S — T)r} .

Forward and futures prices on coupon bonds can be found by inserting the expressions above
into (7.26) and (7.27).
In Eq. (7.29), we get b(7) = b(1) — b( + 0.25) = —0.25 and from (7.28) we conclude that

1 1 1 1
a(r) = —a(0.25) — 0.25¢T — 5(0.25)2527 = —5(0.25)% + 6(0.25)352 —0.25pT — 5(0.25)%27.
The quoted Eurodollar futures price in Merton’s model is therefore

(E’T(Ta t) = 500 — 400e ~(7)+0.257

7.3.5 Option pricing

To price European options on zero-coupon bonds in Merton’s setting, we shall apply the T-
forward martingale measure technique introduced in Section 6.2.2 on page 117. The price on a
European call option with expiry date T and exercise price K written on a zero-coupon bond

maturing at time S is generally given by
CKTS (1) = BT (r,t) ES, [max (BS(rr, T) — K,0)] . (7.39)

To compute the expectation on the right-hand side we must know the distribution of B (rr,T)
under the T-forward martingale measure given that r, = r. Recall that the forward price for
delivery at time T of a zero-coupon bond expiring at time S according to (2.3) on page 23 is

_ B

7,8
Fy7 =
=

By

In particular, Fi'® = BS is determining the payoff of the option.

We will find the distribution of Bg = B%(ry,T) by deriving the dynamics of the forward
price FtT’S. From Section 6.2.2 we have that the forward price FtT’S is a martingale under the
T-forward martingale measure, so the forward price has a drift rate of zero under this probability
measure. The forward price is a function of the prices of two zero-coupon bonds. We can therefore
determine the volatility of the forward price by an application of It6’s Lemma for functions of
multiple stochastic processes (see Theorem 3.6). First note that the volatility of the forward
price will depend only on the volatilities of the two zero-coupon bond prices, so that we need not
worry about the drift rates of these prices. Also note that volatilities are invariant to changes of
probability measure. In Merton’s model, the relative volatility of the zero-coupon bond maturing
at time S is 09 (ry,t) = —B[S — t], cf. (7.17) and (7.37), so that

dBy =...dt — B[S —t|B dzl',  dBT =...dt— [T —t|BI dzT.
It now follows from It6’s Lemma (check it!) that

dFS = (0% (ry,t) — 0" (ry, 1)) F % daf

7.40
= —B[S - TIF% 2] (740)
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Hence, the forward price follows a geometric Brownian motion with a drift rate of zero (under
the T-forward martingale measure). In particular, In B; =1In FTT S s normally distributed with
variance

o(t, T, S)? = Var?, [mF}S} = B2(S — T)X(T —t) (7.41)
and mean

1
m(t,T,S) = B9, [m FTT’S} = F = St T,8) (7.42)

cf. the analysis of the geometric Brownian motion in Section 3.8.1 on page 56.
We can now compute the price of the call option in (7.39) by an application of Theorem A.4
in Appendix A:

KIS (r ) = BT (r,t) B, [max (FTS (rp, T) — K, 0)]
= B7(r,t) {B, [F"S(r2, T)] N(dy) ~ KN(d2) } (7.43)
= B5(r,t)N(dy) — KB (r,t)N(ds),

where we have used the fact that

EQT [FT’S(T T)] :FT’S(’I" t) _ BS( ’
o BT
Here, d; and ds are given by
m(t,T,5) —InK 1 B3 (r,t) 1
dy = t, T = 1 —v(t, T 44
' O IR T O R <KBT<r,t) T 8), (744)
1 B%(r,t) 1
dy =dy —v(t,T,5) = WL T.5) In (KBT(’I“, t)) - §v(t,T, S), (7.45)

and v(t,T,S) = B[S — T|VT —t.

Note that the pricing formula (7.43) has the same structure as the Black-Scholes-Merton for-
mula: the price on the underlying asset multiplied by one probability minus the present value of
the exercise price multiplied by another probability. In addition, the relevant “uncertainty index”
is here v(¢, T, S), where

v(t, T, S)? = VargtT [lnBS(rT,T)] = Var, [lnBS(rT,T)] ,
which corresponds to the term o?[T — t] = Varg [In St] in the Black-Scholes-Merton formula.

The price of a FEuropean call option on a coupon bond can be found by combining the pricing

formula (7.43) and Jamshidian’s trick of Theorem 7.3:

CRTeon(r 1) = 37 ¥, { BT (r, )N (d}) — K, BT (r, )N (d}) }

T;>T

= > ViB"i(r,t)N(d}) — B"(r,t) > YiK;N(d3) (7.46)
T;>T T;>T

= Y YiB"(r,t)N(d}) — KB"(r,t)N(dy),
T;>T

where
, 1 BTi(r,t) 1
dl = 1 ’ —v(t T ,1—71
VT (KiBTmt)) Tt T,

dy =d\ —v(t, T, Ty),
’U(t,T7 T;) = ﬁ[TZ — T]\/T —t,

and we have used the fact that the d3’s are identical, cf. the discussion at the end of Section 7.2.3.
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7.4 Vasicek’s model
7.4.1 The short rate process

One of the inappropriate properties of Merton’s model is the constant drift of the short rate.
With a constant positive [negative] drift the short rate is expected to increase [decrease] in all the
future which is certainly not realistic. Many empirical studies find that interest rates exhibit mean
reversion in the sense that if an interest rate is high by historical standards, it will typically fall
in the near future. Conversely if the current interest rate is low. Vasicek (1977) assumes that the

short rate follows an Ornstein-Uhlenbeck process:
dry = k[0 — i) dt + B dz, (7.47)

where k, 6, and § are positive constants. Note that this is the dynamics under the real-world
probability measure. As we saw in Section 3.8.2 on page 59, this process is mean reverting. If
ry > 0, the drift of the interest rate is negative so that the short rate tends to fall towards 6. If
ry < 6, the drift is positive so that the short rate tends to increase towards 6. The short rate
is therefore always drawn towards 6, which we call the long-term level of the short rate. The
parameter k determines the speed of adjustment. As in Merton’s model the volatility of the short
rate is constant, which conflicts with empirical studies of interest rates. See Section 3.8.2 for
simulated paths illustrating the impact of the various parameters on the process.

It follows from Section 3.8.2 that Vasicek’s model is a Gaussian model. More precisely, the

future short rate in Vasicek’s model is normally distributed with mean and variance given by

Eni[rr] =0+ (r — 0)e T4, (7.48)
_ ﬁg —2k[T—t]
Var,  [rr] = o (1 —e ) (7.49)

under the real-world probability measure P. As T' — oo, the mean approaches 6 and the variance
approaches (32/(2x). As k — 00, the mean approaches the long-term level § and the variance
approaches zero. As x — 0, the mean approaches the current short rate r, and the variance
approaches 32[T — t]. The current difference between the short rate and its long-term level is
expected to be halved over a time period of length T'— t = (In2) /.

Like other Gaussian models, Vasicek’s model assigns a positive probability to negative values
of the future short rate (and all other future rates), despite the inappropriateness of this property.
Figure 7.1 illustrates the distribution of the short rate %, 1,2,5, and 100 years into the future at
a current short rate of r; = 0.05 and four different parameter combinations. Figure 7.2 shows
the real-world probability of the future short rate ry being negative (given ;) for the same four
parameter constellations. Since (rr — E,.¢[rr])/+/Var,+[rr] is standard normally distributed, this

probability is easily computed as

. _ rr —Epdlrr]  Englrr] _ ~ Epnirr]
Fri(rr < 0) = Prg < v/ Var, [rr] < \/Varr,t[rT]> N ( Varr,t[rT]> ’

into which we can insert (7.48) and (7.49). Clearly, this probability is increasing in the interest

rate volatility § and decreasing in the speed of adjustment k, in the long-term level #, and in the

current level of the short rate r.
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benchmark parameter values are x = 0.36, 8 = 0.05, and 3 = 0.0265.
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For pricing purposes we are interested in the dynamics of the short rate under the risk-neutral
(spot martingale) measure and other relevant martingale measures. Vasicek assumed without any
explanation that the market price of r-risk is constant, A(r,t) = A. As discussed in Section 5.4, it
is possible to construct an equilibrium model resulting in Vasicek’s assumptions. Since absence of
arbitrage is necessary for an equilibrium to exist, it may seem odd that a model allowing negative
interest rates is consistent with equilibrium. The reason is that the model does not allow agents
to hold cash, so that the “mattress arbitrage” strategy cannot be implemented. Therefore, the
equilibrium model supporting the Vasicek model does not eliminate the critique of the lack of
realism of Vasicek’s model.

With A(r,t) = A, the dynamics of the short rate under the risk-neutral measure Q becomes

dry = K[0 — 7] dt + 8 (dz;@ - )\dt)

. (7.50)
= k[0 — 1] dt + Bdz2,

where § = 0 — )3 /k. Relative to the real-world dynamics, the only difference is that the parameter
0 is replaced by 0. Hence, the process has the same qualitative properties under the two probability
measures.

7.4.2 Bond pricing

Vasicek’s model is an affine model since (7.50) is of the form (7.6) with # =k, ¢ = K0, 61 = 32,

and 6o = 0. It follows from Theorem 7.1 that the price of a zero-coupon bond is
BT (r,t) = e~ a(T=)=0(T=t)r (7.51)
where b(7) satisfies the ordinary differential equation
kb(T)+b' (1) —1=0, b0)=0,

which has the solution

1
b(r) = - (1—e"7), (7.52)
and from (7.12) we get
A T 1 2 T 2 o 52 2
a(t) =k0 | blu)du— =f b(u)® du = Yoo [T — b(T)] + =—b(7)". (7.53)
0 2 0 4K
Here we have introduced the auxiliary parameter
i B g M
Yoo = 2k2 ko 2K2
and used that
[ twdu= -, [ b= - - 5ot
| u)du = —(7 7)), | u)du= (7 T 5. 0(7)"

In Section 7.4.3 we shall see that y., is the “long rate”, i.e. the limit of the zero-coupon yields as
the maturity goes to infinity.
Let us look at some of the properties of the zero-coupon bond price. Simple differentiation

yields
32 BT

W(r, t) = b(T — t)2B(r, ).

W(Ta t) = 7b(T - t)BT(Tv t)a
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Figure 7.3: The price of a 5 year zero-coupon bond as a function of the speed of adjustment parameter x
for different values of the current short rate . The other parameter values are § = 0.05, § = 0.03,
and A = —0.15.

Since b(7) > 0, the zero-coupon price is a convex, decreasing function of the short rate.

The dependence of the zero-coupon bond price on the parameter « is illustrated in Figure 7.3.
A high value of k implies that the future short rate is very likely to be close to 8, and hence the
zero-coupon bond price will be relatively insensitive to the current short rate. For k — oo, the
zero-coupon bond price approaches exp{—6[T — t]}, which is 0.7788 for # = 0.05 and T'— ¢t =5 as
in the figure.” Conversely, the zero-coupon bond price is highly dependent on the short rate for
low values of k. If the current short rate is below the long-term level, a high x will imply that
ftT ru du is expected to be larger (and exp{— ftT ro du} smaller) than for a low value of . In this
case, the zero-coupon bond price BT (r,t) = E(gt [exp (— i) tT Tu du)} is thus decreasing in x. The
converse relation holds whenever the current short rate exceeds the long-term level.

Clearly, the zero-coupon price is decreasing in 6 as shown in Figure 7.4 since with higher 6
we expect higher future rates and, consequently, a higher value of ftT ry du. The prices of long
maturity bonds are more sensitive to changes in 6 since in the long run € is more important than
the current short rate.

Figure 7.5 shows the relation between zero-coupon bond prices and the interest rate volatility (.
Obviously, the price is not a monotonic function of 5. For low values of 8 the prices decrease in 3,
while the opposite is the case for high (-values. Long-term bonds are more sensitive to 8 than
short-term bonds.

Figure 7.6 illustrates how the zero-coupon bond price depends on the market price of risk
parameter A\. Formula (7.16) on page 148 implies that the dynamics of the zero-coupon bond price

Bl = BT (r,t) can be written as
dBT = B;‘F [(rt + )\O'T(Tt,t)) dt + O'T(Tt,t) dzt] ,

where o1 (r;,t) = —b(T —t)[3 is negative. The more negative X is, the higher is the excess expected

return on the bond demanded by the market participants, and hence the lower the current price.

"Note that § goes to 0 for kK — oco.
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Figure 7.4: The price of a zero-coupon bond BT (r,t) as a function of the long-term level 6 for
different combinations of the time to maturity and the current short rate. The other parameter values
are Kk = 0.3, 8 =0.03, and A = —0.15.
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Figure 7.5: The price of a zero-coupon bond BT (r,t) as a function of the volatility parameter 3 for
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fixed parameters are kK = 0.3, # = 0.05, and A = —0.15.
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Figure 7.6: The price of zero-coupon bonds B (r,t) as a function of ) for different combinations of
the time to maturity 7'—t and the current short rate . The values of the fixed parameters are k = 0.3,
6 = 0.05, and 8 = 0.03.

Again the dependence is most pronounced for long-term bonds.

We can also see that the price volatility |07 (r,t)| = b(T — t)3 is independent of the interest
rate level and is concavely, increasing in the time to maturity. Also note that the price volatility
depends on the parameters x and 3, but not on 6 or .

Finally, Figure 7.7 depicts the discount function, i.e. the zero-coupon bond price as a function of
the time to maturity. Note that with a negative short rate, the discount function is not necessarily
decreasing. For 7 — oo, b(7) will approach 1/k, whereas a(7) — —o0 if Yoo < 0, and a(7) — +o0
if Yoo > 0. Consequently, if y,, > 0, the discount function approaches zero for T' — oo, which is a
reasonable property. On the other hand, if y., < 0, the discount function will diverge to infinity,
which is clearly inappropriate. The long rate y., can be negative if the ratio 3/« is sufficiently

large.

7.4.3 The yield curve

From (7.13) on page 147 the zero-coupon rate y” (r,t) at time ¢ for maturity 7 is

T _a(T—t)  b(T—t)
y (rt) = T3 T "
Straightforward differentiation results in
52
a'(T) = yoo[1l = V'(T)] + %b(T)b/(T), (7.54)
V(r)=e"", (7.55)

lim M =1 and lim @ =0,

T—0 T 7—0 T
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Figure 7.7: The price of zero-coupon bonds B (r,t) as a function of the time to maturity 7' —t. The
parameter values are k = 0.3, 8 = 0.05, 3 = 0.03, and A = —0.15.

and thus
Jim y" (r, 1) =,
i.e. the short rate is exactly the intercept of the yield curve as it should be. Similarly, it can be
shown that
b(7) a(7)

lim —= =0 and lim —= =y,
T—00 T T—00o T

so that
lim y" (r, 1) = Yoo
T—o00
The “long rate” yo is therefore constant and, in particular, not affected by changes in the short

rate. The following theorem lists the possible shapes of the zero-coupon yield curve T+ y7 (r,t)

under the assumptions of Vasicek’s model.

Theorem 7.4 In the Vasicek model the zero-coupon yield curve T +— yT (r,t) will have one of

three shapes depending on the parameter values and the current short rate:
(i) If r < Yoo — %, the yield curve is increasing;
(ii) if r > Yoo + %, the yield curve is decreasing;

(iii) for intermediate values of r, the yield curve is humped, i.e. increasing in T up to some

maturity T and then decreasing for longer maturities.

Proof: The zero-coupon rate y” (r,t) is given by

) = e

_ b(T —t) (B
=Yoot T <Eb(T_t)+7"—yoo>,
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where we have inserted (7.53). We are interested in the relation between the zero-coupon rate and
the time to maturity 7' — t, i.e. the function Y (7) = y**"(r,t). Defining h(7) = b(7)/7, we have
that
ﬁZ
V() = et 1) (00 470 )

A straightforward computation gives the derivative

ﬂQ

Y'(1) = h(7) (Eb(ﬂ +r— yoo) + h(T)efmﬂ—z

4K’

where we have applied that b'(7) = e™*7. Introducing the auxiliary function

atr) =b(r) + MO
we can rewrite Y'(7) as
Y'(1) =1 (7) (r — Yoo + f—ng(T)) . (7.56)

Below we will argue that h'(7) < 0 for all 7 and that g(7) is a monotonically increasing function
with ¢(0) = —2/k and g(7) — 1/k for 7 — co. This will imply the claims of the theorem as can
be seen from the following arguments. If 7 — yo, + (3%/(4k%) < 0, then the parenthesis on the
right-hand side of (7.56) is negative for all 7. In this case Y'(7) > 0 for all 7, and hence the
yield curve will be monotonically increasing in the maturity. Similarly, the yield curve will be
monotonically decreasing in maturity, i.e. Y'(7) < 0 for all 7, if  — yoo — 3%/(25%) > 0. For the
remaining values of r the expression in the parenthesis on the right-hand side of (7.56) will be

negative for 7 € [0,7*) and positive for 7 > 7*, where 7* is uniquely determined by the equation

2

B «
— Yoo > =0.
"= Yoo + 4Hg(T )

In that case the yield curve is “humped”.

Now let us show that h/(7) < 0 for all 7. Simple differentiation yields h'(7) = (e~ *"7—b(7)) /72,
which is negative if e 77 < b(7) or, equivalently, if 1+x7 < €7, which is clearly satisfied (compare
the graphs of the functions 1 + z and e?).

Finally, by application of 'Hopital’s rule, it can be shown that ¢(0) = —2/k and g(7) — 1/k
for 7 — oco. By differentiation and tedious manipulations it can be shown that g is monotonically

increasing. ]

Figure 7.8 shows the possible shapes of the yield curve. For any maturity the zero-coupon
rate is an increasing affine function of the short rate. An increase [decrease] in the short rate will
therefore shift the whole yield curve upwards [downwards]. The change in the zero-coupon rate
will be decreasing in the maturity, so that shifts are not parallel. Twists of the yield curve where
short rates and long rates move in opposite directions are not possible.

According to (7.15) on page 147, the instantaneous forward rate f7(r,t) prevailing at time ¢ is
given by

fr(rt) =d (T —t) + V(T —t)r.



7.4 Vasicek’s model

165

10%

zero-coupon yield

0% } } } } T T T T T
0 2 4 6 8 10 12 14 16 18 20
years to maturity, T-t

Figure 7.8: The yield curve for different values of the short rate. The parameter values are k = 0.3,
0 =0.05, 8 =0.03, and A = —0.15. The long rate is then y,, = 6%. The yield curve is increasing for
r < 5.75%, decreasing for r > 6.5%, and humped for intermediate values of r. The curve for r = 6%

exhibits a very small hump with a maximum yield for a time to maturity of approximately 5 years.

Applying (7.54) and (7.55) this expression can be rewritten as

ity =— (1 — e_"‘[T_f’]) (6—2 (1 — e_”[T_t}) - é) + e R T=y

2K2

2
— (1 _ e_H[T—t]) (yw + %e—K[T—t]> 4 e—rIT—t,.

(7.57)

Because the short rate can be negative, so can the forward rates.

7.4.4 Forwards and futures

The forward price on a zero-coupon bond in Vasicek’s model is obtained by substituting the

functions b and a from (7.52) and (7.53) into the general expression
F15(r,t) = exp {~[a($ — ) — a(T — t)] = [b(S — ) = b(T — t)]r},

cf. (7.19).

In Vasicek’s model the 5 parameter in the general dynamics (7.6) is zero, so that the b function
involved in the futures price on a zero-coupon bond, ®7%(r,t) = e’a(T’t)*E(T’t)r, according to
Theorem 7.2 is

b(r)=b(r+S—T)—b(r) =e " b(S —T).

Substituting this into (7.24) we get that the a function in the futures price expression is
~ T 1 T
a(r) = a(S — T) + x6b(S — T) / e~ du— L (s ~ T / .
0 0

— a(S — T) + rfb(S — T)b(r) — %5%(5 )2 (b(f) - %m(ﬂ?) .
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Forward and futures prices on coupon bonds are found by inserting the formulas above into (7.26)
and (7.27).
For Eurodollar futures, (7.29) implies that the quoted price is given by

ET(r,1) = 500 — 400e—a(T—D=HT=0)r
and since d, = 0, we have b(7) = b(7) — b(r + 0.25) = —b(0.25)e™*". From (7.28) we get that
A T 1 T
d(T) = —a(0.25) — K6‘b(0.25)/ e "du — 552()(0.25)2/ 2R o,
0 0

= —a(0.25) — KOH(O.25)0(r) — L F*b(0.25)" (b(T) - %mb(r)2> .

7.4.5 Option pricing

To find the price of a European call option on a zero-coupon bond in Vasicek’s model we follow

the same procedure as in Merton’s model. The price can generally be written as
CETS (1) = B (r,t) ES, [max (F7S(rp, T) — K,0)]

where FT%(rp, T) = B%(rp, T'). We seek the distribution of the forward price Fg,s = FT5(rp, T)
under the T-forward martingale measure Q7. We have already seen that o (r,t) = —£b(S — t)

in Vasicek’s model, so that the dynamics of the forward price becomes

dFtT’S = (O'S(’I“t, t) — O’T(’I“t, t)) FtT’S dth

= —B[b(S —t) — b(T — t)|F,"5 dzF . (7.58)

Hence, the forward price follows a geometric Brownian motion with a drift rate of zero and a time-
dependent volatility (under the T-forward martingale measure). In particular, In B; =In FIT S s

normally distributed with variance

T T
u(t, T, 8) = Var?, {mFTT’S} = 52/ [B(S — u) — b(T — w))? du
5 0 (7.59)
I _ —K[S-T] _ L —2k[T—t]
g (1= e (el
and mean )
m(t,T,S) = B9, [m FTTﬁ} =mF — S0t 1,87 (7.60)
cf. Section 3.8.1 on page 56. Theorem A.4 in Appendix A now implies that
CETS () = BT (r,t) B, [max (FTS(rp, T) — K, 0)]
— BT(r,t) {E‘Sf [F7S (rp, T)] N(dy) — KN(dQ)} (7.61)
= B%(r,t)N(dy) — KB (r,t)N(ds),
where
1 Bs(r t) 1
h=TaTeh <KBT(r,t)> + v T, 9), (7.62)
dg = d1 - 'U(t, T, S) (763)

This result was first derived by Jamshidian (1989).



7.4 Vasicek’s model

167

0.25

R T S e 07
K=0.75
K=0.8

K=0.85

price of call on a zero-coupon bond

K=0.9

-0.02 0 0.02 0.04 0.06 0.08 0.1 0.12
the short rate, r

Figure 7.9: The price of a European call option on a zero-coupon bond as a function of the current
short rate . The option expires in T'— ¢t = 0.5 years, while the bond matures in S —t = 5 years. The
prices are computed using Vasicek’s model with parameter values 5 = 0.03, Kk = 0.3, 8 = 0.05, and
A= —0.15.

Figure 7.9 illustrates how the call price depends on the current short rate. An increase in
the short rate has the effect that the present value of the exercise price decreases, which leaves
the call option more valuable. This effect is known from the Black-Scholes-Merton stock option
formula. For bond options there is an additional effect. When the short rate increases, the price of
the underlying bond decreases, which will lower the call option value. According to the figure, the
latter effect dominates at least for the parameters used when generating the graph. See Exercise 7.2
for more on the relation between the call price and the short rate.

The relation between the call price and the interest rate volatility 3 is shown in Figure 7.10.
An increase in § yields a higher volatility on the underlying bond, which makes the option more
valuable. However, the price of the underlying bond also depends on (3. As shown in Figure 7.5,
the bond price will decrease with 8 for low values of 3, and this effect can be so strong that the
option can decrease with (.

Because the function b(7) is strictly positive in Vasicek’s model, we can apply Jamshidian’s

trick of Theorem 7.3 for the pricing of a European call option on a coupon bond:

CETen(r ) = N Vi {BT(r, )N (d}) — K; BT (r,t)N(db) }
S VBT (r, )N (d}) — KB (r,t)N(d}),

T:>T

(7.64)

where K; is defined as K; = BT:(r*,T), r* is given as the solution to the equation B(r*,T) = K,
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Figure 7.10: The price of a European call option on a zero-coupon bond as a function of the interest
rate volatility 3. The option expires in T' — t = 0.5 years, while the bond matures in 7 —t = 5 years.
The prices are computed using Vasicek's model with the parameter values k = 0.3, § = 0.05, and
A= —0.15.

and

; 1 BTi(r,t) 1
di = ] ’ So(t. T, T,
LT, T) <KiBT(r,t)> + v T, T,

ds =di —u(t,T,T;),

o(t, T,T;) = \/% (1 - e‘“[Ti—T]) (1 _ e—2n[T—t]>1/2.

Here we have used that we know that all the d’s are identical.

7.5 The Cox-Ingersoll-Ross model
7.5.1 The short rate process

Probably the most popular one-factor model, both among academics and practitioners, was
suggested by Cox, Ingersoll, and Ross (1985b). They assume that the short rate follows a square
root, process

dry = k[0 —r] dt + B/ dzy, (7.65)

where k, 6, and (3 are positive constants. We will refer to the model as the CIR model. Some of
the key properties of square root processes were discussed in Section 3.8.3. Just as the Vasicek
model, the CIR model for the short rate exhibits mean reversion around a long term level 6. The
only difference relative to Vasicek’s short rate process is the specification of the volatility, which is
not constant, but an increasing function of the interest rate, so that the short rate is less volatile
for low levels than for high levels of the rate. This property seems to be consistent with observed

interest rate behavior — whether the relation between volatility and short rate is of the form 8/r
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is not so clear, cf. the discussion in Section 7.7. The short rate in the CIR model cannot become
negative, which is a major advantage relative to Vasicek’s model. The value space of the short
rate in the CIR model is either § = [0, 00) or § = (0,00) depending on the parameter values; see
Section 3.8.3 for details.

As discussed in Section 5.4, the CIR model is a special case of a comprehensive general equi-
librium model of the financial markets developed by the same authors in another article, Cox,
Ingersoll, and Ross (1985a). The short rate process (7.65) and an expression for the market price
of interest rate risk, A(r, ), is the output of the general model under specific assumptions on pref-

erences, endowments, and the underlying technology.® According to the model the market price

_ AT
==

where A on the right-hand side is a constant. The drift of the short rate under the risk-neutral

of risk is
A(r,t)

measure is therefore

a(r,t) — B(r,t)\(r,t) = k[0 —r] — %ﬁﬁ\/; =k0 — (k+ A)r.

Defining & = k + A and ¢ = k6, the process for the short rate under the risk-neutral measure can
be written as
dry = (p — iry) dt + By/ri dz2. (7.66)

Since this is of the form (7.6) with §; = 0 and d; = 3%, we see that the CIR model is also an affine

model. We can rewrite the dynamics as
dry = & [é - n} dt + B/ dz2,

where 6 = k0/(k + X). Hence, the short rate also exhibits mean reversion under the risk-neutral
probability measure, but both the speed of adjustment and the long-term level are different than
under the real-world probability measure. In Vasicek’s model, only the long-term level was changed
by the change of measure.

In the CIR model the distribution of the future short rate rp (conditional on the current short
rate 7¢) is given by the non-central x2-distribution. To be more precise, the probability density

function (under the real-world probability measure) for rp given r; is

fTT\Tt (’I") = fx§q+2,2u (QCT)v

where
2K

= T—t) 2k0
62 (1 _ 67K[T7t]) ’

u = crye "l , q=— —1,

and where f, 2 , (-) denotes the probability density function for a non-centrally x2-distributed ran-
dom variable with a degrees of freedom and non-centrality parameter b. The mean and variance

of rp are
E,ifrr] = 60 + (r — 0)e =T

2,],. _ B B _ 29 B - 9
V] = O (e —emrod) 5 B8 (1 eiron)

81n their general model 7 is in fact the real short-term interest rate and not the nominal short-term interest rate

that we can observe. However, in practice the model is used for the nominal rates.
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Note that the mean is just as in Vasicek’s model, cf. (7.48), while the expression for the variance is
slightly more complicated than in the Vasicek model, cf. (7.49). For T' — oo, the mean approaches
and the variance approaches 63 /(2k). For k — 0o, the mean goes to f and the variance goes to 0.
For £ — 0, the mean approaches the current rate r and the variance approaches 3%r[T — t]. The
future short rate is also non-centrally y2-distributed under the risk-neutral measure, but relative

to the expressions above & is to be replaced by & = k + A and 6 by 6 = kO/(k+ A).

7.5.2 Bond pricing

Since the CIR model is affine, Theorem 7.1 implies that the price of a zero-coupon bond

maturing at time 7' is
BT(Ta t) _ efa(Tft)fb(Tft)r, (767)

where the functions a(7) and b(7) solve the ordinary differential equations (7.8) and (7.9), which

for the CIR model become
1
56217(7)2 + &b(T) + b (1) =1 =0, (7.68)

a' (1) — kOb(t) =0 (7.69)

with the conditions a(0) = b(0) = 0. The solution to these equations is
2(e7m —1)

= G aEe ) (7.70)
o(r) = =257 (12 + 35490~y + e 1+ 1) (.11)
where v = \/m, cf. Exercise 7.4.
Since 55T 92BT
7(7“, t) = —b(T — t)BT(r, 1), W(r, t) = b(T — t)>BT(r, 1)

and b(7) > 0, the zero-coupon bond price is a convex, decreasing function of the short rate.
Furthermore, the price is a decreasing function of the time to maturity; a concave, increasing
function of 32%; a concave, increasing function of \; and a convex, decreasing function of §. The
dependence on k is determined by the relation between the current short rate r and the long-term
level 0: if r > 6, the bond price is a concave, increasing function of k; if r < 6, the price is a
convex, decreasing function of k.

Manipulating (7.16) slightly, we get that the dynamics of the zero-coupon price Bf = BT (r,t)
is

dB{ = B [ri (1= X(T —t)) dt + o™ (14, 1) dz]

where o1 (r,t) = —b(T — t)3+/r. The volatility |07 (r,t)| = b(T — t)3+/7 of the zero-coupon bond
price is thus an increasing function of the interest rate level and an increasing function of the time
to maturity, since b'(r) > 0 for all 7. Note that the volatility depends on & = k + X and S, but

(similar to the Vasicek model) not on 6.

7.5.3 The yield curve

Next we study the zero-coupon yield curve T + 3T (r,t). From (7.13) we have that

yl(r,t) = a(;::tt) b(;::tt) 7.
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It can be shown that 4*(r,#) = r and that
2k0
R+

=1 T =
Voo = iy (r1)
Concerning the shape of the yield curve, Kan (1992) has shown the following result:
Theorem 7.5 In the CIR model the shape of the yield curve depends on the parameter values and
the current short rate as follows:
(1) If & > 0, the yield curve is decreasing for r > $/k = k0/(k + A\) and increasing for 0 < r <
G/y. For ¢/v <r < $/R, the yield curve is humped, i.e. first increasing, then decreasing.
(2) If & <0, the yield curve is increasing for 0 <r < @/v and humped for r > ¢/~.

The proof of this theorem is rather complicated and is therefore omitted. Estimations of the model
typically give & > 0, so that the first case applies. (See references to estimations in Section 7.7.)

The term structure of forward rates T +— f7(r,t) is given by
fE(r,t) =a (T —t)+ (T - t)r,
which using (7.68) and (7.69) can be rewritten as

Tt =r+# [é - r} (T —t) — %ﬁgrb(T — )2, (7.72)

7.5.4 Forwards and futures

The forward price on a zero-coupon bond in the CIR model is found by substituting the

functions b and a from (7.70) and (7.71) into the general expression
FT5(r,t) = exp {~[a($ — ) — a(T — t)] = [b(S — ) = b(T — t)]r},

which is known from (7.19). The forward price on a coupon bond follows from (7.26).
It is more complicated to determine the futures price on a zero-coupon bond in the CIR model
than it was in the models of Merton and Vasicek, due to the fact that the parameter 5 is non-zero

in the CIR model. From Theorem 7.2 we have that the futures price is of the form

(I)T,S(T,’ t) = 67&(T7t)7l~7(T7t)r,

where the function b is a solution to the ordinary differential equation (7.22), which in the CIR
model becomes .

EﬁQi)(T)z +&b(T) + V(1) =0, T€(0,7T),
with the condition b(0) = b(S — T'). Then the function @ can be determined from (7.24), which in

the present case is
a(7) = a(S — T) + xf / b(u) du.
0

The solution is
~ 2kb(S —=1T)
b(r) = - -
() = B8 =T (evr = 1) + 20"

a(r) = a(S - 1) — 201 (M> . (7.74)

(7.73)

3 A\ b(S—T)
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The futures price on a coupon bond follows from (7.27).

According to (7.29) the quoted Eurodollar futures price is
ET(r,t) = 500 — 400e~ =D =HT=0r

where the functions @ and b in the CIR model can be computed to be
. —24b(0.2
b(r) = 025)
—0326(0.25) (€™ — 1) + 2ker™

. 2k0 b(r)er™
a(t) = —a(0.25) — 5 In <— 5(0.25) ) . (7.76)

(7.75)

7.5.5 Option pricing
To price European options on zero-coupon bonds we can try to compute
CETS (1) = BT (r,t) EE, [max (BS(rr, T) — K,0)]

using the distribution of 7 under the T-forward martingale measure Q7 (given 7, = r). However,
this is much more complicated in the CIR model than in the models of Merton and Vasicek.

Another approach is based on (6.10), which states that

CF TS (rt) = BS(r,t) Q) (BS(rp, T) > K) — KB (r,t)Qf (B®(rr, T) > K), (7.77)
where Q° denotes the S-forward martingale measure and Q7' as before, is the T-forward martingale
measure. We have B (rp,T) = exp{—a(S — T) — b(S — T)rz} so that

—InK—-a(S-T)

S
B>(rp,T)>K < 1< (ST

and the option price can be rewritten as

ORI (1) = B0 @ (rr < Tt ) KB QF (< TS MEET )

b(S —T) b(S — 1)

(7.78)
Let us derive the dynamics of r; under the 7-forward martingale measure Q7, where 7 is some
general future date. Then we can afterwards use this with 7 = S and 7 = T to obtain the
two probabilities in the option pricing formula above. The sensitivity term of the price of the

zero-coupon bond maturing at time 7 is o] = —@b(7 — t)/r;. From (6.6) we have that
dz2 = dz] + o] dt = dz] — Bb(T — t)\/r dt.

Combining this with (7.66), we see that we can write the dynamics of the short rate under the

T-forward martingale measure as

dry = (¢ = kre) di + By/re (dz] = Bb(T — t)/ry dt)
=(p— [+ 5%(r—1)]r )dt+ﬂ\/ﬁdzt.

As always the volatility term is not altered when changing the measure. In the drift term the

(7.79)

coefficient on 7; is now a deterministic function of time, but nevertheless future values will still

be non-centrally y2-distributed. The probabilities in (7.78) can therefore be computed from the
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cumulative distribution function of the non-central y?-distribution with appropriate parameters.
We will skip the details and simply state the resulting pricing formula first derived by Cox, Ingersoll,

and Ross:
CRT3(r,t) = B (r t)x*(hu; f.91) = KB (r,4)x*(ha; f. g2), (7.80)

where x2(-; f, g) is the cumulative distribution function for a non-centrally y2-distributed random
variable with f degrees of freedom and non-centrality parameter g. The formula has the same
structure as in the models of Merton and Vasicek, but the relevant distribution function is no

longer the normal distribution function. The parameters f, g;, and h; are given by

f:4ﬁ—*f, =2 (E+ Y+ BS—T)),  hy= 20 +),
_ 2527,67[714] B 2£2T67[T7t]
P erures-1) T ey

and we have introduced the auxiliary parameters

2 R+ a(S—T)+InK

¢ 52 (S -T)

Note that 7 is exactly the critical interest rate, i.e. the value of the short rate for which the option
finishes at the money, since B*(7,T) = K.

To implement the formula, the following approximation of the y2-distribution function is useful:

X2 (hi f,9) = N(d),

=((74)" )
_ 42U +9f +39)

T3 (f+29?
k= (2m®p[1—p(1 —m)(1 —3m)])"*,

where

Il=1+m(m—-1)p-— %m(m —1)(2—=m)(1 = 3m)p?,
_ f+2g

(f+9)?

This approximation was originally suggested by Sankaran (1963) and has subsequently been applied
in the CIR model by Longstaff (1993). For a more precise approximation, see Ding (1992).
Because of the complexity of the formula it is difficult to evaluate how the call price depends
on the parameters and variables involved. Of course, the call price is an increasing function of the
time to maturity of the option® and a decreasing function of the exercise price. An increase in the
short rate r has two effects on the call price: the present value of the exercise price decreases, but
the value of the underlying bond also decreases. According to Cox, Ingersoll, and Ross (1985b),
numerical computations indicate that the latter effect dominates the first so that the call price is

a decreasing function of the interest rate, as we saw it in Vasicek’s model.

9There are no payments on the underlying asset in the life of the option, so a European call is equivalent to an

American call, which clearly increases in value as time to maturity is increased.
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For the pricing of European options on coupon bonds we can again apply Jamshidian’s trick of
Theorem 7.3:

crTern () = Z VBT (r, ) (has; £, 910) — KB (r,6)x* (ha; f, g2), (7.81)
T;>T
where

282pen[T—t]
Y+ (T -T)

and f, ga, &, and ¢ are defined just below (7.80). This result was first derived by Longstaff (1993).

hiy=2r"(E+¢+b(Ti—T)),  ha=2r"(+),  gu

7.6 Non-affine models

The financial literature contains many other one-factor models than those that fit into the
affine framework studied in the previous sections. In this section we will go through the non-affine
models that have attracted most attention, which are models where the future values of the short
rate are lognormally distributed.

An apparently popular model among practitioners is the model suggested by Black and Karasin-
ski (1991) and, in particular, the special case considered by Black, Derman, and Toy (1990), the

so-called BDT model. The general time homogeneous version of the Black-Karasinski model is
d(lnry) = k[0 — Inr,) dt + 3dz2, (7.82)

where k, 8, and ( are constants. Typically, practitioners replace the parameters , 6, and g by
deterministic functions of time which are chosen to ensure that the model prices of bonds and caps
are consistent with current market prices. We will discuss this idea in Chapter 9 and stick to the
model with constant parameters in this section. Relative to the Vasicek model r; is replaced by Inr;
in the stochastic differential equation. Since r7 (given r;) is normally distributed in the Vasicek
model, it follows that Inr7 (given ;) is normally distributed in the Black-Karasinski model, i.e. rp
is lognormally distributed. A pleasant consequence of this is that the interest rate stays positive.
Also this model exhibits a form of mean reversion. Assume that £ > 0. If r; < €?, the drift rate of
In 7y is positive so that 7 is expected to increase. Conversely if r, > e’. The parameter x measures

the speed at which Inr; is drawn towards 6. An application of It6’s Lemma gives that
Lo Q
dry = (| |kO + 55 re — Kkrelnrg | dt + Brydzye.

There are no closed-form pricing expressions neither for bonds nor forwards, futures, and options
within this framework. Black and Karasinski implement their model in a binomial tree in which
prices can be computed by the well-known backward iteration procedure.

In the Black-Karasinski model (7.82) the future short rate is lognormally distributed. Another

model with this property is the one where the short rate follows a geometric Brownian motion
dry = 14 [a dt + 8 dz;@} , (7.83)

where o and (3 are constants. Such a model was applied by Rendleman and Bartter (1980).

However, as the Black-Karasinski model, this lognormal model does not allow simple closed-form
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expressions for the prices we are interested in.'®

In addition to the lack of nice pricing formulas, the lognormal models (7.82) and (7.83) have
another very inappropriate property. As shown by Hogan and Weintraub (1993) these models
imply that, for all ¢,7,S with ¢t <T < .S,

ES, [(BS(rr, T)) '] = . (7.84)

As noted by Sandmann and Sondermann (1997) this result has two inexpedient consequences,

which we state in the following theorem.

Theorem 7.6 In the lognormal one-factor models (7.82) and (7.83) the following holds:

(a) An investment in the bank account over any period of time of strictly positive length is expected

to give an infinite return, i.e. fort <T < S

ol [ ra)]

(b) The quoted Eurodollar futures price is ET (r,t) = —oco.

Q
Er,t

Proof: The first part of the theorem follows by Jensen’s inequality, which gives that!!

] o
(o ) (s o { )]

S
BS(r,T)"' <E%, [exp{/ Ty duH :
T

t12

BS(r,T) =E2;

and hence

Taking expectations Egt[ -] on both sides we ge

exp {/S o du}] > Egt [(BS(’I“T,T))il] = 00,

T
where the equality comes from (7.84).

EZ,

From (6.15) we have that the quoted Eurodollar futures price is
€T (r, T) = 500 — 400 E?, (BT 0% (rr, T)) 1] .
Inserting (7.84) with S = T'+0.25 into the expression above we get the second part of the theorem.

a

Since Eurodollar futures is a highly liquid product on the international financial markets, it is

very inappropriate to use a model which clearly misprices these contracts.

0Dothan (1978) and Hogan and Weintraub (1993) state some very complicated pricing formulas for zero-coupon
bonds which involve complex numbers, Bessel functions, and hyperbolic trigonometric functions! A seemingly fast
and accurate recursive procedure for the computation of bond prices in the model (7.83) is described by Hansen
and Jgrgensen (2000).

1 Jensen’s inequality says that if X is a random variable and f(z) is a convex function, then E[f(X)] > f(E[X]).

2Here we apply the law of iterated expectations: Egt [E(ET’T[Y]} = Egt[Y] for any random variable Y.
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It can be shown that the problematic relation (7.84) is avoided by assuming that either the
effective annual interest rates or the LIBOR interest rates are lognormally distributed instead of
the continuously compounded interest rates. Models with lognormal LIBOR rates have become
very popular in recent years, primarily because they are (at least to some extent) consistent with
practitioners’ use of Black’s pricing formula. We will study such models closely in Chapter 11.

In summary, the lognormal models (7.82) and (7.83) have the nice property that negative rates
are precluded, but they do not allow simple pricing formulas and they clearly misprice an important
class of assets. For these reasons it is difficult to see why they have gained such popularity. The
CIR model, for example, also precludes negative interest rates, is analytically tractable, and does
not lead to obvious mispricing of any contracts. Furthermore, the model is consistent with a
general equilibrium of the economy. Of course, these arguments do not imply that the CIR model
provides the best description of the movements of interest rates over time, cf. the discussion in the
next section.

Finally, let us mention some models that are neither affine nor lognormal. The model
dre = k[0 — 1) dt + Bry dz2 (7.85)

was suggested by Brennan and Schwartz (1980) and Courtadon (1982). Despite the relatively
simple dynamics, no explicit pricing formulas have been derived neither for bonds nor derivative
assets.

Longstaff (1989), Beaglehole and Tenney (1991, 1992), and Leippold and Wu (2002) consider
so-called quadratic models where the short rate is given as 7, = 22, and x; follows an Ornstein-
Uhlenbeck process (like the r-process in Vasicek’s model). This specification ensures non-negative

interest rates. The price of a zero-coupon bond is of the form

BT (x,t) = e UT—t)=b(T—t)z—c(T—t)a ’

where the functions a, b, and ¢ solve ordinary differential equations. Relative to the affine models,
a quadratic term has been added. The quadratic models thus give a more flexible relation between
zero-coupon bond prices and the short rate. Leippold and Wu (2002) and Jamshidian (1996) obtain

some rather complex expressions for the prices of European bond options and other derivatives.

7.7 Parameter estimation and empirical tests

To implement a model, one must assume some values of the parameters. In practice, the true
values of the parameters are unknown, but values can be estimated from observed interest rates
and prices. For concreteness we will take the estimation of the Vasicek model as an example,
but similar considerations apply to other models. The parameters of Vasicek’s model are k, 6, 3,
and A. The estimation methods can be divided into three classes: time series estimation, cross
section estimation, and panel data estimation. Below we give a short introduction to these methods
and mention some important studies. More details on the estimation and test of dynamic term
structure models can be found in textbooks such as Campbell, Lo, and MacKinlay (1997) and
James and Webber (2000).

Time series estimation With this approach the parameters of the process for the short rate

are estimated from a time series of historical observations of a short-term interest rate. The esti-
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mation itself can be carried out by means of different statistical methods, e.g. maximum likelihood
[as in Marsh and Rosenfeld (1983) and Ogden (1987)] or various moment matching methods [as
in Andersen and Lund (1997), Chan, Karolyi, Longstaff, and Sanders (1992), and Dell’ Aquila,
Ronchetti, and Trojani (2003)]. An essential, practical problem is that no interest rates of zero
maturity are observable so that some proxy must be applied. Interest rates of very short maturities
are set at the money market, but due to e.g. the credit risk of the parties involved these rates are
not perfect substitutes for the truly risk-free interest rate of zero maturity, which is represented by
r¢ in the models. Most authors use yields on government bonds with short maturities, e.g. one or
three months, as an approximation to the short rate. However, Knez, Litterman, and Scheinkman
(1994) and Duffee (1996) argue that special features of the trading in one-month U.S. Treasury
bills affect the yields on these bonds making them a questionable proxy for the short rate in our
term structure models. Chapman, Long Jr., and Pearson (1999) and Honoré (1998) study the
sensitivity of model estimation results to various proxies for the short rate.

Another problem in applying the time series approach is that not all parameters of the model
can be identified. In Vasicek’s model only the parameters k, 6, and § that enters the real-world
dynamics of the short rate in (7.47) can be estimated. The missing parameter A only affects the
process for r; under the risk adjusted martingale measures, but the time series of interest rates is
of course observed in the real world, i.e. under the real-world probability measure.

A third problem is that a large number of observations are required to give reasonably certain
parameter estimates. However, the longer the observation period is, the less likely it is that the
short rate has followed the same process (with constant parameters) during the entire period.

Furthermore, the time series approach ignores the fact that the interest rate models not only

describe the dynamics of the short rate but also describe the entire yield curve and its dynamics.

Cross section estimation Alternatively, the parameters of the model can be estimated as the
values that will lead to model prices of a cross section of liquid bonds (and possibly other fixed
income securities) that are as close as possible to the current market prices of these assets. Then
the estimated model can be applied to price less liquid assets in a way which is consistent with the
market prices of the liquid assets. Typically, the parameter values are chosen to minimize the sum
of squared deviations of model prices from market prices where the sum runs over all the assets in
the chosen cross section. Such a procedure is simple to implement.

A cross section estimation cannot identify all parameters of the model either. The current
prices only depend on the parameters that affect the short rate dynamics under the risk adjusted
martingale measures. For Vasicek’s model this is the case for é, B, and k. The parameters # and
A cannot be estimated separately. However, if the only use of the model is to derive current prices
of other assets, we only need the values of é, 0B, and k. In view of the problems connected with
observing the short rate, the value of the short rate is often estimated in line with the parameters
of the model.

A cross section estimation completely ignores the time series dimension of the data. The
estimation procedure does not in any way ensure that the parameter values estimated at different

dates are of similar magnitudes.'® The model’s results concerning the dynamics of interest rates

B3For example, Brown and Dybvig (1986) find that the parameter estimates of the CIR model fluctuate consid-

erably over time.
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and asset prices are not used at all in the estimation.

Panel data estimation This estimation approach combines the two approaches described above
by using both the time series and the cross section dimension of the data and the models. Typically,
the data used are time series of selected yields of different maturities. With a panel data approach
all the parameters can be estimated. For example, Gibbons and Ramaswamy (1993) and Daves
and Ehrhardt (1993) apply this procedure to estimate the CIR model. If we want to apply a
model both for pricing certain assets and for assessing and managing the changes in interest rates
and prices over time, we should also base our estimation on both cross sectional and time series
information.

Two relatively simple versions of the panel data approach are obtained by emphasizing either
the time series dimension or the cross section dimension and only applying the other dimension
to get all the parameters identified. As discussed above the parameters x, 6, and § of Vasicek’s
model can be estimated from a time series of observations of (approximations of) the short rate.
The remaining parameter A can then be estimated as the value that leads to model prices (using
the already fixed estimates of k, 6, and () that are as close as possible to the current prices on
selected, liquid assets. On the other hand, one can estimate k, é, and ( from a cross section and
then estimate 6 from a time series of interest rates (using the already fixed estimates of k and 3).
In this way an estimate of A can be determined such that the relation 0=0— AB/k holds for the

estimated parameter values.

In any estimation the parameter values are chosen such that the model fits the data to the
best possible extent according to some specified criterion. Typically, an estimation procedure will
also generate information on how well the model fits the data. Therefore, most papers referred to
above also contain a test of one or several models.

Probably the most frequently cited reference on the estimation, comparison, and test of one-
factor diffusion models of the term structure is Chan, Karolyi, Longstaff, and Sanders (1992)

[henceforth abbreviated CKLS], who consider time homogeneous models of the type
dry = (0 — kry) dt + Br] dz. (7.86)

By restricting the values of the parameters 6, x, and v, many of the models studied earlier are
obtained as special cases, for example the models of Merton (k = v = 0), Vasicek (y = 0), CIR
(v = 1/2), and the lognormal model (7.83) (y = 1, # = 0). CKLS use the one-month yield on
government bonds as an approximation to the short-term interest rate and apply a time series
approach on U.S. data over the period 1964-1989. They estimate eight different restricted models
and the unrestricted model and test how well they perform in describing the evolution in the
short rate over the given period. Their results indicate that it is primarily the value that the
model assigns to the parameter v which determines whether the model is rejected or accepted.
The unrestricted estimate of v is approximately 1.5, and models having a much lower ~y-value are
rejected in their test, including the Vasicek model and the CIR model. On the other hand, the
lognormal model (7.83) is accepted.

Subsequently the CKLS analysis has been criticized on several counts. Firstly, as mentioned

above, the one month yield may be a poor approximation to the zero-maturity short rate. This
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critique can be met in a one-factor model by using the one-to-one relation between the zero-coupon
rate of any given maturity and the true short rate. For the affine models this relation is given
by (7.13) where the functions a and b are known in closed-form for some affine models (Merton,
Vasicek, and CIR), and for the other affine models they can be computed quickly and accurately
by solving the Ricatti differential equations (7.8) and (7.9) numerically. For non-affine models the
relation can be found by numerically solving the PDE (7.3) for a zero-coupon bond with the given
time to maturity (one month in the CKLS case) and transforming the price to a zero-coupon yield.
In this way Honoré (1998) transforms a time series of zero-coupon rates with a given maturity to
a time series of implicit zero-maturity short rates. Based on the transformed time series of short
rates he finds estimates of the parameter « in the interval between 0.8 and 1.0, which is much
lower than the CKLS-estimate.

Another criticism, advanced by Bliss and Smith (1997), is that the data set used by CKLS
includes the period between October 1979 and September 1982, when the Federal Reserve, i.e. the
U.S. central bank, followed a highly unusual monetary policy (“the FED Experiment”) resulting
in a non-representative dynamics in interest rates, in particular the short rates. Hence, Bliss and
Smith allow the parameters to have different values in this sub-period than in the rest of the
period used by CKLS (1964-1989). Outside the experimental period the unrestricted estimate of
~ is 1.0, which is again considerably smaller than the CKLS-estimate. The only models that are
not rejected on a 5% test level are the CIR model and the Brennan-Schwartz model (7.85).

Finally, applying a different estimation method and a different data set (weekly observations of
three month U.S. government bond yields over the period 1954-1995), Andersen and Lund (1997)
estimate v to 0.676, which is much lower than the estimate of CKLS. Christensen, Poulsen, and
Sgrensen (2001) discuss some general problems in estimating a process like (7.86), and using a
maximum likelihood estimation procedure and 1982-1995 data they obtain a ~y-estimate of 0.78.

The tests mentioned above are based on a time series of (approximations of) the short rate.
Similar tests of the CIR model using other time series are performed by Brown and Dybvig (1986)
and Brown and Schaefer (1994). On the other hand, Gibbons and Ramaswamy (1993) test the
ability of the CIR model to simultaneously describe the evolution in four zero-coupon rates, namely
the 1, 3, 6, and 12 month rates (a panel data test). With data covering the same period as the
CKLS study, they accept the CIR model.

By now it should be clear that the extensive empirical literature cannot give a clear-cut answer
to the question of which one-factor model fits the data best. The answer depends on the data and
the estimation technique applied. In most tests models with constant interest rate volatility, such
as the models of Merton and Vasicek, and typically also all models without mean reversion are
rejected. The CIR model is accepted in most tests, and since it both has nice theoretical properties
and allows relatively simple closed-form pricing formulas, it is widely used both by academics and

practitioners.

7.8 Concluding remarks

In this chapter we have studied time homogeneous one-factor diffusion models of the term
structure of interest rates. They are all based on specific assumptions on the evolution of the

short rate and on the market price of interest rate risk. The models of Vasicek and Cox, Ingersoll,
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and Ross are frequently applied both by practitioners for pricing and risk management and by
academics for studying the effects of interest rate uncertainty on various financial issues. Both
models are consistent with a general economic equilibrium model, although this equilibrium is
based on many simplifying and unrealistic assumptions on the economy and its agents. Both
models are analytically tractable and generate relatively simple pricing formulas for many fixed
income securities. The CIR model has the economically most appealing properties and perform
better than the Vasicek model in explaining the empirical bond market data.

The assumption of the models of this chapter that the short rate contains all relevant infor-
mation about the yield curve is very restrictive and not empirically acceptable. Several empirical
studies show that at least two and possibly three or four state variables are needed to explain the
observed variations in yield curves. As we shall see in the next chapter, many of the multi-factor
models suggested in the literature are generalizations of the one-factor models of Vasicek and CIR.

In all time homogeneous one-factor models the current yield curve is determined by the current
short rate and the relevant model parameters. No matter how the parameter values are chosen it
is highly unlikely that the yield curve derived from the model can be completely aligned with the
yield curve observed in the market. If the model is to be applied for the pricing of derivatives such
as futures and options on bonds and caps, floors, and swaptions, it is somewhat disturbing that
the model cannot price the underlying zero-coupon bonds correctly. As we will see in Chapter 9, a
perfect model fit of the current yield curve can be obtained in a one-factor model by replacing one
or more parameters by deterministic functions of time. While these time inhomogeneous versions of
the one-factor models may provide a better basis for derivative pricing, they are not unproblematic,
however. Also note that typically the current yield curve is not directly observable in the market,
but has to be estimated from prices of coupon bonds. For this purpose practitioners often use a
cubic spline or a Nelson-Siegel parameterization as outlined in Chapter 1. If one instead applies
the parameterization of the discount function 7"+ B”(r,t) that comes out of an economically
better founded model, such as the CIR model, the problems of time inhomogeneous models can be

avoided.

7.9 Exercises

EXERCISE 7.1 (Parallel shifts of the yield curve) The purpose of this exercise is to find out under which

assumptions the only possible shifts of the yield curve are parallel, i.e. such that dy; is independent of 7

where g7 = yit".

(a) Argue that if the yield curve only changes in the form of parallel shifts, then the zero-coupon yields
at time ¢ must have the form
v =y  (re,t) =re+ h(T — 1)

for some function h with h(0) = 0 and that the prices of zero-coupon bonds are thereby given as

BT (r, t) = e "7 =h(T—DIT—1]
(b) Use the partial differential equation (7.3) on page 145 to show that
1 N
5,6’(7")2(T —t)?—a(r) (T —t)+ K (T —t) (T —t)+ (T —t) =0 *)

for all (r,t) (with t < T, of course).
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(c) Using (*), show that 23(r)*(T — t)* — &(r)(T — t) must be independent of 7. Conclude that both

&(r) and B(r) have to be constants, so that the model is indeed Merton’s model.

(d) Describe the possible shapes of the yield curve in an arbitrage-free model in which the yield curve

only moves in terms of parallel shifts. Is it possible for the yield curve to be flat in such a model?

EXERCISE 7.2 (Call on zero-coupon bonds in Vasicek’s model) Figure 7.9 on page 167 shows an example
of the relation between the price of a European call on a zero-coupon bond and the current short rate r in

the Vasicek model, cf. (7.61). The purpose of this exercise is to derive an explicit expression for 9C/0r.
(a) Show that
BS(T’, t)e” zd(r)? _ KBT(T’, t)e” zd2(rt)?
(b) Show that
B (r,t)n (di(r,t)) — KB" (r,t)n (da(r,t)) = 0,
where n(y) = exp(—y>/2)/v/27 is the probability density function for a standard normally dis-
tributed random variable.

(c) Show that

acK,T,S

(1) = =B (r,)b(S = )N (di(r,)) + KB (r,)b(T = )N (dal(r, ).

EXERCISE 7.3 (Futures on bonds) Show the last claim in Theorem 7.2.

EXERCISE 7.4 (CIR zero-coupon bond price) Show that the functions b and a given by (7.70) and (7.71)
solve the ordinary differential equations (7.68) and (7.69).

EXERCISE 7.5 (Comparison of prices in the models of Vasicek and CIR) Compare the prices according
to Vasicek’s model (7.47) and the CIR-model (7.65) of the following securities:

(a) 1 year and 10 year zero-coupon bonds;

(b) 3 month European call options on a 5 year zero-coupon bond with exercise prices of 0.7, 0.75, and
0.8, respectively;

(c) a 10 year 8% bullet bond with annual payments;

(d) 3 month European call options on a 10 year 8% bullet bond with annual payments for three different
exercise prices chosen to represent an in-the-money option, a near-the-money option, and an out-of-
the-money option.

In the comparisons use k = 0.3, # = 0.05, and A = 0 for both models. The current short rate is » = 0.05,
and the current volatility on the short rate is 0.03 so that 8 = 0.03 in Vasicek’s model and 5+/0.05 = 0.03
in the CIR model.

EXERCISE 7.6 (Expectation hypothesis in Vasicek) Verify that the local weak and the weak yield-to-

maturity versions of the expectation hypothesis hold in the Vasicek model.



Chapter 8

Multi-factor diffusion models

8.1 What is wrong with one-factor models?

The preceding chapter gave an overview over one-factor diffusion models of the term structure of
interest rates. All the models are based on an assumed dynamics in the continuously compounded
short rate, r. In several of these models we were able to derive relatively simple, explicit pricing
formulas for both bonds and European options on bonds and hence also for caps, floors, swaps, and
European swaptions, cf. Chapter 2. The models can generate yield curves of various realistic forms,
and the parameters of the models can be estimated quite easily from market data. Several of the
empirical tests described in the literature have accepted selected one-factor models. Furthermore,
particularly the CIR model is based on a dynamics of the short rate that has many realistic
properties.

However, all the one-factor models also have obviously unrealistic properties. First, they are
not able to generate all the yield curve shapes observed in practice. For example, the Vasicek and
CIR models can only produce an increasing curve, a decreasing curve, and a curve with a small
hump. While the zero-coupon yield curve typically has one of these shapes, it does occasionally
have a different shape, e.g. the yield curve is sometimes decreasing for short maturities and then
increasing for longer maturities.

Second, the one-factor models are not able to generate all the types of yield curve changes
that have been observed. In the affine one-factor models the zero-coupon yield 57 = yi™™ for any
maturity 7 is of the form

Uy = @ + @Tm
T T
cf. (7.13). If b(7) > 0, the change in the yield of any maturity will have the same sign as the change
in the short rate. Therefore, these models do not allow so-called twists of the term structure of
interest rates, i.e. yield curve changes where short-maturity yields and long-maturity yields move
in opposite directions.

A third critical point, which is related to the second point above, is that the changes over
infinitesimal time periods of any two interest rate dependent variables will be perfectly correlated.
This is for example the case for any two bond prices or any two yields. This is due to the fact
that all unexpected changes are proportional to the shock to the short rate, dz;. For example, the

dynamics of the 7;-maturity zero-coupon yield in any time homogeneous one-factor model is of the
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maturity (years) | 0.25 0.5 1 2 5 10 20 30
0.25 1.00 0.85 080 0.72 0.61 0.52 046 0.46
0.50 0.85 1.00 090 085 0.76 0.68 0.63 0.62
1 0.80 090 1.00 094 0.87 079 0.73 0.73
2 0.72 085 094 1.00 095 088 0.82 0.82
) 0.61 076 0.87 095 1.00 096 092 091
10 0.52 0.68 079 088 096 1.00 097 0.96
20 046 0.63 0.73 082 0.92 097 1.00 0.97
30 046 062 0.73 082 091 096 0.97 1.00

Table 8.1: Estimated correlation matrix of weekly changes in par yields on U.S. government bonds.
The matrix is extracted from Exhibit 1 in Canabarro (1995).

form

dgy’ = py(re, 1) dt + oy (1, 75) d2e,

where the drift rate u, and the volatility o, are model-specific functions. The variance of the

change in the yield over an infinitesimal time period is therefore
Var, (dg;*) = oy (re, Ti)2 dt.
The covariance between changes in two different zero-coupon yields is
Covy (dy;*, dy;?) = oy(re, 1)y (14, T2) dt.
Hence the correlation between the yield changes is
Covy (dg{*, dy;?)

Corry (dy/*, dy[?) = -
¢ ( Y AYy ) \/Vart (dggl)\/Vart (d?j?)

This conflicts with empirical studies which demonstrate that the actual correlation between changes

in zero-coupon yields of different maturities is far from one. Table 8.1 shows correlations between
weekly changes in par yields on U.S. government bonds. The correlations are estimated by Can-
abarro (1995) from data over the period from January 1986 to December 1991. A similar pattern
has been documented by other authors, e.g. Rebonato (1996, Ch. 2) who uses data from the U.K.
bond market.

Intuitively, multi-factor models are more flexible and should be able to generate additional yield
curve shapes and yield curve movements relative to the one-factor models. Furthermore, multi-
factor models allow non-perfect correlations between different interest rate dependent variables, cf.
the discussion in Section 8.3.1.

Several empirical studies have investigated how many factors are necessary in order to obtain
a sufficiently precise description of the actual evolution of the term structure of interest rates
and the correlations between yields of different maturities. Of course, to some extent the result
of such an investigation will depend on the chosen data set, the observation period, and the
estimation procedure. However, all studies seem to indicate that two or three factors are needed.
One way to address this question is to perform a so-called principal component analysis of the

variance-covariance matrix of changes in zero-coupon yields of selected maturities. Canabarro
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(1995) finds that a single factor can describe at most 85.0% of the total variation in his data
from the period 1986-1991 on the U.S. bond market. The second-most important factor describes
an additional 10.3% of the variation, while the third-most and the fourth-most important factors
provide additional contributions of 1.9% and 1.2%, respectively. Additional factors contribute in
total with less than 1.6%. Similar results are reported by Litterman and Scheinkman (1991), who
also use U.S. bond market data, and by Rebonato (1996, Ch. 2), who applies U.K. data over the
period 1989-1992.

A principal component analysis does not provide a precise identification of which factors best
describe the evolution of the term structure, but it can give some indication of the factors. The
studies mentioned above give remarkably similar indications. They all find that the most important
factor affects yields of all maturities similarly and hence can be interpreted as a level factor. The
second-most important factor affects short-maturity yields and long-maturity yields in opposite
directions and can therefore be interpreted as a slope factor. Finally, the third-most important
factor affects yields of very short and long maturities in the same direction, but yields of inter-
mediate maturities (approx. 2-5 years) in the opposite direction. We can interpret this factor as
a curvature factor. Litterman and Scheinkman argue that the third factor can alternatively be
interpreted as a factor representing the term structure of yield volatilities, i.e. the volatilities of
the zero-coupon yields of different maturities.

Other empirical papers have studied how well specific multi-factor models can fit selected bond
market data. Empirical tests performed by Stambaugh (1988), Pearson and Sun (1991), Chen
and Scott (1993), Brenner, Harjes, and Kroner (1996), Andersen and Lund (1997), Vetzal (1997),
Balduzzi, Das, and Foresi (1998), Boudoukh, Richardson, Stanton, and Whitelaw (1999), and
Dai and Singleton (2000) all conclude that different multi-factor models provide a much better
description of the shape and movements of the term structure of interest rates than the one-factor

special cases of the models.

8.2 Multi-factor diffusion models of the term structure

In this section we review the notation and the general results in multi-factor diffusion models,
which were first discussed in Chapter 6. In a general n-factor diffusion model of the term structure
of interest rates, the fundamental assumption is that the state of the economy can be represented by
an n-dimensional vector process = (x1,...,2,)" of state variables. In particular, the process x

follows a Markov diffusion process,
dxy = oz, t) dt + B(xe,t) dzy, (8.1)

where z = (z1,...,2,)7 is an n-dimensional standard Brownian motion. Denote by § C R™ the
value space of the process, i.e. the set of possible states. In the expression (8.1) above, a is a
function from 8 x Ry into R", and 3 is a function from 8 x R into the set of n X n matrices
of real numbers, i.e. B(xy,t) is an n x n matrix. The functions a and B must satisfy certain

regularity conditions to ensure that the stochastic differential equation (8.1) has a unique solution,

cf. Oksendal (1998). We can write (8.1) componentwise as

dxy = a;(me,t) dt + Z Bij(xe,t) dzjr = (e, t) dt + B, (xe, ) dzy.

Jj=1
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As discussed in Chapter 4, the absence of arbitrage will imply the existence of a vector process

A= (M,...,\n)" of market prices of risk, so that for any traded asset we have the relation

n

(e, t) = r(@e,t) + Y 0(@e, )\ (4, 1),

where u denotes the expected rate of return on the asset, and o1, ..., 0, are the volatility terms,

i.e. the price process is

dPt Pt u(wt,t) dt+ZU]($t,t) dZ]t
J=1

See for example (6.35) on page 131.

We also know that the n-dimensional process 2@ = (z?, oy 29T defined by
dzfy = dzjy + Nj(me ) dt, j=1,....n,
is a standard Brownian motion under the risk-neutral probability measure Q. With the notation

a(x,t) = a(x,t) — Q(w,t))\(w,t),

q;i(x,t) = a;(x, t) — Zﬁ”wt x,t),

we can write the dynamics of the state variables under QQ as
dx; = &z, t) dt + B(x,t) dz2

or componentwise as
n
dry = bi(me, t)dt + Y Bij(ae,t) degy.
j=1
From the analysis in Chapter 6, we know that the price P, = P(x;,t) of a traded asset of the

European type can be found as the solution to the partial differential equation

2

%ZZ Y5 ( aa; (z,t) —r(z,t)P(z,t) =0, (x,t) €8 x[0,T), (82)

with the appropriate terminal condition
P(x,T)=H(x), x¢€8.

Here, v;; = > p_, BirBjk is the (i,7)’th element of the variance-covariance matrix ﬁQT If p;j
denotes the correlation between changes in the ¢’th and the j’th state variables, we have that
Yij = pij 18| |B;1]- Alternatively, the price can be computed as an expectation under the risk-

neutral (spot martingale) measure,

P(z,t) =E2, [e /! r@ewdup g | |

x,t
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or as an expectation under the T-forward martingale measure
T
P(a,t) = B" (@, t) B, [H (z1)], (8.3)

or as an expectation under another convenient martingale measure.
Just as in the analysis of one-factor models in Chapter 7, we focus on the time homogeneous
models in which the functions & and 3, and also the short rate r, do not depend on time, but only

depend on the state variables. In particular,

dry = &(a) dt + g(a:t) dz2. (8.4)

8.3 Multi-factor affine diffusion models

We focus first on so-called affine models, which in a multi-factor setting were introduced by
Duffie and Kan (1996). In the affine multi-factor models the dynamics of the vector of state

variables is of the form

vi(x) 0 . 0
0 va(x) ...
da, = (¢ — hx,) dt +T . _ , dz2, (8.5)

0 0 e z/n(a:t)

where .
llj(:):) = 0j0 + 6;—33 =0 + Zéjkxk.
k=1

Here, @ = (¢1,...,¢n)" and 6; = (01,...,05,)" for j = 1,...,n are all constant vectors,
010, - - - ,0no are constant scalars, and ﬁ and £ are constant n X n matrices.

A time homogeneous multi-factor diffusion model is said to be affine if the dynamics of the
state variables under the risk-neutral probability measure is of the form (8.5) and the short rate
ry = r(a;) is an affine function of x, i.e. a constant scalar {; and a constant n-dimensional vector
&E=(&,...,&)T exist such that

r(@) =&+ x =&+ Z&xz (8.6)

i=1

The condition on the short rate is trivially satisfied in the one-factor models in Chapter 7 since
they all take the short rate itself as the state variable. Similarly, the condition is satisfied in the
multi-factor models in which the short rate is one of the state variables. Note that if the vector
A(x) of market prices of risk is also an affine function of @, the drift of the state variables will also
be affine under the real-world probability measure.

We will first consider two-factor affine models, both because the notation and the statement of
results are simpler and because most of the multi-factor models studied in the literature have two

factors. Subsequently, we will briefly extend the analysis to the general n-factor models.

8.3.1 Two-factor affine diffusion models

In a two-factor affine model the dynamics of the vector of state variables is of the form

A A vi(xt) 0 Q
dxy = — kxy) dt+T dzy, 8.7
(90 - ) a < 0 I/z(:l%)) ®.7)
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which can be written componentwise as

dziy = (¢1 — Rz — Rioxey) dt

(8.8)

+ 11/ 610 + 011214 + G197 dZ% + T2/ 020 + d21714 + anaa dz%

dryy = (P2 — Ro1T14 — Roaway) di

0 0 (8.9)

+ Iy \/510 + 01121 + d122r d2yy + oo \/520 + 001211 + 020%0r d2oy.

The short rate is given by
re = & + 171 + §awas- (8.10)
To ensure that the square roots are well-defined, we require that
Vj(w) = (5j0 + (5j1$1 + (5]'21‘2 >0, 7=1,2,

for all the values that @ = (x1,22)" can have, i.e. for all # € 8. Duffie and Kan state two

conditions on the parameters that imply both that the process @ = (x;) is well-defined by the
stochastic differential equation above and that v;(x;) > 0 for all ¢ (with probability 1). These
conditions are satisfied in the specific models we consider in the rest of the chapter.

Under the assumption (8.5) the drift &(x) = ¢ — &z is clearly an affine function of @. Further-
more, the variance-covariance matrix §(x)3(x)" is also affine in , in the sense that any element of
the matrix is an affine function of . To see this, we use (8.8) and (8.9) to derive that the variance
of the instantaneous change in each of the state variables is equal to Var(t@(dzit) = vi(21s, w2¢)? dt,

where

Yi(z1,29)% = T [010 + 01121 + S12w2] + T% [820 + S2171 + Sa22]
= (510F121 + 520F§2) + (511F?1 + 521F122) 1+ (512F121 + 522F§2) T2,

which is an affine function of the state variables. The covariance between instantaneous changes

in the two state variables is Cov;Q (dx1y, dxor) = y12(21t, T2t) dt, where

M2(x1, x2) = T'11T21 [010 + 01121 + d12@2] + T12l22 [d20 + 02121 + d2222]
= (I'1l21610 + T'2l'21020) + (T11T21011 + T12l'21021) 21
+ (T11T216012 + T12l21692) 22,

which is also an affine function of the state variables. Hence, all the elements of the variance-
covariance matrix are affine in the state variables. In this way, the class of affine multi-factor
models is a natural generalization of the class of affine one-factor models.

Analogously to the one-factor analysis, we get that the price Bf of a zero-coupon bond maturing
at time 7" in a multi-factor affine diffusion model can be written as an exponential-affine function

of the vector of state variables. The following theorem states the precise result:

Theorem 8.1 In an affine two-factor diffusion model where the short rate is of the form (8.10)
and the state variables follow the process (8.7), the zero-coupon bond price BI = BT (z14, 124, 1) is

given by the function

BT (21, 29,t) = exp{—a(T —t) — by (T — t)x; — bo(T — t)ao}, (8.11)
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where the functions by, by, and a solve the following system of ordinary differential equations

bll(T) = —/%11()1(7’) — :‘%21[)2(7-) — %(511 (F11b1<7') + Fglbg(T))2

. (8.12)
- 5521 (T12b1 (1) + Tasba (7)) + €1,
5(7) = —R12b1(T) — Ragba(T) — %512 (T11b1(7) + F21b2(7))2
. (8.13)
- 5522 (T12b1 (1) 4 Taaba(7))? + &,
a' (1) = $1bi(7T) + Paba(T) — %510 (D110 (1) + Ta1ba(7))?
(8.14)

1
- 5520 (D121 (1) + Ta2ba (7)) + &o,

with the initial conditions a(0) = by (0) = b2(0) = 0.

The result can be demonstrated by verifying that the function BT (z1,z2,t) given by (8.11) is a
solution to the partial differential equation (8.2) in the affine model if the functions a(7), b1(7),
and by (7) solve the ordinary differential equations (8.12)-(8.14). The terminal condition on the
price, BT (z1,29,T) =1 for all (z1,72) € 8, implies that a(0), b1(0), and by(0) all have to be zero.
Except for the increased notational complexity, the proof is identical to the one-factor case and is
therefore omitted. Note that to determine a, by, and by, one must first solve the two differential
equations (8.12) and (8.13) simultaneously, and then a follows from the b;’s by an integration.

In the following sections we will look at specific affine models in which the Ricatti equa-
tions (8.12)-(8.14) have explicit solutions. This is the case in Gaussian models and so-called
multi-factor CIR models. For other specifications of the affine model, the Ricatti equations must
be solved numerically, see e.g. Duffie and Kan (1996). The Ricatti equations can be solved faster
numerically than the partial differential equation.

In an affine two-factor model the zero-coupon yields 47 = y!*™ = —(In B/*7) /7 take the form

am) b, | b
T T T

gT(mlva) -

and the forward rates fJ = f{*7 = —0(In B/t7) /0T are of the form

fr(x1,m2) = ' (7) + by (T)x1 + by (T)22.

Let us also look at the volatility of the price of a zero-coupon bond with a fixed maturity date 7.
Since %(zl, w9,t) = —b;(T — t)BT (21, 72,t), [td’s Lemma for functions of several variables (see
Theoreml3.6 on page 65) implies that

aBl
Bl

= 1(21t, T2r) dt + 07 (T14, Tas, t) dZ% + 03 (211, To, t) dZ%

where

0'?(331, xo, t) = — (b1 (T — t)FH + bQ(T — t)F21) \/510 + 61171 + 1279,
03 (v1,22,t) = — (by(T — t)T12 + bo(T — t)T'29) /320 + do121 + G222

The volatility of the zero-coupon bond price is therefore |0 (x1,z2,t)||, where
lo? (21, z2,t)||? = of (21, 29,t)% 4+ 0F (21, 22, )?
= (by(T — )11 + bo(T — t)T'a1)? (d10 + d1121 + d1222)
+ (b1 (T — t)I'1g + bo(T — t)F22)2 (020 + 2171 + d222) .
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Similarly, the dynamics of the zero-coupon yield 4] will be of the form
dyf = ... dt+ oy1(z1, T2, T) dz% + oyo (T4, T2, T) dz%,

where

bo(T
)Fll + 2( )F21) \/510 + 01121 + d12%2,

bQ(T)

T

0y1($17$2,7):(

bi(T
oy2(21,22,7T) = ( 17_ )F12 + Fzz) V020 + 2121 + G292,

and we have omitted the drift rate for clarity. We can see that, in a two-factor model, zero-coupon
yields with different maturities are not perfectly correlated since the covariance is

Cov (dg;*, dg;?) = (oy1(z1e, Tot, 1) oy (T14, Tot, To) + Oy2(T1e, Top, T1) oy (214, Tot, T2)) di,
and, hence, the correlation is

Corr? (dgT, dgi) = o1 (e, T1)oy1 (T, T2) + Oy2(x, T1)0y2(24, T2) 7
\/Uyl(mthl)z +0y2(33t,71)2\/0y1(3’5t772)2 +0y2(3’3t772)2

which in general will be less than 1.

The above analysis was based on two unspecified state variables x; and x5. Due to the fact
that all prices, interest rates, volatilities, etc., are functions of z1 and xs, it is typically possible to
shift to another pair of state variables 1 and Zs and express prices, rates, etc., in terms of the new
variables. This is convenient if the new variables ; and Z, are easier to observe than the original
variables x1 and x5 since the price expressions are then simpler to apply in practice, and it will be
easier to estimate the model parameters. Of course, we could have stated the model in terms of
Z1 and o from the beginning, but it may be easier to develop the pricing formulas using x; and

To. See Section 8.5.2 for an important example.

8.3.2 n-factor affine diffusion models

In the general n-factor affine model where the vector of state variables follows the process (8.5),

and the short rate is given as in (8.6), the zero-coupon bond price B = BT (z;,t) is given by the

function
BT (x,t) =exp{—a(T —t) = b(T —t)"x} = exp{ —a(T —t) — Z bi(T —t)z; p, (8.15)
j=1
where the functions a(7),b1(7), ..., b,(7) solve the following system of ordinary differential equa-
tions:
2
n 1 n n
bg(T):—Zl%jibj(T)—iz:(ski Zij.bj(T) +&, i=1,...,n, (816)
j=1 k=1 j=1
2
n . 1 n n
(1) = @ibi(r) — 5 > ok | D Tybi(r) | + o, (8.17)
j=1 k=1 j=1
with the initial conditions a(0) = b1(0) = --- = b,(0) = 0. Conversely, under certain regularity

conditions, the zero-coupon bond prices are only of the exponential-affine form if &, 3 QT, and r
are affine functions of , cf. Duffie and Kan (1996).
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In an affine n-factor model the zero-coupon yields 47 = —(In B/t7) /1 are
N I 1G]
7w =0 3, 19
j=1
and the forward rates f7 = fi*7 are

fr@)=d'(r)+ ) V(r);.
j=1
The dynamics of the zero-coupon bond price B is

BT
B

=r(xy) dt + Z UJT(SCt, t) dz%7

Jj=1

where the sensitivities JJT are given by

Ujr(w, t) = —\/(Sjo + (5]‘1331 + ... (Sjn.’lﬁn Z F}gjbk(T — t). (819)
k=1

8.3.3 European options on coupon bonds

As demonstrated in Section 7.2.3, the price of a European call option on a coupon bond is in the
one-factor affine models given as the price of a portfolio of European call options on zero-coupon
bonds, cf. (7.30) on page 151. This is the case whenever the price of any zero-coupon bond is a
monotonic function of the short rate. The same trick cannot be applied in multi-factor models so
that the prices of options on coupon bonds (and consequently also swaptions, cf. Section 2.9.2 on
page 38) must be computed using numerical methods. However, it is possible to approximate very
accurately the price of a European option on a coupon bond by the price of a single European
option on a carefully selected zero-coupon bond. For details on the approximation, see Chapter 12
and Munk (1999). As we shall see below, several of the multi-factor models provide a closed-form
expression for the price of a European option on a zero-coupon bond so that the approximate price
of the coupon bond option is easily obtainable.

Other techniques to approximating prices of European options on coupon bonds have been
suggested in the literature. For example, in the framework of affine models Collin-Dufresne and
Goldstein (2002) and Singleton and Umantsev (2002) introduce two approximations that may
dominate (with respect to accuracy and computational speed) the approximation outlined above,

but these approximations are much harder to understand.

8.4 Multi-factor Gaussian diffusion models
8.4.1 General analysis

The simplest affine multi-factor term structure models are the Gaussian models, which were
first studied by Langetieg (1980). A Gaussian model is an affine model of the form (8.5) where the
volatility functions v;(x) are constant so that the vectors d; are equal to zero. Since the diagonal
matrix is multiplied by the constant matrix I, we can and will assume that all the v;(x)’s are

equal to 1, i.e. 0;0 = 1. In the Gaussian models the dynamics of the state variables is therefore

dxy = (¢ — hzy) dt +Ldzg. (8.20)
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Analogously to the analysis for one-dimensional Ornstein-Uhlenbeck processes in Section 3.8.2 on
page 59, we get that future values of the vector of state variables are n-dimensionally normally
distributed. In particular, the individual state variables are normally distributed. Since the short
rate is a linear combination of these state variables, it follows that future values of the short rate
are normally distributed in these models. The expressions for means, variances, and covariances of
the state variables (and hence of the short rate) will be simple only when the matrix £ is diagonal.!
In a Gaussian model the sensitivities of the zero-coupon bond prices ajT defined in (8.19) depend

only on the time to maturity of the bond,

= Tybi(T -
k=1

Gaussian models are very tractable and allow analytical expressions for both bond prices and
prices of European options on zero-coupon bonds. The bond prices follow from (8.15). According

o (8.3), the price of a European call option on a zero-coupon bond is
CK’T’S(a:,t) = BT(:c,t) qu; [max (BS(:ET, T) - K, O)} .

Since the vector of state variables 7 given x; = x is normally distributed, the zero-coupon bond
price is lognormally distributed. As in the Gaussian one-factor models studied in Chapter 7, we

conclude that
CETS (g, t) = BS(x,t)N (dy) — KB (z,t)N (ds),

where

1 BS(z,t) 1
di = TS In (K : ) + iv(t,T, S), (8.21)
dy =di —v(t,T,S), (8.22)

and

v(t,T,S)? = Var(tQ’T {ln FT,S}

/ ~ o7 )* du

/ (zn:r,w (S — w) —bk(T—u)]> du.

(8.23)

>

Let us focus on the case of two factors. In a Gaussian two-factor diffusion model the dynamics

of the state variables is of the form

dﬁClt = (@1 — /%nxlt — I%lgl‘gt) dt + Fll dZ% —|— Flg dZ%, (824)
d.l?Qt = ((ﬁg — /%21.%‘175 — I%le‘gt) dt + F21 dZ% + FQQ dz% (825)

The ordinary differential equations (8.12) and (8.13) reduce to

V(1) = —R11b1(7) — Rarba(7) + &1, 01(0)
by (T) = —R12b1(T) — Rogba(T) + &2, b2(0)

0, (8.26)
0

1Generally the moments depend on the eigenvalues and the eigenvectors of the matrix &, cf. the discussion in
Langetieg (1980).
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while the equation for the function a becomes

@(7) = G101 (1) + $aba(r) — 5 (Cbi(7) + Toaba(r)?
- % (Du2bi (7) + Tazba(7))* + &, a(0) = 0.

(8.28)

According to (8.23), the variance term in the option price is given by
T
W6 TS = (0 +1%) [ Ba(S - ) = (T - ) d
t
4 2
+ (T2, +12,) / [ba(S — ) — bo(T — w)]? du
t

T
+2 (F11F21 + F12F22) /t [bl (S - U) - bl (T - ’U,)} [bQ(S - U) - bQ(T - ’U,)} du.
(8.29)

8.4.2 A specific example: the two-factor Vasicek model

Beaglehole and Tenney (1991) and Hull and White (1994b) have suggested a Gaussian two-

factor model, which is a relatively simple extension of the one-factor Vasicek model in which
dry = K [é—n} dt + Bdz2 = (p — kry) dt + Bdz2,

cf. Section 7.4 on page 157. The extension is to let the long-term level 6 follow a similar stochastic

process. Hull and White formulate the generalized model as follows:

dry = (¢ + ¢ — kyre) dt + B day, (8.30)
dey = —keer dt + Bopd22 + Bon/1 — p2dzg. (8.31)

The process ¢ = (g;) exhibits mean reversion around zero and represents the deviation of the
current view on the long-term level of the short rate from the average view. Here, (. is the
volatility of the e-process, and p is the correlation between changes in the short rate and changes
in . All constant parameters are assumed to be positive except p, which can have any value in the
interval [—1,1]. This two-factor model is a special case of the general Gaussian two-factor model,

namely the special case given by the parameter restrictions

P11 =9, R11 = Kr,
k12 = —1, 'y =B,
Flg = O, (,52 = 0,
ko1 = 0, Roo = Ke,

Iy = Bep, Too = f/1 = p2.

Since the short rate is itself the first state variable, we must in addition put £&; = 1 and §; = &; = 0.

After these substitutions the ordinary differential equations for b; and b, become

b/l(T) = —Iirbl(T) + 1, bl(O) = 0, (832)
by(T) = bi(7) — Keba(7),  b2(0) =0. (8.33)
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The first of these is identical to the differential equation solved in the original one-factor Vasicek
model, cf. Section 7.4.2 on page 159, so we know that the solution is
bi(r) = - (1—e ).
Ky
Next, it can be verified that the solution to the equation for by is given by
1 1

by(r) = —————e™ T — ———— 7T 4 .
R [/fr - He} Ke ["‘{r - /‘fs] Ry Re

Finally, the equation for the function a can be rewritten as

@(7) = () — L B (r) — SEa(r)? — pBeBbr (Dha(),  a(0) =0,

from which it follows that

a(7) = a(r) fa<o>:/T '(u) du

_ /bl u__52/b1 2 qu — 52/192 du—p@ﬁg/h Yo (u

Lronrn -5 (3 L2 B ) (rbai) - zfarm())

r Ry — Ke

B2 - 2
_ 2 _ 3 4 ReT __ KeT
—4I€§’(l€r — /‘ds) ( TKe + 4de e )

A 1 — e HKeT 1— —(Kptre)T
%(Tbl(ﬂ e L ¢ >

Krke(Kr — Ke) Ke Kr + Ke

The relevant variance v(t, T, S)? entering the price of an option on a zero-coupon bond follows
from (8.29):

T T
o(t, T, )2 = ﬁf/t (S — u) — by (T — u)]? duwg/t [bo(S — u) — ba(T — w)]? du

T
+ 206, . / [51(S — w) — by (T — )] [ba(S — ) — bo(T — )] du,

where the integrals can be computed explicitly. Hull and White (1994b) show further how to
obtain a perfect fit of the model to an observed yield curve by replacing the constant ¢ by a
suitable time-dependent function.

Other Gaussian multi-factor models have been studied by Langetieg (1980) and Beaglehole and
Tenney (1991).

8.5 Multi-factor CIR models
8.5.1 General analysis

A term structure model is said to be an n-factor CIR model if the short rate equals the sum
of the n state variables, r; = Z?Zl Zjt, and the risk-neutral dynamics of the n state variables is of
the form

daje = (@5 — fywje) dt + B /T dzly, j=1,...,n
where ¢;, £j, and 3; are constants. Note that the state variables are mutually independent and
that each state variable follows a square root process, just as the short rate process in the one-

factor CIR model, cf. Section 7.5 on page 168. In particular, the processes will have non-negative
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values at all points in time.2 Also note that a multi-factor CIR model is an affine model of the
form (8.5), where (i) the matrix & is diagonal with &1, ..., &, in the diagonal and zeros in all other
entries, (ii) the matrix I is the identity matrix, i.e. the matrix with ones in the diagonal and zeros
in all other entries, and (iii) v;(®;) = 7.

In the multi-factor CIR models the ordinary differential equations (8.16) and (8.17) can be
solved explicitly. The solutions can be computed from the known expressions for a(7) and b(7) in

the one-factor CIR model. To see this, first recall from Chapter 6 that the zero-coupon bond price

T
exp{/ rudu} mt—w].
t

Using the relation 7, = x1, + - - - + T, and the independence of the state variables, we can rewrite

can be written as

BT (x,t) = EY

the zero-coupon bond price as

n_o.T
BT (x,t) = E? | exp —Z/t Tjydu p| Ty =
j=1

- .
=EC Hexp{—/ xjudu} Ty =
j=1 ¢

n T
= H E? | exp {—/ Tju du} Tjt = xj] .
j=1 ¢

Because each state variable x; follows a process of the same type as the short rate in the one-factor

CIR model, we get

T
EC [exp{—/ xjudu}
t

T = xj‘| =exp{—a;(T —1t) —b;(T — t)x;},

where
o 2(enT —1)
i(7) = (75 + R5)(€57 = 1) 4+ 2v;
20 1
a;(7) = —% (110(2%') + 5 (R )7 = [(7; + A5)(e77 — 1) + 2%’]) ;
J

and y; = ,/,%? + 26?, cf. (7.67), (7.70), and (7.71). Consequently, the zero-coupon bond price is

BT (z,t) = H exp{—a;j(T —t) —b;(T —t)z;} =exp —a(T —1t) — Z b (T —t)x; p,
j=1

where a(7) = >°"_, a;j(7). The risk-neutral dynamics of the zero-coupon bond price is

j=1
dEJthT = r(,) dt + Jz: ol (@, 1) dz2,
where the sensitivities JjT are given by
o] (x,t) = —B;/T;b;(T — 1). (8.34)

2As in the one-factor CIR model, the process x; will be strictly positive if 2¢; > BJQ
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8.5.2 A specific example: the Longstaff-Schwartz model

Model description

The prevalent multi-factor CIR model is the two-factor model of Longstaff and Schwartz
(1992a). As the one-factor CIR model, the Longstaff-Schwartz model is a special case of the
general equilibrium model studied by Cox, Ingersoll, and Ross (1985a). With some empirical
support Longstaff and Schwartz assume that the economy has one state variable, x;, that affects
only expected returns on productive investments and another state variable, x5, that affects both
expected returns and the uncertainty about the returns on productive investments. The two state

variables x1 and x5 are assumed to follow the independent processes

dzip = (p1 — K121¢) dt + Bry/T1e d2g,
dxor = (2 — KoTar) dt + Par/Tos dzoy
under the real-world probability measure. All the constants are positive.
Under certain specifications of preferences, endowments, etc., of the agents in the economy (and
an appropriate scaling of the two state variables), the equilibrium short rate is exactly the sum of

the two state variables,

Tt = T13 + Tot. (8.35)

Furthermore, the market price of risk associated with x4, i.e. A(x,t), is equal to zero, while the
market price of risk associated with x5 is of the form A\o(x,t) = A\/Z2/F2, where A is a constant.

Hence, the standard Brownian motion under the risk-neutral probability measure Q is given by
2 =d 028 = dzgy + /T d 8.36
213 21t Zop 29t + 3 o dt. (8.36)
2
The dynamics of the state variables under the risk-neutral measure becomes

dry = (P1 — Rizye) dt 4 Bry/T1e dZ%,
dxor = (P2 — Rawar) dt + Ba2r/Tat dz%,

where (,51 = (pl, 1%1 = K1, (,52 = QDQ, and /%2 = R2 +/\

The yield curve

According to the analysis for general multi-factor CIR models, the zero-coupon bond price

BT (x1,5,t) can be written as
BT (21, 29,t) = exp {—a(T —t) — by (T — t)xy — bo(T — t)x2}, (8.37)

where a(7) = a1(7) + as(7),

(1) = 2Aev” — 1) j=1,2
! (5 + F5)(€17 = 1) + 275 o
25, 1. N ,
a;(T) = =25 (ln@%‘) + 5 (Ry + )7 —In(y; + &;)(e¥" —1) +27j]) , J=12
J

and ; = /&3 + 2.

The state variables x1 and x5 are abstract variables that are not directly observable. Longstaff

and Schwartz perform a change of variables to the short rate, r;, and the instantaneous variance
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rate of the short rate, v;. Strictly speaking, these variables cannot be directly observed either, but
they can be estimated from bond market data. In addition, the new variables seem important for
the pricing of bonds and interest rate derivatives, and it is easier to relate to prices as functions of

r and v instead of functions of z1 and x5. Since r; is given by (8.35), we get dry = dx1 + dwoy, i.e.
dry = (1 + @2 — K1Z1r — Kalar) dt + B1v/T1e dzig + Por/Tar dzae.
The instantaneous variance is Var(dry) = vy dt, where
vy = Biane + Biwar, (8.38)
so that the dynamics of vy is
dvy = (Bie1 + B302 — Bikran — B3komay) db + B7\/T1e dzyy + B3/ Tar dzay.

If 81 # (2, the Equations (8.35) and (8.38) imply that

ﬂ% Tt — Ut 51 7’t
Tt = —5——5- x 8.39
1t 63 — 2t — 62 61 ( )
The dynamics of  and v can then be rewritten as
2 2
dry = <<p1 + g — 5153 Hiﬁl Ty — e ) dt
Pz — B 3 —
5 b’ (8.40)
Tt — Vg — Pt
4By |2 G 4 By | A
52 ﬁl 21t 2 6% — 6% 2t

— K 2Ky — BPK
dvy = (51%01 +52902 ﬂlﬂz 37’,5 ﬁZ 2 ﬂl 1'0) dt

1

= (8.41)
+ ﬂ? 52” Ldz z1t + ﬁz \/ ;71“1: dzy.

Since both z7 and x9 stay non-negative, it follows from (8.39) that v; at any point in time will lie
between (71, and B3r;. It can be shown that (8.40) and (8.41) imply that changes in r; and v, are
positively correlated, which is in accordance with empirical observations of the relation between
the level and the volatility of interest rates.

Substituting (8.39) into (8.37), we can write the zero-coupon bond price as a function of r

and v:
BT (r,v,1) = exp {fa(T — ) = by (T — t)r — bo(T — t)v} , (8.42)
where
7 _ 5b1(1) — Biba(7)
N
_ bo(7) — b
hn(r) = 250,

Note that the zero-coupon bond price involves six parameters, namely (1, (2, k1, k2, ¢1, and Ps.
The partial derivatives BT /0r and OB /0v can be either positive or negative so, in contrast to
the one-factor models in Chapter 7, the zero-coupon bond price is not a monotonically decreasing
function of the short rate. According to Longstaff and Schwartz, the derivative dB” /Or is typically

negative for short-term bonds, but it can be positive for long-term bonds. The derivative BT /ov
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approaches zero for 7 — 0 so that very short-term bonds are affected primarily by the short rate
and only to a small extent by the variance of the short rate. If the short rate r; at some point in
time is zero (in which case v; is also zero), it will become strictly positive immediately afterwards
and, hence, B7(0,0,t) < 1. Finally, BT (r,v,t) — 0 for r — oo (in which case v — 00).
The zero-coupon yield 77 = y!™7 is given by g7 = 4" (r¢, v;), where
a(r) | bi(r) | ba(7)

g (r,v) = + r+ v,
T T T

which is an affine function of r and v. It can be shown that §7(r,v) — r for 7 — 0 and that the

asymptotic long rate is constant since

g (r,v) — (’71 — k1) + ( Yo — Ra) for 7 — oo.

o7 f3

According to Longstaff and Schwartz, the yield curve 7 +— §7 (r,v) can have many different shapes,
for example it can be monotonically increasing or decreasing, humped (i.e. first increasing, then
decreasing), it can have a trough (i.e. first decreasing, then increasing) or both a hump and a
trough. We can see most of these shapes in Figure 8.1. Note that for a given short rate the shape
of the yield curve may depend on the variance factor. Partial changes in r and v may imply a
significant change of the shape of the yield curve, for example a twist so that different maturity
segments of the yield curve move in opposite directions. The Longstaff-Schwartz model is therefore
much more flexible than the one-factor CIR model.

The forward rate f7 = f/*7 is given by f7 = f7(rs,v¢), where
FT(r0) = d'(r) + 0y (r)r + By (7).

All zero-coupon yields and forward rates are non-negative in this model.

The dynamics of the zero-coupon bond price is of the form

dBT
B}

= rydt — B1y/Tiby (T — t) dz2 — Bo/Zarbo (T — t) dz3
= (7",5 — )\,%‘thQ(T — t)) dt — ﬁl \/-r_ubl (T — t) let — ﬁg\/.’lﬁ_gtbg(T — t) dZQt
= <’rt 4+ - ﬂ A ﬂl (T t)(ﬁ%’l"t — Ut)> dt

_ 32
-5 55227“75 7 by (T—t)dzu—ﬁz%bz(T—t)dz%

where we have applied (8.34), (8.36), and (8.39). The so-called term premium, i.e. the expected
rate of return on a zero-coupon bond in excess of the short rate, is A\bo(T —t)(B3r, —v.) /(585 — 5%),
which is positive if A < 0. It is consistent with empirical studies that the term premium is affected
by two stochastic factors (r and v) and depends on the interest rate volatility. The volatility

loT (r,v,t)|| of the zero-coupon bond price BI is in the Longstaff-Schwartz model given by

8262 o BBba(T — 1)% — B2,(T — 1)?
[ %) ret -5

Since the function 7'+ ||oT(r,v,t)|| depends on both of r and v, the two-factor model is able to

o (r,v,t)||? = (b1 (T —t)* — bo(T —

V¢.

generate more flexible term structures of volatilities than the one-factor models. It can be shown

that the volatility ||o7 (r,v,t)|| is an increasing function of the time to maturity 7' — t.
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Figure 8.1: Zero-coupon yield curves in the Longstaff-Schwartz model. The parameter values are
01 =0.1, B3 =0.2, kg = 0.3, kg = 0.45, 1 = 3 = 0.01, and A = 0. The asymptotic long rate is
5.20%. The very thick lines are for a high value of v, namely (0.7535 + 0.2537)r; the thin lines are for

a medium value of v, namely (0.585 + 0.53%)r; and the medium thick lines are for a low value of v,

namely (0.2533 + 0.756%)r.



8.5 Multi-factor CIR models 199

Options and other derivatives

Longstaff and Schwartz state a pricing formula for a European call option on a zero-coupon

bond, which in our notation looks as follows:

CK’T,S(ra v, t) = BS<T7 v, t)XQ (917 92a 4@1/5%7 4902/637(*}1 [B%T - ’U], w2 [U - ,6%7“])

’ Y lr A , o ] ) (8.43)
- KB (’r)U)t)X (91792;4@1/51,4@2/52,w1[527"—U],W2['U—617']),

where

A4S -T) +InK]
C B (enlT — 1)2h,(S — 1)
_4~2 _
b — 4vyZ[a(S AT)—i—lnAK} =12
B2 (evilT=t — 1)2b,(T — t)b;(S —T)

4ry;e7i [T~1] I;l (S — t)

) i:1727

wi = ~ ’ = 1727
B7 (83 = B7) (e — 1)bi(S = T)
evilT=tlg (T —
By = 4v,e bi(T —t) 12,
G — ) (e T — 1)
o b))
bi(T)—m, 2—1,2.

Here x2(-,-) is the cumulative distribution function for a two-dimensional non-central x2-distri-

bution. To be more precise, the value of the cumulative distribution function is

) 61 02—ubz /601
X“(01,02;¢1,c2,d1,d2) = Fx2(er,dn) (1) / Ix2(ca,d)(8) ds| du,
0 0

where fy2(. q) is the probability density function for a one-dimensional random variable which is
non-centrally x2-distributed with ¢ degrees of freedom and non-centrality parameter d. Note that
the inner integral can be written as the cumulative distribution function for a one-dimensional
non-central y2-distribution evaluated in the point 3 — ufls/0;. As discussed in the context of the
one-factor CIR model, see page 173, this one-dimensional cumulative distribution function can
be approximated by the cumulative distribution function of a standard one-dimensional normal
distribution. The value of the two-dimensional y2-distribution function can then be obtained by
a numerical integration. Chen and Scott (1992) provide a detailed analysis of the computation of
the two-dimensional x2-distribution function. They conclude that, despite the necessary numerical
integration, the option price can be computed much faster using (8.43) than using Monte Carlo
simulation or numerical solution of the fundamental partial differential equation. Longstaff and
Schwartz state that the partial derivatives dC/dr and 0C/Ov can be either positive or negative,
which is not surprising considering the fact that the price of the underlying bond can also be either
positively or negatively related to r and v.

In the Longstaff-Schwartz model the prices of many derivative securities can only be computed
using numerical techniques. One approach is to numerically solve the fundamental partial differ-
ential equation with the appropriate terminal conditions, cf. Chapter 16. For that purpose the

formulation of the model in terms of the original state variables, x; and x5, is preferable. The
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PDE to be solved is

oP
E(m’xz,tﬂ-(@l—/%1371)8—%(3317372,75)4-(@2—/%2332)8—902(961,332,t)
1., O°P 1., o2
+§ﬁ1$18—ﬁ($1,$2,t)+552$26—x%($17$27t)

— (xl +$2)P($17$27t) =0, (xl,ﬁz,t) S RJr X R+ X [07T)

Note that since x1 and x5 are independent, there is no term with the mixed second-order derivative

6:?12; ~. This fact simplifies the numerical solution. The PDE for the price function in terms of the

variables r and v will involve a mixed second-order derivative since r and v are not independent.
Furthermore, the value space for the variables 1 and x5 is simpler than the value space for r and v
since the possible values of v depend on the value of . This will complicate the numerical solution

of the PDE involving r and v even further.

Additional remarks

To implement the Longstaff-Schwartz model the current values of the short rate and the current
variance rate of the short rate must be determined, and parameter values have to be estimated.
Longstaff and Schwartz discuss the estimation procedure both in the original article and in other
articles, cf. Longstaff and Schwartz (1993a, 1994). Clewlow and Strickland (1994) and Rebonato
(1996, Ch. 12) discuss several practical problems in the parameter estimation. Longstaff and
Schwartz (1993a) explain how to obtain a perfect fit of the model yield curve to the observed
yield curve by replacing the parameter ko with a suitable time-dependent function. However, this
extended version of the model exhibits time inhomogeneous volatilities, which is problematic as
will be discussed in Section 9.6. In Longstaff and Schwartz (1992b) the authors consider the pricing
of caps and swaptions within their two-factor model, while in Longstaff and Schwartz (1993b) they
discuss the importance of taking stochastic interest rate volatility into account when measuring

the interest rate risk of bonds.

8.6 Other multi-factor diffusion models
8.6.1 Models with stochastic consumer prices

Cox, Ingersoll, and Ross (1985b) introduce several multi-factor versions of their famous one-
factor model. The short rate in their one-factor model is really the real short rate, the bonds
they price are real bonds promising delivery of certain prespecified consumption units, and the
prices are also stated in consumption units. To derive prices in monetary units (e.g. dollars) of
nominal securities, i.e. securities with payoff specified in monetary units, they focus on including
the consumer price index as an additional state variable. In their extensions they continue to

assume that the real short rate follows the process
dry = k[0 — r] dt + B/ dz1e,

as in the one-factor model. The first extension is to let the consumer price index I; follow a
geometric Brownian motion
d[t = It [7'(' dt + ﬁ[ dZQt] s
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where 7w denotes the expected inflation rate, and where the market price of risk associated with

the consumer price uncertainty is zero. A well-known application of I1t6’s Lemma implies that

1
d(Inl;) = <7r - §ﬁ?) dt + Br dzo,

so that the extended model is affine in r; and InI;. The price in monetary units of a nominal

zero-coupon bond maturing at time 7' is
T —1 1 2
BUILrt) =T "expq—|a(T—t)+ (7= 5p7 | (T —t)| =BT —t)r,

where the functions a(7) and b(7) are exactly as in the one-factor CIR model, cf. (7.70) and (7.71)
on page 170.

In their second extension the expected inflation rate 7 is also assumed to be stochastic so that

dly = Iy [my dt + Bry/m dzay]
dmy = Kr [971' - 7715} dt + pﬁﬂ'\/FtdZQt +v1- pQﬁTr\/ﬂ-—tdZBt-

The resulting model is a three-factor affine model with the state variables r;, In I}, and ;. For the
precise expression of the price of a nominal zero-coupon bond we refer the reader to the article,
Cox, Ingersoll, and Ross (1985b).3 Other affine models of this type have been studied by Chen
and Scott (1993).

8.6.2 Models with stochastic long-term level and volatility

The Longstaff-Schwartz model described in Section 8.5.2 is not the only model that includes

stochastic interest rate volatility. Vetzal (1997) considers the model

dri = (1 — Ka17e) dt + Ber] dzg,
d(In 5?) = (po — ko In B2) dt + p€ dz1y + /1 — p2€ dzay,

while Andersen and Lund (1997) study the special case where the two processes are independent,
i.e. p = 0. Both articles focus on the estimation and testing of the models. None of the models are
affine or able to produce closed-form expressions for prices on bonds or options. Also Boudoukh,
Richardson, Stanton, and Whitelaw (1999) consider a model with stochastic volatility of the short
rate, but they use a non-parametric estimation technique in order to estimate the drift of the short
rate and both the drift and the volatility of the short rate volatility.

Balduzzi, Das, Foresi, and Sundaram (1996) suggest a three-factor affine model in which the
three state variables are the short rate r;, the long-term level 8; of the short rate, and the in-

stantaneous variance v; of the short rate. They assume that the real-world dynamics is of the

3In addition, Cox, Ingersoll, and Ross (1985b) state an explicit, but very complicated, pricing formula for the

nominal bond in the case where the expected inflation rate follows the process
dmy = Kx[0r — me| dt + pﬁﬁﬂf/z dzot + \/1 - pQ,BﬁTr;?/2 dzst,

and the dynamics of r; and I; are as before. This model does not belong to the affine class.
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form

th = nr[ﬁt — Tt] dt + \/U_tdzlt,

d9t = K¢ [9 — Qt] dt + /63 dZQt,
dvt = Ry [77 - vt] dt + pﬂv\/v—tdzlt + V 1 - p2ﬁv\/v_td23t-

Here, p is the correlation between changes in the short rate level and the variance of the short rate.
Furthermore, the market prices of risk are assumed to have a form that implies that the dynamics

under the risk-neutral measure is
dry = (ke [0y — 1] — Apvy) dt + \/v_tdz%,
by = (kg0 — 0:] — o) dt + g dz3,
dvy = (k[0 — ] — Apy) dt + pBuy/vr dz2 + /1 = p26,/0; dz,
where A, A\g, and A, are constants. The model is affine so that the zero-coupon bond prices are
BT (r,0,v,t) = exp{—a(T —t) — by (T — t)r — bo(T — )0 — bs(T — t)v}.

The authors find explicit expressions for b; and by, but a and b3 must be found by numerical
solution of the appropriate ordinary differential equations, cf. (8.16) and (8.17). The model can
produce a wide variety of interesting yield curve shapes. The estimation of the model is also
discussed.

Chen (1996) studies a three-factor model with the same three state variables ry, 0;, and v;. In
the simplest version of the model, the dynamics under the real-world probability measure is given

as

d?"t = HT[Gt — ’I”t] dt + \/v—tdzlt,
d9t = Iﬂ?g[é — Gt] dt + ﬂe\/e—tdZQt,
dvy = Ky [0 — vg] dt + By+/vr dzat,

and the market prices of risk are such that the dynamics of the state variables have the same
structure under the risk-neutral measure, but with different constants .., kg, 6, k,, and . Since

the model is affine, the zero-coupon bond prices are of the form
BT (r,0,v,t) = exp{—a(T —t) — by (T — t)r — bo(T — )0 — bs(T — t)v}.

Although the model is not a multi-factor CIR model, Chen is able to find explicit, but complicated,
expressions for the functions a, b1, ba, and b3. In addition, Chen considers a more general three-
factor model, which is not included in the affine class of models.

Dai and Singleton (2000) divide the class of affine models into subclasses, and for each subclass
they find the most general model that satisfies the conditions v;(x) > 0 (j = 1,...,n) which ensure
that the process for the state variables is well-defined. They focus on the three-factor models and
show how the three-factor models suggested in the literature (e.g. the models of Chen and of
Balduzzi, Das, Foresi, and Sundaram) fit into this classification. They find that the suggested
models can be extended and, based on an empirical test using the historical evolution of zero-
coupon yields of three different maturities, they conclude that the extensions are important in
order for the models to be realistic. However, explicit expressions for the functions a, by, by, and b3

have not been found in the extended models.
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8.6.3 A model with a short and a long rate

One of the very first two-factor term structure models was suggested by Brennan and Schwartz
(1979). They take the short rate r; and the long rate I, to be the state variables. The long rate is
the yield on a consol (an infinite maturity bond) which yields a continuous payment at a constant
rate c. The idea of the model is in line with empirical studies since the short rate can be seen as an
indicator for the level of the yield curve, while the difference between the long and the short rate
is a measure of the slope of the yield curve. The specific long rate dynamics assumed by Brennan
and Schwartz is unacceptable, however. The problem is that the long rate is given by I; = ¢/Ly,

where L, is the price of the consol, and we know that this price follows from the short rate process

o0 s
L; = E2 [/ e Jimu d“cds} .
t

The drift and the volatility of L, and hence of I;, are therefore closely related to the short rate 7.

and the pricing formula

Brennan and Schwartz assume for example that the volatility of the long rate is proportional to
the long rate and independent of the short rate. For a more detailed discussion of this issue, see
Hogan (1993) and Duffie, Ma, and Yong (1995). In addition to the model formulation problems,
the Brennan-Schwartz model does not allow closed-form pricing formulas for bonds or derivatives.
Although it should be possible to construct a theoretically acceptable model with the short and
the long rate as the state variables, no such model has apparently been suggested in the finance

literature.

8.6.4 Key rate models

In their analysis of affine multi-factor models Duffie and Kan (1996) focus on models in which
the state variables are zero-coupon yields of selected maturities, e.g. the 1-year, the 5-year, the
10-year, and the 30-year zero-coupon yield. We will refer to the selected interest rates as key
rates. A clear advantage of such a model is that it is easy to observe (or at least estimate) the
state variables from market data, much easier than the short rate volatility for example. The
yield curve obtained in these models automatically matches the market yields for the selected
maturities. Other multi-factor models tend to have difficulties in matching the long end of the
yield curve, which is problematic for the pricing and hedging of long-term bonds and options on
long-term bonds. Many practitioners measure the sensitivity of different securities towards changes
in different maturity segments of the yield curve. For that purpose it is clearly convenient to use a
model that gives a direct relation between security prices and representative yields for the different
maturity segments.

As shown in (8.18), the zero-coupon yields 7 = y:*" in a general n-factor affine diffusion model

are given by y7 = " (x;), where
o alr) | x-b(r)
v (x) = - JFJZ:; A

Here, the functions a, by, ..., b, solve the ordinary differential equations (8.16) and (8.17) with the
initial conditions a(0) = b,;(0) = 0. If each state variable z; is the zero-coupon yield for a given
time to maturity 7;, i.e.

y(x) =y,
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we must have that

bj(mj) =7, alry) =bi(r;) =0, i #]. (8.44)
These conditions impose very complicated restrictions on the parameters in the drift and the
volatility terms in the dynamics of the state variables, i.e. the key rates. Explicit expressions for
the functions a and by, ...,b, can only be found in the Gaussian models. In general, the Ricatti
equations with the extra conditions (8.44) have to be solved numerically.

An alternative procedure is to start with an affine model with other state variables so that the
conditions (8.44) do not have to be imposed in the solution of the Ricatti equations. Subsequently,
the variables can be changed to the desired key rates. Since the zero-coupon yields are affine
functions of the original state variables, the model with the transformed state variables (i.e. the

key rates) is also an affine model.

8.6.5 Quadratic models

In Section 7.6 we gave a short introduction to quadratic one-factor models, i.e. models in which
the short rate is the square of a state variable which follows an Ornstein-Uhlenbeck process. There
are also multi-factor quadratic term structure models. The vector of state variables x follows a

multi-dimensional Ornstein-Uhlenbeck process
dzy = (¢ — kay) dt + L dzg,

and the short rate is a quadratic function of the state variables, i.e.

=+ +xlQwy =&+ Zwﬂit + Z Z Ot 4.
i=1

i=1 j=1

The zero-coupon bond prices are then of the form

BT (z,t) =exp{—a(T —t) = b(T —t)Tx —x"¢(T — t)=}

n

n n
=exp{ —a(T —1t) — Z bi(T —t)a; — Z Z cij (T —t)xixj o,
i=1 i=1 j=1
where the functions a, b;, and ¢;; can be found by solving a system of ordinary differential equations.
These equations have explicit solutions only in very simple cases, but efficient numerical solution
techniques exist. Special cases of this model class have been studied by Beaglehole and Tenney
(1992) and Jamshidian (1996), whereas Leippold and Wu (2002) provide a general characterization

of the quadratic models.

8.7 Final remarks

To give a precise description of the evolution of the term structure of interest rates over time,
it seems to be necessary to use models with more than one state variable. However, it is more
complicated to estimate and apply multi-factor models than one-factor models. Is the additional
effort worthwhile? Do multi-factor models generate prices and hedge ratios that are significantly
different from those generated by one-factor models? Of course, the answer will depend on the

precise results we want from the model.
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Buser, Hendershott, and Sanders (1990) compare the prices on selected options on long-term
bonds computed with different time homogeneous models. They conclude that when the model
parameters are chosen so that the current short rate, the slope of the yield curve, and some interest
rate volatility measure are the same in all the models, the model prices are very close, except when
the interest rate volatility is large. However, they only consider specific derivatives and do not
compare hedge strategies, only prices.

For a comparison of derivative prices in different models to be fair, the models should produce
identical prices of the underlying assets, which in the case of interest rate derivatives are the
zero-coupon bonds of all maturities. As we will discuss in more detail in Chapter 9, the models
studied so far can be generalized in such a way that the term structure of interest rates produced
by the model and the observed term structure match exactly. The model is said to be calibrated
to the observed term structure. Basically, one of the model parameters has to be replaced by a
carefully chosen time-dependent function, which results in a time inhomogeneous version of the
model. The models can also be calibrated to match prices of derivative securities. Several authors
assume a presumably reasonable two-factor model and calibrate a simpler one-factor model to the
yield curve of the two-factor model using the extension technique described above. They compare
the prices on various derivatives and the efficiency of hedging strategies for the two-factor and
the calibrated one-factor model. We will take a closer a look at these studies in Section 9.9. The
overall conclusion is that the calibrated one-factor models should be used only for the pricing of
securities that resemble the securities to which the model is calibrated. For the pricing of other
securities and, in particular, for the construction of hedging strategies it is important to apply
multi-factor models that provide a good description of the actual evolution of the term structure
of interest rates.

Another conclusion of Chapter 9 is that the calibrated factor models should be used with
caution. They have some unrealistic properties that may affect the prices of derivative securities.
In Chapters 10 and 11 we will consider models that from the outset are developed to match the
observed yield curve.

Just as at the end of Chapter 7 we will come to the defense of the time homogeneous diffusion
models. In practice, the zero-coupon yield curve is not directly observable, but has to be estimated,
typically by using observed prices on coupon bonds. Frequently, the estimation procedure is based
on a relatively simple parameterization of the discount function as e.g. a cubic spline or a Nelson-
Siegel parameterization described in Chapter 1. Probably, an equally good fit to the observed
market prices and an economically more appropriate yield curve estimate can be obtained by
applying the parameterization of the discount function 7'+ B] that comes from an economically
founded model such as those discussed in this chapter. Hence, it may be better to use the time
homogeneous version of the model than to calibrate a time inhomogeneous version perfectly to an

estimate of the current yield curve.



Chapter 9

Calibration of diffusion models

9.1 Introduction

In Chapters 7 and 8 we have studied diffusion models in which the drift rates, the variance
rates, and the covariance rates of the state variables do not explicitly depend on time, but only on
the current value of the state variables. Such diffusion processes are called time homogeneous. The
drift rates, variances, and covariances are simple functions of the state variables and a small set of
parameters. The derived prices and interest rates are also functions of the state variables and these
few parameters. Consequently, the resulting term structure of interest rates will typically not fit
the currently observable term structure perfectly. It is generally impossible to find values of a small
number of parameters so that the model can perfectly match the infinitely many values that a term
structure consists of. This property appears to be inappropriate when the models are to be applied
to the pricing of derivative securities. If the model is not able to price the underlying securities
(i.e. the zero-coupon bonds) correctly, why trust the model prices for derivative securities? In order
to be able to fit the observable term structure we need more parameters. This can be obtained by
replacing one of the model parameters by a carefully chosen time-dependent function. The model
is said to be calibrated to the market term structure. The resulting model is time inhomogeneous.
The calibrated model is consistent with the observed term structure and is therefore a relative
pricing model (or pure no-arbitrage model), cf. the classification introduced in Section 6.7. The
model can also be calibrated to other market information such as the term structure of interest
rate volatilities. This requires that an additional parameter is allowed to depend on time.

For time homogeneous diffusion models the current prices and yields and the distribution of
future prices and yields do not depend directly on the calendar date, only on the time to maturity.
For example, the zero-coupon yield yf” does not depend directly on ¢, but is determined by the
maturity 7 and value of the state variables x;. Consequently, if the state variables have the same
values at two different points in time, the yield curve will also be the same. Time homogeneity
seems to be a reasonable property of a term structure model. When interest rates and prices
change over time, it is due to changes in the economic environment (the state variables) rather
than the simple passing of time. In contrast, the time inhomogeneous models discussed in this
chapter involve a direct dependence on calendar time. We have to be careful not to introduce
unrealistic time dependencies that are likely to affect the prices of the derivative securities we are
interested in.

In this chapter we consider the calibration of the one-factor models discussed in Chapter 7.

206
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Similar techniques can be applied to the multi-factor models of Chapter 8, but in order to focus
on the ideas and keep the notation simple we will consider only one-factor models. The approach
taken in this chapter is basically to “stretch” an equilibrium model by introducing some particular
time-dependent functions in the dynamics of the state variable. A more natural approach for
obtaining a model that fits the term structure is taken in Chapters 10 and 11, where the dynamics
of the entire yield curve is modeled in an arbitrage-free way assuming that the initial yield curve

is the one currently observed in the market.

9.2 Time inhomogeneous affine models

Replacing the constants in the time homogeneous affine model (7.6) on page 145 by deterministic

functions, we get the short rate dynamics
dry = (@(t) — &(t)ry) dt +\/61(t) + 02 (t)re dzg (9.1)

under the risk-neutral probability measure Q. In this extended version of the model, the distri-
bution of the short rate r,y, prevailing 7 years from now will depend both on the time horizon 7
and the current calendar time t. In the time homogeneous models the distribution of 7, is inde-
pendent of t. Despite the extension we obtain more or less the same pricing results as for the time
homogeneous affine models. Analogously to Theorem 7.1, we have the following characterization

of bond prices:

Theorem 9.1 In the model (9.1) the time t price of a zero-coupon bond maturing at T is given
as Bl = BT (ry,t), where
BT(T, t) — efa(t,T)fb(t,T)r (92)

and the functions a(t,T) and b(t,T) satisfy the following system of differential equations:

%@(t)b(t, T)* + &(t)b(t, T) — %(a T)-1=0, (9.3)
%(t,T) + @(t)b(t,T) — %51(t)b(t, T)2=0 (9.4)

with the conditions a(T,T) = b(T,T) = 0.

The only difference relative to the result for time homogeneous models is that the functions a and
b (and hence the bond price) now depend separately on ¢ and T', not just on the difference T' — ¢.
The proof is almost identical to the proof of Theorem 7.1 and is therefore omitted. The functions
a(t,T) and b(t,T) can be determined from the Equations (9.3) and (9.4) by first solving (9.3) for
b(t,T) and then substituting that solution into (9.4), which can then be solved for a(t,T).

It follows immediately from the above theorem that the zero-coupon yields and the forward

rates are given by

yT(r,t) Tt Tt " (9:5)
and 5 b
T a
it = 3 t,T)+ 3 (t, T)r. (9.6)

Both expressions are affine in r.
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Next, let us look at the term structures of volatilities in these models, i.e. the volatilities on zero-

coupon bond prices BT, zero-coupon yields 37, and forward rates f/T7 as functions of the time
to maturity 7. These volatilities involve the volatility of the short rate 8(r,t) = \/1(¢) + d2(t)r

and the function b(t,T). The dynamics of the zero-coupon bond prices is
dBy"" = By [(re = A(re, ) B(re, )b(t,t + 7)) dt = b(t, t +7)B(re, 1) dz]

while the dynamics of zero-coupon yields and forward rates is given by

b(t
dyi™T = ... dt + Mﬁ(rt, t) dz (9.7)
T
and bt T
t
dftt+7— =...dt+ M ﬂ(’l’t,t) dZt, (98)
or T=t+1

respectively. Focusing on the volatilities, we have omitted the rather complicated drift terms.

From (9.3) we see that if the functions d2(¢) and #(t) are constant, then we can write b(¢,T) as
b(T — t) where the function b(7) solves the same differential equation as in the time homogeneous
affine models, i.e. the ordinary differential equation (7.8) on page 146. If §;(¢) is also constant,
the short rate volatility B(r,t) = \/m will be time homogeneous. Consequently, when
R(t), 01(t), and d2(t) — but not necessarily @(t) — are constants, the term structures of volatilities
of the model are time homogeneous in the sense that the volatilities of BI*", y!*7™, and f/*7
depend only on 7 and the current short rate, not on ¢. Due to the time inhomogeneity, the future
volatility structure can be very different from the current volatility structure, even for a similar
yield curve. This property is inappropriate and not realistic. Furthermore, the prices of many
derivative securities are highly dependent on the evolution of volatilities, see e.g. Carverhill (1995)
and Hull and White (1995). A model with unreasonable volatility structures will probably produce
unreasonable prices and hedge strategies.

For these reasons it is typically only the parameter ¢ that is allowed to depend on time. Below
we will discuss such extensions of the models of Merton, of Vasicek, and of Cox, Ingersoll, and
Ross. For a particular choice of the function ¢(¢) these extended models are able to match the
observed yield curve exactly, i.e. the models are calibrated to the market yield curve.

Note that if only ¢ depends on time, the function b(7) is just as in the original time homogeneous

version of the model, whereas the a function will be different. Since

(T,T) —a(t,T) = T%( T)d
a(T, a(t,T) = . ou U, U

and a(T,T) = 0, Eq. (9.4) implies that

T 51 T
a(t,T) = / BT ) du — / b(T — u)? du.
t t
In particular,

T T
a(0,T) = /O ST — 1) dt—% /0 BT — 1)2 dt. (9.9)

We want to pick the function ¢(¢) so that the current (time 0) model prices on zero-coupon bonds,
BT (rg,0), are identical to the observed prices, B(T), i.e.

a(0,T) = —b(T)ro — In B(T) (9.10)
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for any time-to-maturity 7. We can then determine ¢(¢) by comparing (9.9) and (9.10). In the
extensions of the models of Merton and Vasicek we are able to find an explicit expression for ¢(t),

while numerical methods must be applied in the extension of the CIR model.

9.3 The Ho-Lee model (extended Merton)

Ho and Lee (1986) developed a recombining binomial model for the evolution of the entire
yield curve taking the currently observed yield curve as given. Subsequently, Dybvig (1988) has

demonstrated that the continuous time limit of their binomial model is a model with
dry = §(t) dt + Bdz2, (9.11)

which extends Merton’s model described in Section 7.3. The prices of zero-coupon bonds are of

the form
BT(T, t) — e—a(t,T)—b(T—t)r’

where b(7) = 7 just as in Merton’s model, and

T T
a(t, T) = /t H(u) (T — ) du — %ﬂQ/t (T — )2 du, 9.12)

cf. the discussion in the preceding section. The following theorem shows how to choose the function

&(t) in order to match any given initial yield curve.

Theorem 9.2 Let t — f(t) be the current term structure of forward rates and assume that this

function is differentiable. Then the term structure of interest rates in the Ho-Lee model (9.11) with

o(t) = f'(t) + 5% (9.13)
for all t will be identical to the current term structure. In this case we have
B(T) oy o Lo 2

t,T)=—In|—==|—-T—-t)f(t)+ =p7t(T —t 9.14

alt.7) = = (G ) = (T = 07(0) + 32T 0 (9.14)

where B(t) = exp{— fot f(s)ds} denotes the current zero-coupon bond prices.
Proof: Substituting b(T'—t) = T —t and §; = (32 into (9.9), we obtain

T T T
a(O,T):/O @(t)(Tft)dtf%ﬂQ/o (Tft)th:/O gé(t)(T—t)dt—%ﬁzTB.

Computing the derivative with respect to 7', using Leibnitz’ rule,! we obtain

da o 1 oo
1) = [ eltd— 5T,

and another differentiation gives
9%a R
o2 (0. T) =&(T) - 3°T. (9.15)

f h(t,T) is a deterministic function, which is differentiable in T, then

9 (/OT h(t,T)dt) = h(T,T) +./OT Oh . 1y a,

oT oT
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We wish to satisfy the relation (9.10), i.e.
a(0,T) = —Try — In B(T).

Recall from (1.14) on page 9 the following relation between the discount function B and the term

structure of forward rates f:

OWmB(I)  B(T)

or ~ ~ B D
Hence, a(0,T) must satisfy that
da =
a_T(OvT) =—ro+ f(T)
and therefore
0%a -

where we have assumed that the term structure of forward rates is differentiable. Comparing (9.15)
and (9.16), we obtain the stated result.
Substituting (9.13) into (9.12), we get
T T 1 T
a(t,T) = /t () (T — u)du+ ﬁg/t uw(T — u) du — 552/t (T — u)? du.

Partial integration gives

T T D
| P - wdu=~=ofo+ [ fwa= - -nf - (G,

where we have used the relation between forward rates and zero-coupon bond prices to conclude
that

/tT Fu) du = /OT Flu) du— /Ot F(u)du = —n B(T) + n B(t) = — In (%) L 9a7)

Furthermore, tedious calculations yield that

52 /tT w(T —u)du — %BQ /tT(T —u)?du = %th(T —1)2

Now, a(t,T) can be written as stated in the Theorem. a

In the Ho-Lee model the short rate follows a generalized Brownian motion (with a time-
dependent drift). From the analysis in Chapter 3 we get that the future short rate is normally
distributed, i.e. the Ho-Lee model is a Gaussian model. The pricing of European options is similar
to the original Merton model. The price of a call option on a zero-coupon bond is given by (7.43)
on page 156 with the same expression for the variance v(t,T,S)?. As usual, the price of a call

option on a coupon bond follows from Jamshidian’s trick.

9.4 The Hull-White model (extended Vasicek)

When we replace the parameter § in Vasicek’s model (7.50) by a time-dependent, function 6(t),

we get the following short rate dynamics under the spot martingale measure:

dry = [é(t) - rt} dt + 5d22. (9.18)
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This model was introduced by Hull and White (1990a) and is called the Hull-White model or the
extended Vasicek model. As in the original Vasicek model, the process has a constant volatility
B > 0 and exhibits mean reversion with a constant speed of adjustment x > 0, but in the extended
version the long-term level is time-dependent. The risk-adjusted process (9.18) may be the result
of a real-world dynamics of

dry = & [0(t) — ] dt + Bdz,

and an assumption that the market price of risk depends at most on time, A(¢). In that case we
will have

0(t) = 0(t) — gA(t).

Despite the small extension, it follows from the discussion in Section 3.8.2 on page 59 that the
model remains Gaussian. To be more precise, the future short rate rp is normally distributed with
the same variance as in the original Vasicek model,

T 2
Var,  [rr] = Vargt[r;p] = ﬁQ/ e~ 2=l gy = g— (1 - e_QK[T_t]) )

¢ K

but a different mean, namely

T
Egt[rT] = e ®T—tp 4 K/ e T=uf(u) du

t

under the spot martingale measure and

T
E,i[rr] = e T 4 I'i/ e " T=4g(u) du

t
under the real-world probability measure.
According to Theorem 9.1 and the subsequent discussion, the zero-coupon bond prices in the

Hull-White model are given by

BT (r,t) = ¢ o&T) =0T =0)r (9.19)
where
1 _
b(r) = - (1 —e "”) , (9.20)
a(t,T) = H/T é(u)b(T —u)du+ f—zb(T — )2+ % OT—-t)—(T—-1)). (9.21)

This expression holds for any given function 6. Now assume that at time 0 we observe the current
short rate 79 and the entire discount function 7'+ B(T) or, equivalently, the term structure of
forward rates T + f(T). The following result shows how to choose the function 0 so that the

model discount function matches the observed discount function exactly.

Theorem 9.3 Let t — f(t) be the current (time 0) term structure of forward rates and assume
that this function is differentiable. Then the term structure of interest rates in the Hull-White

model (9.18) with

) 7 15 62 —2kt
o(t) = f(t) + Ef’(t) +53 (1—e?7) (9.22)
will be identical to the current term structure of interest rates. In this case we have
B(T) ron o, B 2 2t
t,T)=—In{—=—= ) =b(T —=t)f(t)+ —b(T —t)* (1 — e ") . 2
alt,7) = ~tn (G ) = HT = 0)F0) + G072 (1= ) (9.23)
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Proof: From Eq. (9.21) it follows that

t 2
a(O,t):n/O O(u )b(t—u)du+ﬂ— b(t)? +T(b(t)—t).

Repeated differentiations yield

da b 1
_— = 7K’[t7u] _ 2 2
5 (0,1) m/o O(u)e du 26 b(t)

and
> a i 2 ‘s t 2 t
5z (0t) = kb(t) — & /0 O(u)e =1l du — B2b(t)e "

da ﬂQ —2kt
Ka(o,t)fﬁ(lfe ),

Kk0(t) —
where we have applied Leibnitz’ rule (see footnote 1, page 209). Consequently,

R G2 ok 1 0%a da
G(t):ﬁ(l—e 2 t)+EW( ,t)—i-g((),t).

Differentiation of the expression (9.10), which we want to be satisfied, yields

da 0 B r
50 0.0) = = = roe™ = F(0) = e
and
82 7! —Kt
Tl (0,t) = f'(t) + kroe ™",

Substituting these expressions into (9.26), we obtain (9.22).
Substituting (9.26) into (9.21), we get

a(t,T) = /tT F(u) (1 — e*n[T7U]) du+ % /tT ) (1 B efn[Tfu]) du
ﬁZ

2K2

Note that

Partial integration yields

T T
% / .f/(’u,)e_fi[T—u] du = %f(T) — %f(t)e_R[T_t] _ / ]?(u)e—n[T—u] du.
¢ t

From (9.17) we get that

a(t,T) = —1In (@) — F(OB(T —t) + 25_22/ (1 _6—21171) (1 _e—R[T—u]) du

B(t)

+§b(T—t)2+f—;(b(T—t)—(T—t)).

L2 /tT (1 — em2m) (1 - e_”[T_“]) du + ﬁ—gb(T 07+ 5 (T —1) =

(9.24)

(9.25)

(9.26)

(9.27)

(T—1)).

After some straightforward, but tedious, manipulations we arrive at the desired relation (9.23).

O

Due to the fact that the Hull-White model is Gaussian, the prices of European call options

on zero-coupon bonds can be derived just as in the Vasicek model. Since the b function and the



9.5 The extended CIR model 213

variance of the future short rate are the same in the Hull-White model as in Vasicek’s model, we

obtain exactly the same option pricing formula, i.e.

CETS(r t) = B3(r,t)N (dy) — KBT (r,t)N (d3), (9.28)
where
1 B5(r,t) 1
b= eTe ™ (KB% t)) Tt TS),

d2 = d1 - ’U(t,T, S),

o(t, T, S) = \/% (1 _ efn[sz]) (1 _ 672/€[T,t}>1/2.

The only difference to the Vasicek case is that the Hull-White model justifies the use of observed

bond prices in this formula. Since the zero-coupon bond price is a decreasing function of the short
rate, we can apply Jamshidian’s trick stated in Theorem 7.3 for the pricing of European options

on coupon bonds in terms of a portfolio of European options on zero-coupon bonds.

9.5 The extended CIR model

Extending the CIR model analyzed in Section 7.5 in the same way as we extended the models

of Merton and Vasicek, the short rate dynamics becomes?

dry = (KO(t) — iry) dt + B/ dz2. (9.29)

For the process to be well-defined 6(¢) has to be non-negative. This will ensure a non-negative
drift when the short rate is zero so that the short rate stays non-negative and the square root term
makes sense. To ensure strictly positive interest rates we must further require that 2x0(t) > 32
for all ¢.

For an arbitrary non-negative function 6(t) the zero-coupon bond prices are

BT (r,t) = e~ oD =0T=0)r

where b(7) is exactly as in the original CIR model, cf. (7.70) on page 170, while the function a is

now given by
T
a(t,T) = n/ O(u)b(T — u) du.
t

Suppose that the current discount function is B(T) with the associated term structure of
forward rates given by f(T) = —B'(T)/B(T). To obtain B(T) = BT (ry,0) for all T, we have to
choose 6(t) so that

T
a(0,T) = —In B(T) — b(T)rg = :‘i/ O(uw)b(T —u)du, T > 0.
0
Differentiating with respect to T', we get

f(T) =0 (T)ro + /{/0 O(u)b' (T —u)du, T >0.

2This extension was suggested already in the original article by Cox, Ingersoll, and Ross (1985b).
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According to Heath, Jarrow, and Morton (1992, p. 96) it can be shown that this equation has a
unique solution #(t), but it cannot be written in an explicit form so a numerical procedure must
be applied. We cannot be sure that the solution complies with the conditions that guarantee a
well-defined short rate process. Clearly, a necessary condition for 6(¢) to be non-negative for all ¢
is that

F(T) > ret/(T), T >0. (9.30)

Not all forward rate curves satisfy this condition, cf. Exercise 9.1. Consequently, in contrast to the
Merton and the Vasicek models, the CIR model cannot be calibrated to any given term structure.

No explicit option pricing formulas have been found in the extended CIR model. Option prices
can be computed by numerically solving the partial differential equation associated with the model,

e.g. using the techniques outlined in Chapter 16.

9.6 Calibration to other market data

Many practitioners want a model to be consistent with basically all “reliable” current market
data. The objective may be to calibrate a model to the prices of liquid bonds and derivative
securities, e.g. caps, floors, and swaptions, and then apply the model for the pricing of less liquid
securities. In this manner the less liquid securities are priced in a way which is consistent with the
indisputable observed prices. Above we discussed how an equilibrium model can be calibrated to
the current yield curve (i.e. current bond prices) by replacing the constant in the drift term with a
time-dependent function. If we replace other constant parameters by carefully chosen deterministic
functions, we can calibrate the model to further market information.

Let us take the Vasicek model as an example. If we allow both 6 and £ to depend on time, the

short rate dynamics becomes
dry = k(t) [é(t) - 'rt} dt + 8dz2

= [@(t) — w(t)ry] dt + Bdz.

The price of a zero-coupon bond is still given by Theorem 9.1 as BT (r,t) = exp{—a(t,T)—b(t,T)r}.
According to Egs. (15) and (16) in Hull and White (1990a), the functions (t) and $(t) are
b b

K(t) = 557 (0.1) /5 0.0,

o0 =200+ 200.0— (L) [0 (Low)

and can hence be determined from the functions ¢ +— a(0,¢) and ¢ — b(0,¢) and their derivatives.

From (9.7) we get that the model volatility of the zero-coupon yield /™™ = y**7(r, 1) is

oy () = gb(t,t—i— 7).

r
Y

coupon yield volatilities is represented by the function ¢ — &,(t), we can obtain a perfect match

In particular, the time 0 volatility is o7 (0) = £b(0,7)/7. If the current term structure of zero-

of these volatilities by choosing
-

b(0,6) = 5o (1)



9.7 Initial and future term structures in calibrated models

215

The function ¢ — a(0,t) can then be determined from b(0,¢) and the current discount function
t — B(t) as described in the previous sections. Note that the term structure of volatilities can be
estimated either from historical fluctuations of the yield curve or as “implied volatilities” derived
from current prices of derivative securities. Typically the latter approach is based on observed
prices of caps.

Finally, we can also let the short rate volatility be a deterministic function §(t) so that we get
the “fully extended” Vasicek model

dry = k()[0(t) — ] dt + B(t) d=z2. (9.31)

Choosing 3(t) in a specific way, we can calibrate the model to further market data.
Despite all these extensions, the model remains Gaussian so that the option pricing for-

mula (9.28) still applies. However, the relevant volatility is now v(¢,T,.S), where

T T —2
o(t, T, S)? = /t B(w)? [b(u, S) — b(u, T2 du = [b(0, ) — b(0, T)] /t Bu)? (%(o,@) du,

cf. Hull and White (1990a). Jamshidian’s result (7.30) for European options on coupon bonds is
still valid if the estimated b(¢,T) function is positive.

If either k or 8 (or both) are time-dependent, the volatility structure in the model becomes
time inhomogeneous, i.e. dependent on the calendar time, cf. the discussion in Section 9.2. Since
the volatility structure in the market seems to be pretty stable (when interest rates are stable),
this dependence on calendar time is inappropriate. Broadly speaking, to let x or 0 depend on
time is to “stretch the model too much”. It should not come as a surprise that it is hard to find a
reasonable and very simple model which is consistent with both yield curves and volatility curves.

If only the parameter 6 is allowed to depend on time, the volatility structure of the model is
time homogeneous. The drift rates of the short rate, the zero-coupon yields, and the forward rates
are still time inhomogeneous, which is certainly also unrealistic. The drift rates may change over
time, but only because key economic variables change, not just because of the passage of time.
However, Hull and White and other authors argue that time inhomogeneous drift rates are less
critical for option prices than time inhomogeneous volatility structures. See also the discussion in
Section 9.9 below.

9.7 Initial and future term structures in calibrated models

In the preceding section we have implicitly assumed that the current term structure of interest
rates is directly observable. In practice, the term structure of interest rates is often estimated from
the prices of a finite number of liquid bonds. As discussed in Section 1.6, this is typically done by
expressing the discount function or the forward rate curve as some given function with relatively
few parameters. The values of these parameters are chosen to match the observed prices as closely
as possible.

A cubic spline estimation of the discount function will frequently produce unrealistic estimates
for the forward rate curve and, in particular, for the slope of the forward rate curve. This is
problematic since the calibration of the equilibrium models depends on the forward rate curve and

its slope as can be seen from the earlier sections of this chapter. In contrast, the Nelson-Siegel
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parameterization
F(t) = c1 4 coe™ 4 cate™, (9.32)

cf. (1.30), ensures a nice and smooth forward rate curve and will presumably be more suitable in
the calibration procedure.

No matter which of these parameterizations is used, it will not be possible to match all the
observed bond prices perfectly. Hence, it is not strictly correct to say that the calibration pro-
cedure provides a perfect match between model prices and market prices of the bonds. See also
Exercise 9.2.

Recall that the cubic spline and the Nelson-Siegel parameterizations are not based on any
economic arguments, but are simply “curve fitting” techniques. The theoretically better founded
dynamic equilibrium models of Chapters 7 and 8 also result in a parameterization of the discount
function, e.g. (7.67) and the associated expressions for a and b in the Cox-Ingersoll-Ross model.
Why not use such a parameterization instead of the cubic spline or the Nelson-Siegel parameter-
ization? And if the parameterization generated by an equilibrium model is used, why not use
that equilibrium model for the pricing of fixed income securities rather than calibrating a different
model to the chosen parameterized form? In conclusion, the objective must be to use an equi-
librium model that produces yield curve shapes and yield curve movements that resemble those
observed in the market. If such a model is too complex, one can calibrate a simpler model to
the yield curve estimate stemming from the complex model and hope that the calibrated simpler
model provides prices and hedge ratios which are reasonably close to those in the complex model.

A related question is what shapes the future yield curve may have, given the chosen parameter-
ization of the current yield curve and the model dynamics of interest rates. For example, if we use
a Nelson-Siegel parameterization (9.32) of the current yield curve and let this yield curve evolve
according to a dynamic model, e.g. the Hull-White model, will the future yield curves also be of
the form (9.32)7 Intuitively, it seems reasonable to use a parameterization which is consistent with
the model dynamics, in the sense that the possible future yield curves can be written on the same
parameterized from, although possibly with other parameter values.

Which parameterizations are consistent with a given dynamic model? This question was studied
by Bjork and Christensen (1999) using advanced mathematics, so let us just list some of their

conclusions:

e The simple affine parameterization f(t) = c; +cat is consistent with the Ho-Lee model (9.11),
i.e. if the initial forward rate curve is a straight line, then the future forward rate curves in

the model are also straight lines.

e The simplest parameterization of the forward rate curve, which is consistent with the Hull-
White model (9.18), is

fi) = cre Rt 4 cpe 2k,

e The Nelson-Siegel parameterization (9.32) is consistent neither with the Ho-Lee model nor

the Hull-White model. However, the extended Nelson-Siegel parameterization
ft)=ci + coe Pt 4 eqte™ R 4 che R

is consistent with the Hull-White model.
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Furthermore, it can be shown that the Nelson-Siegel parameterization is not consistent with any

non-trivial one-factor diffusion model, cf. Filipovié (1999).

9.8 Calibrated non-affine models

In Section 7.6 on page 174 we looked at some non-affine one-factor models with constant param-
eters. These models can also be calibrated to market data by replacing the constant parameters

by time-dependent functions. The Black-Karasinksi model (7.82) can thus be extended to
d(Inry) = w()(0(t) — Inry) dt + B(t) dz2, (9.33)

where k, 0, and § are deterministic functions of time. Despite the generalization, the future values
of the short rate remain lognormally distributed. Black and Karasinksi implement their model in
a binomial tree and choose the functions k, 8, and (8 so that the yields and the yield volatilities
computed with the tree exactly match those observed in the market. There are no explicit pricing
formulas, and the construction of the calibrated binomial tree is quite complicated.

The BDT model introduced by Black, Derman, and Toy (1990) is the special case of the Black-

Karasinski model where () is a differentiable function and

A0
B

Still, no explicit pricing formulas have been found, and also this model is typically implemented in

K(t)

a binomial tree.® To avoid the difficulties arising from time-dependent volatilities, 3(¢) has to be

constant. In that case, k(t) = 0 in the BDT model, and the model is reduced to the simple model
1 9 Q
d’f’t = §ﬂ Ttdt+ﬁrtdzt s

which is a special case of the Rendleman-Bartter model (7.83) and cannot be calibrated to the
observed yield curve.

Theorem 7.6 showed that the time homogeneous lognormal models produce completely wrong
Eurodollar-futures prices. The time inhomogeneous versions of the lognormal models exhibit the

same unpleasant property.

9.9 Is a calibrated one-factor model just as good as a multi-factor model?

In the opening section of Chapter 8 we argued that more than one factor is needed in order
to give a reasonable description of the evolution of the term structure of interest rates. However,
multi-factor models are harder to estimate and apply than one-factor models. If there are no
significant differences in the prices and hedge ratios obtained in a multi-factor and a one-factor
model, it will be computationally convenient to use the one-factor model. But will a simple one-
factor model provide the same prices and hedge ratios as a more realistic multi-factor model? We
initiated the discussion of this issue in Section 8.7, where we focused on the time homogeneous
models. Intuitively, the prices of derivative securities in two different models should be closer when

the two models produce identical prices to the underlying assets. Several authors compare a time

31t is not clear from Black, Derman, and Toy (1990) how a calibrated tree can be constructed, but Jamshidian

(1991) fills this gap in their presentation.
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homogeneous two-factor model to a time inhomogeneous one-factor model which has been perfectly
calibrated to the yield curve generated by the two-factor model.

Hull and White (1990a) compare prices of selected derivative securities in different models that
have been calibrated to the same initial yield curve. They first assume that the time homogeneous
CIR model (with certain parameter values) provides a correct description of the term structure,
and they compute prices of European call options on a 5-year bullet bond and of various caps,
both with the original CIR model and the extended Vasicek model calibrated to the CIR yield
curve. They find that the prices in the two models are generally very close, but that the percentage
deviation for out-of-the-money options and caps can be considerable. Next, they compare prices
of European call options on a 5-year zero-coupon bond in the extended Vasicek model to prices
computed using two different two-factor models, namely a two-factor Gaussian model and a two-
factor CIR model. In each of the comparisons the two-factor model is assumed to provide the
true yield curve, and the extended Vasicek-model is calibrated to the yield curve of the two-factor
model. The price differences are very small. Hence, Hull and White conclude that although the
true dynamics of the yield curve is consistent with a complex one-factor (CIR) or a two-factor
model, one might as well use the simple extended Vasicek model calibrated to the true yield curve.

Hull and White consider only a few different derivative securities and only two relatively sim-
ple multi-factor models, and they compare only prices, not hedge strategies. Canabarro (1995)
performs a more adequate comparison. First, he argues that the two-factor models used in the
comparison of Hull and White are degenerate and describe the actual evolution of the yield curve
very badly. For example, he shows that, in the two-factor CIR model they use, one of the factors
(with the parameter values used by Hull and White) will explain more than 99% of the total
variation in the yield curve and hence the second factor explains less than 1%. As discussed in
Section 8.1 on page 182, he finds empirically that the most important factor can explain only 85%
and the second-most important factor more than 10% of the variation in the yield curve. Moreover,
Hull and White’s two-factor CIR model gives unrealistically high correlations between zero-coupon
yields of different maturities. For example, the correlation between the 3-month and the 30-year
par yields is as high as 0.96 in that model, which is far from the empirical estimate of 0.46, cf.
Table 8.1. Therefore, a comparison to this two-factor model will provide very little information on
whether it is reasonable or not to use a simple calibrated one-factor model to represent the com-
plex real-world dynamics. In his comparisons Canabarro also uses a different two-factor model,
namely the model of Brennan and Schwartz (1979), which was briefly described at the end of
Section 8.6. Despite the theoretical deficiencies of the Brennan-Schwartz model, Canabarro shows
that the model provides reasonable values for the correlations and the explanatory power of each
of the factors.

Each of the two two-factor models is compared to two calibrated one-factor models. The first

is the extended one-factor CIR model
dry = (p(t) — &(t)re) dt + By/re dzy,

and the second is the BDT model

g'(t)
B(t)

The time-dependent functions in these models are chosen so that the models produce the same

d(Inr,) = (0(t) — Inry) dt + B(t) dz2.
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initial yield curve and the same prices of caps with a given cap-rate, but different maturities, as
the two-factor model which is assumed to be the “true” model. Note that both these calibrated
one-factor models exhibit time-dependent volatility structures, which in general should be avoided.

For both of the two benchmark two-factor models, Canabarro finds that using a calibrated one-
factor model instead of the correct two-factor model results in price errors that are very small for
relatively simple securities such as caps and European options on bonds. For so-called yield curve
options that have payoffs given by the difference between a short-term and a long-term zero-coupon
yield, the errors are much larger and non-negligible. These findings are not surprising since the one-
factor models do not allow for twists in the yield curve, i.e. yield curve movements where the short
end and the long end move in opposite directions. It is exactly those movements that make yield
curve options valuable. Regarding the efficiency of hedging strategies, the calibrated one-factor
models perform very badly. This is true even for the hedging of simple securities that resemble the
securities used in the calibration of the models. Both pricing errors and hedging errors are typically
larger for the BDT model than for the calibrated one-factor CIR model. In general, the errors are
larger when the one-factor models have been calibrated to the more realistic Brennan-Schwartz
model than to the rather degenerate two-factor CIR model used in the comparison of Hull and
White.

The conclusion to be drawn from these studies is that the calibrated one-factor models should
be used only for pricing securities that are closely related to the securities used in the calibration of
the model. For the pricing of other securities and, in particular, for the design of hedging strategies
it is important to apply multi-factor models that give a good description of the actual movements

of the yield curve.

9.10 Final remarks

This chapter has shown how one-factor equilibrium models can be perfectly fitted to the ob-
served yield curve by replacing constant parameters by certain time-dependent functions. However,
we have also argued that this calibration approach has inappropriate consequences and should be
used only with great caution.

Similar procedures apply to multi-factor models. Since multi-factor models typically involve
more parameters than one-factor models, they can give a closer fit to any given yield curve without
introducing time-dependent functions. In this sense the gain from a perfect calibration is less for
multi-factor models. In the following two chapters we will look at a more direct way to construct

models that are consistent with the observable yield curve.

9.11 Exercises

EXERCISE 9.1 (Calibration of the CIR model) Compute b'(7) in the CIR model by differentiation
of (7.70) on page 170. Find out which types of initial forward rate curves the CIR model can be calibrated
to, by computing (using a spreadsheet for example) the right-hand side of (9.30) for reasonable values of

the parameters and the initial short rate. Vary the parameters and the short rate and discuss the effects.

EXERCISE 9.2 (The Hull-White model calibrated to the Vasicek yield curve) Suppose the observable
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bond prices are fitted to a discount function of the form
B(t) — (;a(t)*b(t)ro’ (*)

where

a(t) = yoo[t — b(t)] + f—b

02
bt
where Yoo, K, and 3 are constants. This is the discount function of the Vasicek model, cf. (7.51)—(7.53) on

page 159.
(a) Express the initial forward rates f(t) and the derivatives f'(¢) in terms of the functions a and b.

(b) Show by substitution into (9.22) that the function 6(t) in the Hull-White model will be given by the

constant "

2Kk2’

when the initial “observable” discount function is of the form (*), i.e. as in the Vasicek model.

0(t) = Yoo +



Chapter 10

Heath-Jarrow-Morton models

10.1 Introduction

In Chapter 7 and Chapter 8 we discussed various models of the term structure of interest
rates which assume that the entire term structure is governed by a low-dimensional Markov vector
diffusion process of state variables. Among other things, we concluded from those chapters that a
time-homogeneous diffusion model generally cannot produce a term structure consistent with all
observed bond prices, but as discussed in Chapter 9 a simple extension to a time-inhomogeneous
model allows for a perfect fit to any (or almost any) given term structure of interest rates. A
more natural way to achieve consistency with observed prices is to start from the observed term
structure and then model the evolution of the entire term structure of interest rates in a manner
that precludes arbitrage. This is the approach introduced by Heath, Jarrow, and Morton (1992),
henceforth abbreviated HJM.! The HJM models are relative pricing models and focus on the
pricing of derivative securities.

This chapter gives an overview of the HJM class of term structure models. We will discuss
the main characteristics, advantages, and drawbacks of the general HJM framework and consider
several model specifications in more detail. In particular, we shall study the relationship between
HJM models and the diffusion models discussed in previous chapters. We take an applied per-
spective and, although the exposition is quite mathematical, we shall not go too deep into all
technicalities, but refer the interested reader to the original HJM paper and the other references

given below for details.

10.2 Basic assumptions

As before, we let f be the (continuously compounded) instantaneous forward rate prevailing
at time t for a loan agreement over an infinitesimal time interval starting at time 7" > t. We shall
refer to f as the T-maturity forward rate at time . Suppose that we know the term structure of
interest rates at time 0 represented by the forward rate function T+ fI'. Assume that, for any

fixed T', the T-maturity forward rate evolves according to

AT = a (1, (F)eze) dt+ 3 B (0T (F)sze) dzie, 0<t<T, (10.1)

i=1

IThe binomial model of Ho and Lee (1986) can be seen as a forerunner of the more complete and thorough
HJM-analysis.

221



10.2 Basic assumptions

222

where 21, ..., 2, are n independent standard Brownian motions under the real-world probability
measure. The (ff)s>¢ terms indicate that both the forward rate drift o and the forward rate
sensitivity terms (; at time ¢ may depend on the entire forward rate curve present at time t.

We call (10.1) an n-factor HIM model of the term structure of interest rates. Note that n
is the number of random shocks (Brownian motions), and that all the forward rates are affected
by the same n shocks. The diffusion models discussed in Chapter 7 and Chapter 8 are based on
the evolution of a low-dimensional vector diffusion process of state variables. The general HJM
model does not fit into that framework. As discussed in Chapter 6 it is not possible to use the
partial differential equation approach for pricing in such general models, but we can still price by
computing relevant expectations under the appropriate martingale measures. However, we can
think of the general model (10.1) as an infinite-dimensional diffusion model, since the infinitely
many forward rates can affect the dynamics of any forward rate.? In Section 10.6 we shall discuss
when an HJM model can be represented by a low-dimensional diffusion model.

The basic idea of HJM is to directly model the entire term structure of interest rates. Recall
from Chapter 1 that the term structure at some time ¢ is equally well represented by the discount
function T + B or the yield curve T+ yl as by the forward rate function 7'+ f7', due to the

following relations

BT = = [l £ ds = o=vi/ (T-1), (10.2)
Oln BT oyl
ftj-‘:_a—Tt:y;fT—"_(T_t)a—%? (10.3)
T 1 r s 1 T
yt :m ; ft dS:_T—tlnBt (104)

We could therefore have specified the dynamics of the zero-coupon bond prices or the yield curve
instead of the forward rates. However, there are (at least) three reasons for choosing the forward
rates as the modeling object. Firstly, the forward rates are the most basic elements of the term
structure. Both the zero-coupon bond prices and yields involve sums/integrals of forward rates.
Secondly, we know from our analysis in Chapter 4 that one way of pricing derivatives is to find
the expected discounted payoff under the risk-neutral probability measure (i.e. the spot martingale
measure), where the discounting is in terms of the short-term interest rate r;. The short rate is
related to the forward rates, the yield curve, and the discount function as
T
=i =limy/ = —lTirlrtlalg—TBt.
Obviously, the relation of the forward rates to the short rate is much simpler than that of both the
yield curve and the discount function, so this motivates the HJM choice of modeling basis. Thirdly,
the volatility structure of zero coupon bond prices is more complicated than that of interest rates.
For example, the volatility of the bond price must approach zero as the bond approaches maturity,
and, to avoid negative interest rates, the volatility of a zero coupon bond price must approach zero
as the price approaches one. Such restrictions need not be imposed on the volatilities of forward

rates.

2In fact, the results of Theorem 10.1, 10.2, and 10.4 below are valid in the more general setting, where the drift
and sensitivities of the forward rates also depend the forward rate curves at previous dates. Since no models with
that feature have been studied in the literature, we focus on the case where only the current forward rate curve

affects the dynamics of the curve over the next infinitesimal period of time.
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10.3 Bond price dynamics and the drift restriction

In this section we will discuss how we can change the probability measure in the HJM frame-
work to the risk-neutral measure Q. As a first step, the following theorem gives the dynamics
under the real-world probability measure of the zero coupon bond prices B under the HJM

assumption (10.1).

Theorem 10.1 Under the assumed forward rate dynamics (10.1), the price BY of a zero coupon

bond maturing at time T evolves as

dBI' = B |

( (ff)s>t) dt—i—Za (ff s>t)dzzt]» (10.5)

=1

where
2

T n T
wh () s>t) = re */t alt,u, (ff)s>t) du + %Zl </t Bi(t,u, (f7)s>t) du) ; (10.6)

g

T (/7o) / Bilt, s () s30) du (10.7)

Proof: For simplicity we only proof the claim for the case n = 1, where
dftT = a(ta Ta (ff)szt) dt + B(taTa (ftS)SZt) dZt, 0 S t S T7

for any T. Introduce the auxiliary stochastic process

T
Yt:/ i du.
¢

Then we have from (10.2) that the zero coupon bond price is given by B} = e~Y¢. If we can find
the dynamics of Y;, we can therefore apply It6’s Lemma to derive the dynamics of the zero-coupon
bond price B}. Since Y; is a function of infinitely many forward rates f# with dynamics given
by (10.1), it is however quite complicated to derive the dynamics of Y;. Due to the fact that ¢
appears both in the lower integration bound and in the integrand itself, we must apply Leibnitz’

rule for stochastic integrals stated in Theorem 3.4 on page 54, which in this case yields

T T
dY; = (rt +/ alt,u, (f])s>t) du) dt + (/ Bt w, (ff)s>t) du) dz,
t t

where we have applied that r; = f(¢,t). Since Bl = g(Y;), where g(Y) = e~Y with ¢/(Y) = —e~Y
and ¢”(Y) = e~ Y, Ito’s Lemma (see Theorem 3.5 on page 55) implies that the dynamics of the

zero coupon bond prices is

T T 2

dBtT ={ —e ¥ (—Tt +/ a(t,u, (fts)szt) du) + %e—Yt (/ B(t, u, (ftS)SZt) du> dt

(/ ﬂtu ft 9>t) >dzt

2

T
t |7t~ /t (t u, (ft )s>t du+ (/ 5 i, u, ft )s>t) ) dt

T
- (/ Bt u, (fts)szt) du) dZt‘| ,

t

=B
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which gives the one-factor version of (10.5). ad

Now we turn to the behavior under the risk-neutral probability measure Q. The forward rate
will have the same sensitivity terms G;(t, T, (f7)s>¢+) as under the real-world probability measure,
but a different drift. More precisely, we have from Chapter 4 that the n-dimensional process
22 = (29,297 defined by

dz3 = dzi + Nig dt

is a standard Brownian motion under the risk-neutral probability measure QQ, where the \; processes

are the market prices of risk. Substituting this into (10.1), we get

dff’ = a(t, T, (f7)sze) dt + > Bi(t, T, (f7)sxe) dz,

=1
where .
éé(t7 T7 (ftS)SZt) = Oé(t, T7 (ftS)SZt) - Z ﬂi(tv Tv (ftS)SZt))‘it'
=1

As in Theorem 10.1 we get that the drift rate of the zero coupon bond price becomes

T n T 2
re— / d(t,u,(ff)szt)d“JF%Z( / @(t,u,(ff)szt)du)
t i=1 \’!

under the risk-neutral probability measure Q. But we also know that this drift rate has to be equal

to ry. This can only be true if

T n T 2
/ @(t,u,<f;>szt>du=§2(/t ﬁi(t,u,(fi)szt)dU> .

Differentiating with respect to T', we get the following key result:

Theorem 10.2 The forward rate drift under the risk-neutral probability measure Q satisfies
n T
At T, (f7)se) = Y Bilt, T, (ff)sZt)/ Bi(t u, (ff)s>t) du. (10.8)
i=1 t

The relation (10.8) is called the HIJM drift restriction. The drift restriction has important
consequences: Firstly, the forward rate behavior under the risk-neutral measure Q is fully charac-
terized by the initial forward rate curve, the number of factors n, and the forward rate sensitivity
terms 5;(t, T, (ff)s>t). The forward rate drift is not to be specified exogenously. This is in contrast
to the diffusion models considered in the previous chapters, where both the drift and the sensitivity
of the state variables were to be specified.

Secondly, since derivative prices depend on the evolution of the term structure under the risk-
neutral measure and other relevant martingale measures, it follows that derivative prices depend
only on the initial forward rate curve and the forward rate sensitivity functions 3;(t, T, (f7)s>¢)-
In particular, derivatives prices do not depend on the market prices of risk. We do not have to
make any assumptions or equilibrium derivations of the market prices of risk to price derivatives
in an HJM model. In this sense, HIM models are pure no-arbitrage models. Again, this is
in contrast with the diffusion models of Chapters 7 and 8. In the one-factor diffusion models, for

example, the entire term structure is assumed to be generated by the movements of the very short
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end and the resulting term structure depends on the market price of short rate risk. In the HJM
models we use the information contained in the current term structure and avoid to separately

specify the market prices of risk.

10.4 Three well-known special cases

Since the general HIM framework is quite abstract, we will in this section look at three speci-

fications that result in well-known models.

10.4.1 The Ho-Lee (extended Merton) model

Let us consider the simplest possible HIM-model: a one-factor model with 8(¢t, T, (f7)s>t) =
B > 0, i.e. the forward rate volatilities are identical for all maturities (independent of T') and
constant over time (independent of ¢). From the HIJM drift restriction (10.8), the forward rate

drift under the risk-neutral probability measure Q is

T
G T, (f3)sse) = 0 / Bdu =T — 1.

With this specification the future value of the T-maturity forward rate is given by
t t
fr :f0T+/ ﬁQ[T—u]du—l—/ Bd=2,
0 0

which is normally distributed with mean fI + 3%t[T" — t/2] and variance fot 32 du = B°t.

In particular, the future value of the short rate is
1 t
0

By It6’s Lemma,
dry = ¢(t) dt + B dz2, (10.9)

where ¢(t) = dft/0t + B*t. From (10.9), we see that this specification of the HJM model is
equivalent to the Ho-Lee extension of the Merton model, which was studied in Section 9.3 on
page 209. It follows that zero coupon bond prices are given in terms of the short rate by the

relation
BtT _ e—a(t,T) —(T—t)r:

where
T 2
a(t, T) = /t H(u) (T — ) du — %(T )8,

K,T,S
Cy

Furthermore, the price of a European call option maturing at time 7" with exercise price K

written on the zero coupon bond maturing at S is

clTS = BN (dy) — KBI'N (dy), (10.10)
where
1 BS 1
= 1 t —u(t, T 10.11
di u(t, T, S) n(KB;f) + 5t T.9), (10.11)
d2 = d1 - U(t,T, S), (1012)

o(t,T,S) = B[S — TIWT — . (10.13)
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In addition, Jamshidian’s trick for the pricing of European options on coupon bonds (see Theo-
rem 7.3 on page 151) can be applied since B; is a monotonic function of rp.
10.4.2 The Hull-White (extended Vasicek) model

Next, let us consider the one-factor model with the forward rate volatility function

B, T, (f)szt) = Be T (10.14)

for some positive constants 3 and k. Here the forward rate volatility is an exponentially decaying

function of the time to maturity. By the drift restriction, the forward rate drift under Q is

T 62
(T, (f7)n1) = BT [ peetotlqu = 2l (1 et
t

so that the future value of the T-maturity forward rate is

t 62 t
=g [ e (1 et du [ geit o aag,
o R 0

In particular, the future short rate is

¢
re = fl =g(t) + ﬁe_’”/ e dz2,
0

where the deterministic function g is defined by

s [t—u] [t—u]

t) = t —K[t—u (1_ —K[t—u d

o= si+ [ Lo o)
2

—kt\2
:fg+ﬁ(1*6 t).

Again, the future values of the forward rates and the short rate are normally distributed.
Let us find the dynamics of the short rate. Writing R; = fot e 4z we have 1, = G(t,Ry),

where G(t, R) = g(t) + Be "' R. We can now apply It6’s Lemma with G/t = ¢'(t) — kBe "' R,
OG/OR = Be "t and 82G/OR? = 0. Since dR; = e" dz2 and

/ afs B . —x
g(t):a—to—i-—e t(l—e t),

we get

dry = [¢'(t) — kBe™ ™ R,] dt + fe ""e"* dz2

t 2
(o B
K

9t (1 - e_"‘t) - H,Be_”th:| dt + ﬁdz?.

Inserting the relation r, — g(t) = Be™**R;, we can rewrite the above expression as

dry — [38_? n %26—,“ (1= ™) — klr, — g(t)]} dt + Bdzy

= w[0(t) — ri]dt + Bdz,

where



10.4 Three well-known special cases 227

A comparison with Section 9.4 on page 210 reveals that the HJM one-factor model with forward
rate volatilities given by (10.14) is equivalent to the Hull-White (or extended-Vasicek) model.

Therefore, we know that the zero coupon bond prices are given by

B;T — e—a(t,T)—b(T—t)rt ,

where
br) = - (1 e77),
T B 2, B
a(t,T) = n/t O(uw)o(T — u) du + Eb(T —t)* + 2 (T —t)— (T —1)).

The price of a European call on a zero coupon bond is again given by (10.10), but where

o(t, T, 8) = \/% (1 - e_“[S_T]) (1 - e—%[T—ﬂ)l/Q . (10.15)

Again, Jamshidian’s trick can be used for European options on coupon bonds.

10.4.3 The extended CIR model

We will now discuss the relation between the HIM models and the Cox-Ingersoll-Ross (CIR)
model studied in Section 7.5 with its extension examined in Section 9.5. In the extended CIR

model the short rate is assumed to follow the process

dry = (KO(t) — Ary) dt + B/ dz
under the risk-neutral probability measure Q. The zero-coupon bond prices are of the form
BT (ry,t) = exp{—a(t,T) — b(T — t)r;}, where

2(e7™ — 1)
(v+ &)(er™ —1) + 2y

b(r) =

with v = /A2 + 232, and the function a is not important for what follows. Therefore, the volatility

of the zero-coupon bond price is (the absolute value of)
o' (ri,t) = =b(T — t)B+/r.

On the other hand, in a one-factor HJM set-up the zero-coupon bond price volatility is given in
terms of the forward rate volatility function 8(¢, T, (f7)s>¢) by (10.7). To be consistent with the

CIR model, the forward rate volatility must hence satisfy the relation

T
[ Bt ()20 du = HT = 057
t
Differentiating with respect to T', we get

BT, (fF)s2e) = V(T —1)By/re.
A straightforward computation of ¥’(7) allows this condition to be rewritten as
47267[T*t]

((’Y + &) (e Tt — 1) + 2”y)

BT, (fi)s>t) = 53Tt (10.16)

As discussed in Section 9.5, such a model does not make sense for all types of initial forward rate

curves.
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10.5 Gaussian HJM models

In the first two models studied in the previous section, the future values of the forward rates
are normally distributed. Models with this property are called Gaussian. Clearly, Gaussian models
have the unpleasant and unrealistic feature of yielding negative interest rates with a strictly positive
probability, cf. the discussion in Chapter 7. On the other hand, Gaussian models are highly
tractable.

An HJM model is Gaussian if the forward rate sensitivities 3; are deterministic functions of

time and maturity, i.e.

ﬂi(taTa (ff)szt):ﬂl(th)a i:1727"'7n'

To see this, first note that from the drift restriction (10.8) it follows that the forward rate drift

under the risk-neutral probability measure Q is also a deterministic function of time and maturity:
(L, T) = zn: Bi(t,T) /T By(t, u) du.
1 t
It follows that, for any T, the T—maturitj; forward rates evolves according to
fr :fOT+/Oto?(u,T)du—i—i:/otﬁi(u,T)dz;%.
i=1

Because G;(u, T) at most depends on time, the stochastic integrals are normally distributed, cf. The-
orem 3.2 on page 53. The future forward rates are therefore normally distributed under Q. The

short-term interest rate is ry = ff, i.e.

t n t
rt:fé+/ a(u,t) du—i—Z/ Bi(u,t)dz2 . 0<t, (10.17)
0 i1 /0

which is also normally distributed under Q. In particular, there is a positive probability of negative
interest rates.

To demonstrate the high degree of tractability of the general Gaussian HJM framework, the
following theorem provides a closed-form expression for the price CtK TS of a European call on the

zero-coupon bond maturing at S.

Theorem 10.3 In the Gaussian n-factor HIM model in which the forward rate sensitivity coeffi-
cients B;(t, T, (f{)s>t) only depend on time t and maturity T, the price of a European call option

maturing at T written with exercise price K on a zero-coupon bond maturing at S is given by

clTS = BSN (dy) — KBT'N (ds), (10.18)
where
dy = v(t,;, 3 In <KBB§:‘F) + %v(t,T, S), (10.19)
dy =dy —v(t, T, S), (10.20)
n [ 8 2 1z
v(t,T,S) = ;/t /T Bilu,y) dy] du | . (10.21)

30f course, this does not imply that interest rates are necessarily normally distributed under the true, real-world
probability measure P, but since the probability measures P and Q are equivalent, a positive probability of negative

rates under QQ implies a positive probability of negative rates under P.
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Proof: We will apply the same procedure as we did in the diffusion models of Chapter 7, see e.g.
the derivation of the option price in the Vasicek model in Section 7.4.5. The option price is given
by

CETS = BT EY” [max (BY — K,0)] = Bl B [max (Ff’s - K, 0)} : (10.22)

where Q7 denotes the T-forward martingale measure introduced in Section 6.2.2 on page 117. We
will find the distribution of the underlying bond price B3 at expiration of the option, which is
identical to the forward price of the bond with immediate delivery, F:,T S The forward price for
delivery at T is given at time t as F{*° = BS/BT. We know that the forward price is a Q-
martingale, and by It6’s Lemma we can express the sensitivity terms of the forward price by the
sensitivity terms of the bond prices, which according to (10.7) are given by o (¢) = — fts Bi(t,y) dy
and o} — ft Bi(t,y) dy. Therefore, we get that

n

dFtT’S:Z(JzS(t)_U ())FTSdzzt = (/ Bi(t y)dy) FTSdst

i=1

hi(t)

It follows (see Chapter 3) that

In F19 = In FTS——Z/ du+Z/

From Theorem 3.2 we get that In B; =InF; EAC R normally distributed with variance

o(t, T, S)? Z/ du_Z/ (/ @uydy> du.

The result now follows from an application of Theorem A.4 in Appendix A. O

Consider, for example, a two-factor Gaussian HJM model with forward rate sensitivities

Bit,T)=p  and  Boft,T) = Boe "1~

where (31, (2, and k are positive constants. This is a combination of two one-factor examples of

Section 10.4. In this model we have

v(t,T,S)Qz/tT[/TSﬁldy] du+/ V e yuldy] du

= BL[S = TP°[T —t] + % (1 - e*H[S*T])Q (1 _ 6*2/€[T7t]> ’

cf. (10.13) and (10.15).
It is generally not possible to express the future zero coupon bond price B% as a monotonic
function of rp, not even when we restrict ourselves to a Gaussian model. Therefore, we can

generally not use Jamshidian’s trick to price European options on coupon bonds.

10.6 Diffusion representations of HJM models

As discussed immediately below the basic assumption (10.1) on page 221, the HIM models are
generally not diffusion models in the sense that the relevant uncertainty is captured by a finite-

dimensional diffusion process. For computational purposes there is a great advantage in applying
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a low-dimensional diffusion model as we will argue below. As discussed earlier in this chapter, we
can think of the entire forward rate curve as following an infinite-dimensional diffusion process.
On the other hand, we have already seen some specifications of the HIM model framework which
imply that the short-term interest rate follows a diffusion process. In this section, we will discuss

when such a low-dimensional diffusion representation of an HJM model is possible.

10.6.1 On the use of numerical techniques for diffusion and non-diffusion models

For the purpose of using numerical techniques for derivative pricing, it is crucial whether or not
the relevant uncertainty can be described by some low-dimensional diffusion process. A diffusion
process can be approximated by a recombining tree, whereas a non-recombining tree must be used
for processes for which the future evolution can depend on the path followed thus far. The number
of nodes in a non-recombining tree explodes. A one-variable binomial tree with n time steps has
n + 1 endnodes if it is recombining, but 2" endnodes if it is non-recombining. This makes it
practically impossible to use trees to compute prices of long-term derivatives in non-diffusion term
structure models.

In a diffusion model we can use partial differential equations (PDEs) for pricing, cf. the analysis
in Chapter 6. Such PDEs can be efficiently solved by numerical methods for both European- and
American-type derivatives as long as the dimension of the state variable vector does not exceed
three or maybe four. If it is impossible to express the model in some low-dimensional vector of
state variables, the PDE approach does not work.

The third frequently used numerical pricing technique is the Monte Carlo simulation approach.
The Monte Carlo approach can be applied even for non-diffusion models. The basic idea is to
simulate, from now and to the maturity date of the contingent claim, the underlying Brownian
motions and, hence, the relevant underlying interest rates, bond prices, etc., under an appropriately
chosen martingale measure. Then the payoff from the contingent claim can be computed for this
particular simulated path of the underlying variables. Doing this a large number of times, the
average of the computed payoffs leads to a good approximation to the theoretical value of the
claim. In its original formulation, Monte Carlo simulation can only be applied to European-style
derivatives. The wish to price American-type derivatives in non-diffusion HJM models has recently
induced some suggestions on the use of Monte Carlo methods for American-style assets, see, e.g.,
Boyle, Broadie, and Glasserman (1997), Broadie and Glasserman (1997b), Carr and Yang (1997),
Andersen (2000), and Longstaff and Schwartz (2001). Generally, Monte Carlo pricing of even
European-style assets in non-diffusion HJM models is computationally intensive since the entire

term structure has to be simulated, not just one or two variables.

10.6.2 In which HJM models does the short rate follow a diffusion process?

We seek to find conditions under which the short-term interest rate in an HJM model follows
a Markov diffusion process. First, we will find the dynamics of the short rate in the general
HJIM framework (10.1). For the pricing of derivatives it is the dynamics under the risk-neutral
probability measure or related martingale measures which is relevant. The following theorem gives

the short rate dynamics under the risk-neutral measure Q.
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Theorem 10.4 In the general HIM framework (10.1) the dynamics of the short rate ry under the

risk-neutral measure is given by

d’/‘t: {afo Z/ 8/61 U t fs s>u |:/ ﬁz u, T, fu s>u d;{l du—|—Z/ BZ Ut fu e>u)

aﬁl U,t, u s>u s
+ Z/O o 2u) dz;%} dt + Zﬁi(t,t, (f)s>e) dz2.  (10.23)
=1

i=1

Proof: For each T, the dynamics of the T-maturity forward rate under the risk-neutral measure Q
is

T = (T, (f7)sz0) dt+ > Bilt, T, (F7)sse) d=2,

=1

where & is given by the drift restriction (10.8). This implies that
t noot
= af+ [ e (D dut Y [ BT (1)) 2.
0 —Jo

Since the short rate is simply the “zero-maturity” forward rate, r, = ff, it follows that

=f8+/0t (ust, (f3)s>u) du+2/ Bi(ust, (f3)smu) dz2,
7f0+2/ Biu,t, (f3)szu U Biu, z, (f3)s>u dx] du+2/ Bilu, t, (f3)s>u) dzgy.-

(10.24)

To find the dynamics of 7, we proceed as in the simple examples of Section 10.4. Let R;; =
fot Bi(u,t, (f2)s>u)dz2 for i =1,2,...,n. Then

t . s
ARy = Bit,t, (f7)sze) daiy + [ /O bl téif iza) dz;%] dt

by Leibnitz’ rule for stochastic integrals (see Theorem 3.4 on page 54). Define the function
fo Bi(u,t, (f)s>u)Hi(u,t) du, where H;( f Bi(u, z, (f$)s>u) dz. By Leibnitz’ rule

for ordlnary integrals,

Gi(0) = (et )z Hi(t. )+ [ 51 18 (D) i )]

:/0 {aﬁl(u taif ) s>u) aHia(:7t)] du

H; ('LL t) +ﬁz(u 2 (f )s>u)

_ /Ot Pﬁi(u,t,aifi)sm) /ut Bi(uy 2, (f2)s>u) da + Bi(u, t, (S )S>u)2} du,

where we have used the chain rule and the fact that H;(¢,t) = 0. Note that

re = fi+ ZGi(t) + ZRz’u
i=1 i=1

where the G;’s are deterministic functions and R;(¢) are stochastic processes. By Ité’s Lemma, we
get

n
dt + > dRy.

i=1

ey
o +;Gi(t)
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Substituting in the expressions for G;(t) and dR;, we arrive at the expression (10.23). ad

From (10.23) we see that the drift term of the short rate generally depends on past values of the
forward rate curve and past values of the Brownian motion. Therefore, the short rate process is
generally not a diffusion process in an HJM model. However, if we know that the initial forward
rate curve belongs to a certain family, the short rate may be Markovian. If, for example, the initial
forward rate curve is on the form generated by the original one-factor CIR diffusion model, then
the short rate in the one-factor HJM model with forward rate sensitivity given by (10.16) will, of
course, be Markovian since the two models are then indistinguishable.

Under what conditions on the forward rate sensitivity functions §;(¢, T, (ff)s>¢) will the short
rate follow a diffusion process for any initial forward rate curve? Hull and White (1993) and

Carverhill (1994) answer this question. Their conclusion is summarized in the following theorem.

Theorem 10.5 Consider an n-factor HIM model. Suppose that deterministic functions g; and h

exist such that
ﬁi(th7 (ftS)SZt) :gi(t)h(T)v i=1,2,...,n,
and h is continuously differentiable, non-zero, and never changing sign.* Then the short rate has

dynamics

dry

5fo h'(t)
+ h(t Z/ 2 du +W( - dt+Zgl 22, (10.25)
so that the short rate follows a diffusion process for any given initial forward rate curve.

Proof: We will only consider the case n = 1 and show that r; indeed is a Markov diffusion process

when

BT, (ff)s>t) = g(O)I(T), (10.26)
where g and h are deterministic functions and A is continuously differentiable, non-zero, and never
changing sign. First note that (10.24) and (10.26) imply that

= i+ h(t) /Otg(u)Q U:h(x) dx} du + h(t) /Otg(u) d:9, (10.27)

and, thus,

/Otg(“) dzg = %(n —fo) - /Otg(U)2 Uuth(x) dw} du. (10.28)

The dynamics of r in Equation (10.23) specializes to

dry = [65;0 R )/Otg(u)Q M h(a:)d:v] du+h(t)2/0tg(u)2du

+ R/ (t) /Ot g(u) dzg} dt + g(t)h(t) d=2,

which by applying (10.28) can be written as the one-factor version of (10.25). ad

Note that the Ho-Lee model and the Hull-White model studied in Section 10.4 both satisfy the
condition (10.26).

4Carverhill claims that the h function can be different for each factor, i.e., B;(t, T, (ff)s>¢) = gi(t)hi(T), but

this is incorrect.
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Obviously, the HIM models where the short rate is Markovian are members of the Gaussian class
of models discussed in Section 10.5. In particular, the price of a European call on a zero-coupon
bond is given by (10.18). It can be shown that with a volatility specification of the form (10.26), the
future price Bl of a zero-coupon bond can be expressed as a monotonic function of time and the
short rate r; at time ¢. It follows that Jamshidian’s trick introduced in Section 7.2.3 on page 150
can be used for pricing European options on coupon bonds in this special setting.

The Markov property is one attractive feature of a term structure model. We also want a model
to exhibit time homogeneous volatility structures in the sense that the volatilities of, e.g., forward
rates, zero-coupon bond yields, and zero-coupon bond prices do not depend on calendar time in
itself, cf. the discussion in Chapter 9. For the forward rate sensitivities in an HJM model to be time
homogeneous, §;(t, T, (ff)s>¢) must be of the form 5;(T —t,(f)s>t). It then follows from (10.7)
that the zero coupon bond prices BY will also have time homogeneous sensitivities. Similarly for
the zero-coupon yields y!. Hull and White (1993) have shown that there are only two models of
the HJM-class that have both a Markovian short rate and time homogeneous sensitivities, namely
the Ho-Lee model and the Hull-White model of Section 10.4.

As discussed above, the HIM models with a Markovian short rate are Gaussian models. While
Gaussian models have a high degree of computational tractability, they also allow negative rates,
which certainly is an unrealistic feature of a model. Furthermore, the volatility of the short rate
and other interest rates empirically seems to depend on the short rate itself. Therefore, we seek to
find HJM models with non-deterministic forward rate sensitivities that are still computationally

tractable.

10.6.3 A two-factor diffusion representation of a one-factor HJM model

Ritchken and Sankarasubramanian (1995) show that in a one-factor HJM model with a forward

rate volatility of the form

BT, (3 )s3e) = Bt t, (f)sne)e™ I w@)de (10.29)

for some deterministic function &, it is possible to capture the path dependence of the short rate
by a single variable, and that this is only possible, when (10.29) holds. The evolution of the term
structure will depend only on the current value of the short rate and the current value of this

additional variable. The additional variable needed is
t t
o= [ Bt (1) du= [ B, (7)esnPe K 1 du,
0 0

which is the accumulated forward rate variance.
The future zero coupon bond price B can be expressed as a function of r; and ¢; in the

following way:
B;gT — efa(t,T)fbl(t,T)mfbg(t,T)gpt7
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where
T

B
a(t,T) = —1In (B—%> — by (t,T) f¢,

T
by (t,T) :/ e Ji @) dr gy,
t
1
bo(t,T) = §b1(t,T)2.

The dynamics of r and ¢ under the risk-neutral measure Q is given by

t

dre= (G b= w0l = £]) a4 5000, (77) ) 35,
dipe = (Bt 1, (f7)s>1)? — 26(t)pe) dt.

The two-dimensional process (r, ¢) will be Markov if the short rate volatility depends on, at most,

the current values of r; and ¢y, i.e. if there is a function 3, such that

ﬁ(t’ t, (ff)SZt) = BT(Ttv Pt t)-

In that case, we can price derivatives by two-dimensional recombining trees or by numerical so-

5 One allowable

lutions of two-dimensional PDEs (no closed-form solutions have been reported).
specification is G,.(r, p,t) = Br? for some non-negative constants § and 7, which, e.g., includes a
CIR-type volatility structure (for v = %)

The volatilities of the forward rates are related to the short rate volatility through the deter-
ministic function k, which must be specified. If k is constant, the forward rate volatility is an
exponentially decaying function of the time to maturity. Empirically, the forward rate volatility
seems to be a humped (first increasing, then decreasing) function of maturity. This can be achieved
by letting the k(z) function be negative for small values of # and positive for large values of z.
Also note that the volatility of some T-maturity forward rate f! is not allowed to depend on the
forward rate fI itself, but only the short rate r, and time.

For further discussion of the circumstances under which an HJM model can be represented as
a diffusion model, the reader is referred to Jeffrey (1995), Cheyette (1996), Bhar and Chiarella
(1997), Inui and Kijima (1998), Bhar, Chiarella, El-Hassan, and Zheng (2000), and Bjork and
Landén (2002).

10.7 HJM-models with forward-rate dependent volatilities

In the models considered until now, the forward rate volatilities are either deterministic func-
tions of time (the Gaussian models) or a function of time and the current short rate (the extended
CIR model and the Ritchken-Sankarasubramanian model). The most natural way to introduce
non-deterministic forward rate volatilities is to let them be a function of time and the current

value of the forward rate itself, i.e. of the form

5Li, Ritchken, and Sankarasubramanian (1995) show how to build a tree for this model, in which both European-

and American-type term structure derivatives can be efficiently priced.
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A model of this type, inspired by the Black-Scholes’ stock option pricing model, is obtained by
letting
Bi(t, T, f) = %t T)f (10.31)

where v;(¢,T) is a positive, deterministic function of time. The forward rate drift will then be
n T
QLT (F7)ez) = ot DT [ it fi du
i=1 t

The specification (10.31) will ensure non-negative forward rates (starting with a term structure of
positive forward rates) since both the drift and sensitivities are zero for a zero forward rate. Such
models have a serious drawback, however. A process with the drift and sensitivities given above
will explode with a strictly positive probability in the sense that the value of the process becomes
infinite.5 With a strictly positive probability of infinite interest rates, bond prices must equal zero,
and this, obviously, implies arbitrage opportunities.

Heath, Jarrow, and Morton (1992) discuss the simple one-factor model with a capped forward

rate volatility,
ﬁ(th7 ftT) = ﬂmin(ftTvg)v

where 8 and £ are positive constants, i.e. the volatility is proportional for “small” forward rates
and constant for “large” forward rates. They showed that with this specification the forward rates
do not explode, and, furthermore, they stay non-negative. The assumed forward rate volatility
is rather far-fetched, however, and seems unrealistic. Miltersen (1994) provides a set of sufficient
conditions for HIM-models of the type (10.30) to yield non-negative and non-exploding interest
rates. One of the conditions is that the forward rate volatility is bounded from above. This is,

obviously, not satisfied for proportional volatility models, i.e. models where (10.31) holds.

10.8 Concluding remarks

Empirical studies of various specifications of the HJM model framework have been performed
on a variety of data sets by, e.g., Amin and Morton (1994), Flesaker (1993), Heath, Jarrow, and
Morton (1990), Miltersen (1998), and Pearson and Zhou (1999). However, these papers do not
give a clear picture of how the forward rate volatilities should be specified.

To implement an HJM-model one must specify both the forward rate sensitivity functions
Bi(t, T, (ff)s>¢) and an initial forward rate curve u +— f§ given as a parameterized function of
maturity. In the time homogeneous Markov diffusion models studied in the Chapters 7 and 8,
the forward rate curve in a given model can at all points in time be described by the same
parameterization although possibly with different parameters at different points in time due to
changes in the state variable(s). For example in the Vasicek one-factor model, we know from (7.57)

on page 165 that the forward rates at time ¢ are given by
62
ftT = (1 — e—r@[T—t]) (yoo 4 ﬁe—r@[T—t]) + e_,g[T_t]Tt

2 2
= Yoo + (% + Tt — yoo> e_R[T_t] - %6_2K[T_t}a

6This was shown by Morton (1988).
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which is always the same kind of function of time to maturity T' — ¢, although the multiplier of

[T=1 is non-constant over time due to changes in the short rate. As discussed in Section 9.7 time

o F
inhomogeneous diffusion models do generally not have this nice property, and neither do the HJM-
models studied in this chapter. If we use a given parameterization of the initial forward curve, then
we cannot be sure that the future forward curves can be described by the same parameterization
even if we allow the parameters to be different. We will not discuss this issue further but simply
refer the interested reader to Bjork and Christensen (1999), who study when the initial forward
rate curve and the forward rate sensitivity are consistent in the sense that future forward rate
curves have the same form as the initial curve.

If the initial forward rate curve is taken to be of the form given by a time homogeneous diffusion
model and the forward rate volatilities are specified in accordance with that model, then the HJM-
model will be indistinguishable from that diffusion model. For example, the time 0 forward rate

curve in the one-factor CIR model is of the form
a 1
I§ =10+ [0 =] o(T) = SH0(T),

cf. (7.72) on page 171, where the function b(T) is given by (7.70). With such an initial forward
rate curve, the one-factor HIM model with forward rate volatility function given by (10.16) is

indistinguishable from the original time homogeneous one-factor CIR model.



Chapter 11

Market models

11.1 Introduction

The term structure models studied in the previous chapters have involved assumptions about
the evolution in one or more continuously compounded interest rates, either the short rate 7
or the instantaneous forward rates f. However, many securities traded in the money markets,
e.g. caps, floors, swaps, and swaptions, depend on periodically compounded interest rates such
as spot LIBOR rates li"";, forward LIBOR rates LtT’T+5, spot swap rates if , and forward swap
rates f/tT"s. For the pricing of these securities it seems appropriate to apply models that are based
on assumptions on the LIBOR rates or the swap rates. Also note that these interest rates are
directly observable in the market, whereas the short rate and the instantaneous forward rates are
theoretical constructs and not directly observable.

We will use the term market models for models based on assumptions on periodically com-
pounded interest rates. All the models studied in this chapter take the currently observed term
structure of interest rates as given and are therefore to be classified as relative pricing or pure
no-arbitrage models. Consequently, they offer no insights into the determination of the current in-
terest rates. We will distinguish between LIBOR market models that are based on assumptions
on the evolution of the forward LIBOR rates LtT’TH and swap market models that are based
on assumptions on the evolution of the forward swap rates. By construction, the market models
are not suitable for the pricing of futures and options on government bonds and similar contracts
that do not depend on the money market interest rates.

In the recent literature several market models have been suggested, but most attention has
been given to the so-called lognormal LIBOR market models. In such a model the volatilities of
a relevant selection of the forward LIBOR rates LtT’T'|r5 are assumed to be proportional to the
level of the forward rate so that the distribution of the future forward LIBOR rates is lognormal
under an appropriate forward martingale measure. As discussed in Section 7.6 on page 174,
lognormally distributed continuously compounded interest rates have unpleasant consequences, but
Sandmann and Sondermann (1997) show that models with lognormally distributed periodically
compounded rates are not subject to the same problems. Below, we will demonstrate that a
lognormal assumption on the distribution of forward LIBOR rates implies pricing formulas for
caps and floors that are identical to Black’s pricing formulas stated in Chapter 6. Similarly,
lognormal swap market models imply European swaption prices consistent with the Black formula

for swaptions. Hence, the lognormal market models provide some support for the widespread use

237
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of Black’s formula for fixed income securities. However, the assumptions of the lognormal market
models are not necessarily descriptive of the empirical evolution of LIBOR rates, and therefore we

will also briefly discuss alternative market models.

11.2 General LIBOR market models

In this section we will introduce a general LIBOR market model, describe some of the model’s
basic properties, and discuss how derivative securities can be priced within the framework of the
model. The presentation is inspired by Jamshidian (1997) and Musiela and Rutkowski (1997,
Chapters 14 and 16).

11.2.1 Model description

As described in Section 2.8, a cap is a contract that protects a floating rate borrower against
paying an interest rate higher than some given rate K, the so-called cap rate. We let T1,...,T,
denote the payment dates and assume that T; —T;_; = 0 for all . In addition we define Ty = T7 —6.
At each time T; (i = 1,...,n) the cap gives a payoff of

b, = Homax (5~ K,0) = Homax (L5 — K,0)

where H is the face value of the cap. A cap can be considered as a portfolio of caplets, namely
one caplet for each payment date.

The definition of the forward martingale measures in Chapter 6 implies that the value of the
above payoff can be found as the product of the expected payoff computed under the T;-forward

martingale measure and the current discount factor for time 7T; payments, i.e.
€; = HoBI By [max (L 25"~ K,0)|, t<Ti-5 (11.1)

The price of a cap can therefore be determined as
¢, =HsY BIEY [max (Lg:g’ﬂ - K, o)} , t<T. (11.2)
i=1

For t > Ty the first-coming payment of the cap is known so that its present value is obtained by
multiplication by the riskless discount factor, while the remaining payoffs are valued as above. For

more details see Section 2.8. The price of the corresponding floor is
5, = H§Y B EZ" [max (K - L%:?Ti,oﬂ . t<T. (11.3)
i=1

In order to compute the cap price from (11.2), we need knowledge of the distribution of L%:?Ti
under the Tj-forward martingale measure Q7" for each i = 1,...,n. For this purpose it is natural
LtTiﬂs’Ti under Q7¢. The following argument shows that under the QT

Ti—6,T; - : T;—6,T; i :
L; is zero, i.e. L; is a QT -martingale. Remember

to model the evolution of

probability measure the drift rate of

_sp 1 (BI?
LTL_(;)TL — t _ 1 . 114
t (% (11.4)

from Eq. (1.9) on page 8 that

Under the Tj-forward martingale measure Q7 the ratio between the price of any asset and the zero-

coupon bond price BtT is a martingale. In particular, the ratio B;‘F"'_‘s / BtT is a QT:-martingale so
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that the expected change of the ratio over any time interval is equal to zero under the Q7 measure.
From the formula above it follows that also the expected change (over any time interval) in the
periodically compounded forward rate LtT'i_é’T" is zero under Q”*. We summarize the result in the

following theorem:

Theorem 11.1 The forward rate LtTF‘S’Ti is a QT -martingale.

Consequently, a LIBOR market model is fully specified by the number of factors (i.e. the
number of standard Brownian motions) that influence the forward rates and the forward rate

volatility functions. For simplicity, we focus on the one-factor models

dLT 5T = g (uTi _ 5T, (Lf’*T-f”)Tth) dzT, t<Ti—6, i=1,...,n, (11.5)
where z™¢ is a one-dimensional standard Brownian motion under the T}-forward martingale measure

Q7. The symbol (ij’TjH)Tj >¢ indicates (as in Chapter 10) that the time ¢ value of the volatility

function 3 can depend on the current values of all the modeled forward rates.! In the lognormal

LIBOR market models we will study in Section 11.3, we have
ﬁ (t, Tl — 6, Ti7 (L?jaTj+6)Tth) — ’y(t’ Tl _ 6’ Tl)LZ—'l—(S,T,

for some deterministic function . However, until then we continue to discuss the more general
specification (11.5).

We see from the general cap pricing formula (11.2) that the cap price also depends on the current
discount factors B*, BF2, ..., BI". From (11.4) it follows that BY* = BI'~%(14 6L ~"%) so that
the relevant discount factors can be determined from BtT0 and the current values of the modeled
forward rates, i.e. LtT"’Tl,LtTl’TQ7 ceey L?"I’Tn. Similarly to the HJM models in Chapter 10, the

LIBOR market models take the currently observable values of these rates as given.

11.2.2 The dynamics of all forward rates under the same probability measure

The basic assumption (11.5) for the LIBOR market model involves n different forward martin-
gale measures. In order to better understand the model and to simplify the numerical computation
of some security prices we will describe the evolution of the relevant forward rates under the same
common probability measure. As discussed in the next subsection, Monte Carlo simulation is of-
ten used to compute prices of certain securities in LIBOR market models. It is much simpler to
simulate the evolution of the forward rates under a common probability measure than to simu-
late the evolution of each forward rate under the martingale measure associated with the forward
rate. One possibility is to choose one of the n different forward martingale measures used in the
assumption of the model. Note that the T;-forward martingale measure only makes sense up to
time T;. Therefore, it is appropriate to use the forward martingale measure associated with the last
payment date, i.e. the T},-forward martingale measure Q7 since this measure applies to the entire
relevant time period. In this context Q™ is sometimes referred to as the terminal measure.
Another obvious candidate for the common probability measure is the spot martingale measure.

Let us look at these two alternatives in more detail.

1 As for the HIM models in Chapter 10, the general results for the market models hold even when earlier values

of the forward rates affect the current dynamics of the forward rates, but such a generalization seems worthless.
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The terminal measure
We wish to describe the evolution in all the modeled forward rates under the T,,-forward

martingale measure. For that purpose we shall apply the following theorem which outlines how to

shift between the different forward martingale measures of the LIBOR market model.

Theorem 11.2 Assume that the evolution in the LIBOR forward rates LtTF‘S’Ti fori=1,...,n,

T;—06

where T; = T;_1 + 6, is given by (11.5). Then the processes z and zT¢ are related as follows:

i\ T;+6
6ﬁ (ta Tl - 6a Ti7 (L?J it )szt)
1+6L0"

dzl' = dzl=° + dt. (11.6)

Proof: From Section 6.2.2 we have that the Tj-forward martingale measure Q7% is characterized

T,

by the fact that the process z7¢ is a standard Brownian motion under Q7¢, where

AT = dzy + ()\t - atT) dt.

Here, O'tT * denotes the volatility of the zero-coupon bond maturing at time 7}, which may itself be
stochastic. Similarly,
clthi*‘s =dz; + (/\t — atTi%) dt.

A simple computation gives that
dzl' = dzl° + [0;"1"76 — U;‘F‘} dt. (11.7)

i

As shown in Theorem 11.1, LtTifé’T' is a QT*-martingale and, hence, has an expected change of

T;—6,T; - .
L; is a function

zero under this probability measure. According to (11.4) the forward rate
of the zero-coupon bond prices BY*~° and BI* so that the volatility follows from Ité’s Lemma. In

total, the dynamics is

r—sm _ Bl?
e~ o AR REE
5B

1 ) )
= 5(1 + §Lzﬂ175’Tl) (JZ‘F"_‘S - J;Ti) dz;*.

Comparing with (11.5), we can conclude that

e (T T D) "
ot —o = . .
t t 1 +5LtTi*5,Ti

T,

Substituting this relation into (11.7), we obtain the stated relation between the processes z*¢ and

2Ti=d, O

Using (11.6) repeatedly, we get that

i T 6
=98 (t’Ta‘»Tjw (L )T,-zt) d
t

dz{" = dz"
“t 0t 1+ 0fs(t, T;, Tj11)

j=i
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Consequently, for each i = 1,...,n, we can write the dynamics of LtTF‘;’Ti under the Q7»-measure

as
arf =T = (4T = 6, (L)) daf

n=1op (t’Tj’TjHa (LtTk’T’“+5)Tkzt)

=B (6T = 8,1 (BT ) ) (e - — dt
( t ) k>t t ; 1 + 5LtT]1T]+1
n=143 (t,Ti - 6,13, (LtTk’TH&)Tkzt) B (t,Tj,TjH, (LtTk’THé)Tkzt)
= Z — dt
= 1+5Lt1a j+1
+0 (t,Ti - 06,15, (L;%Tﬁé)nzt) dzfm.
(11.9)

Note that the drift may involve some or all of the other modeled forward rates. Therefore, the vector

Lot o LtT"’l’T") will follow an n-dimensional diffusion process so that

of all the forward rates (
a LIBOR market model can be represented as an n-factor diffusion model. Security prices are
hence solutions to a partial differential equation (PDE), but in typical applications the dimension
n, i.e. the number of forward rates, is so big that neither explicit nor numerical solution of the PDE
is feasible.? For example, to price caps, floors, and swaptions that depend on 3-month interest
rates and have maturities of up to 10 years, one must model 40 forward rates so that the model is
a 40-factor diffusion model!

Next, let us consider an asset with a single payoff at some point in time T" € [Ty, T},]. The payoff
Hp may in general depend on the value of all the modeled forward rates at and before time T.
Let P; denote the time ¢ value of this asset (measured in monetary units, e.g. dollars). From the

definition of the T},-forward martingale measure Q" it follows that

Pt _ QTn HT
BtTn t B%:n ’
and hence
n H
P = BtT " E;sQT qT
BTn

In particular, if T is one of the time points of the tenor structure, say T = T}, we get

P, =BEY”

T’IL
BTk

From (11.4) we have that

Ty Thy1 Thn-1
I B T B T, B T
T = pTe+1 pTeye 7 Ty
BTk BTk BTk BTk

= [ anfimo] [ seBio ] f1 g groe ]

n—1
=TI [1+oz5 "]
j=k

2However, Andersen and Andreasen (2000) introduce a trick that may reduce the computational complexity

considerably.



11.2 General LIBOR market models

242

so that the price can be rewritten as
- n—1
P =BEY" |Hr [ [1 +oLy | (11.10)
j=Fk

The right-hand side may be approximated using Monte Carlo simulations in which the evolution
of the forward rates under Q" is used, as outlined in (11.9).

If the security matures at time T;,, the price expression is even simpler:
P=B"EY" [Hr ). (11.11)

In that case it suffices to simulate the evolution of the forward rates that determine the payoff of

the security.

The spot LIBOR martingale measure

The risk-neutral or spot martingale measure Q, which we defined and discussed in Chapter 4,
is associated with the use of a bank account earning the continuously compounded short rate as
the numeraire, cf. the discussion in Section 6.2. However, the LIBOR market model does not at
all involve the short rate so the traditional spot martingale measure does not make sense in this
context. The LIBOR market counterpart is a roll over strategy in the shortest zero-coupon bonds.
To be more precise, the strategy is initiated at time T by an investment of one dollar in the
zero-coupon bond maturing at time 77, which allows for the purchase of 1/ B% units of the bond.
At time Ty the payoff of 1/ ngg dollars is invested in the zero-coupon bond maturing at time T5,
etc. Let us define

I(t) =min{i € {1,2,...,n} : T; > t}

so that T7(;) denotes the next payment date after time ¢. In particular, I(7;) = 4 so that Ty(g,) = T;.
At any time t > T, the strategy consists of holding

1 1 1

= o pz Tty
Br, B BTI“/)?1

t

units of the zero-coupon bond maturing at time T7(;). The value of this position is

. R CES RS o
Ay =8N, =B ] = B [T [1+or7"+]. (11.12)
i=0 P1; =0

where the last equality follows from the relation (11.4). Since A is positive, it is a valid numeraire.
The corresponding martingale measure is called the spot LIBOR martingale measure and is
denoted by Q*.

Let us look at a security with a single payment at a time T € [Ty, T,,]. The payoff Hr may
depend on the values of all the modeled forward rates at and before time T. Let us by P; denote

the dollar value of this asset at time ¢. From the definition of the spot LIBOR martingale measure

Q* it follows that
P gQ° {HT]
A Db ==

Af AT
and hence
p—EY | Ay
t + A}: T -
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From the calculation
Treey 7I(¢)—1 T;,T;
P
B;I(T) H;(:Tg))*l [1 + 5L%7Tj+1}
Ty I(T)—1
B '® 11t

Tr(r)
By G=I(t)

Pl

!

we get that the price can be rewritten as

. [0 .
P=BEY |t ] [t+erg ™) | (11.13)
By iz

In particular, if 7" is one of the dates in the tenor structure, say 7' = T}, we get
T1) pQ* = Ty Ty ]!
p,=B""EY |y, [] [1+5LTj } (11.14)
J=I(t)
since I(Ty,) = k and By ™ = BIF = 1.
In order to compute (typically by simulation) the expected value on the right-hand side, we need
to know the evolution of the forward rates LtTj i1 ynder the spot LIBOR martingale measure Q.

It can be shown that the process z* defined by
Azt = d2Tr — {atT““ . aﬂ dt

is a standard Brownian motion under the probability measure Q*. As usual, of denotes the

volatility of the zero-coupon bond maturing at time 7". Repeated use of (11.8) yields

i1 46 (t,Tj, T+, (LtT'“T’“M)Tth)

UtT”") _ 0?1: _
T;,T;
P 1 _|_5Lt. +1
so that
=1 op (f:ijTij (L0, 2t)
dzp = dzF = Y - dt. (11.15)
J=10) LoLy

Substituting this relation into (11.5), we can rewrite the dynamics of the forward rates under the

spot LIBOR martingale measure as

AL = B (4T = 0, T, (L) g5, ) de

=1 0B (taTjaTjH» (LtT""T’“H)Tkzt)

=B (6T =0T (L)) i+ Y T dt
]=I(t) ]. + (SLtJ/ J+1
it o (t, T; -6, T, (Lfk’Tk”)Tkzt) s (t, T;, Ty, (LtTk»Tf«M)Tth)
= > Lo oL T dt
i=I(t) oLy
+ 6 (6T = 8,10 (L] )50 ) .
(11.16)

Note that the drift in the forward rates under the spot LIBOR martingale measure follows from
the specification of the volatility function § and the current forward rates. The relation between
the drift and the volatility is the market model counterpart to the drift restriction of the HJM
models, cf. (10.8) on page 224.
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11.2.3 Consistent pricing

Asindicated above, the model can be used for the pricing of all securities that only have payment
dates in the set {T1,T5,...,T,}, and where the size of the payment only depends on the modeled
forward rates and no other random variables. This is true for caps and floors on J-period interest
rates of different maturities where the price can be computed from (11.2) and (11.3). The model
can also be used for the pricing of swaptions that expire on one of the dates Ty, 711, ...,T,—1, and
where the underlying swap has payment dates in the set {71, ...,T,} and is based on the §-period
interest rate. For European swaptions the price can be written as (11.14). For Bermuda swaptions
that can be exercised at a subset of the swap payment dates {T7,...,T,}, one must maximize the
right-hand side of (11.14) over all feasible exercise strategies. See Andersen (2000) for details and
a description of a relatively simple Monte Carlo based method for the approximation of Bermuda
swaption prices.

The LIBOR market model (11.5) is built on assumptions about the forward rates over the
time intervals [T, Th], [T1,T2], ..., [Tn—1,Tn]. However, these forward rates determine the forward
rates for periods that are obtained by connecting succeeding intervals. For example, we have from
Eq. (1.9) on page 8 that the forward rate over the period [Ty, T3] is uniquely determined by the
forward rates for the periods [Ty, T1] and [T, T3] since

[ — (BtTO -1
T, - Ty \ B

_ 1 (BB} | (11.17)
T, — Ty \ B B}

_ % ([1 +5LtT°’T1} [1 + 6L$17T2} - 1) )

where 6 = Ty — Ty = Ty — T as usual. Therefore, the distributions of the forward rates L:{F”’Tl and

L™ implied by the LIBOR market model (11.18), determine the distribution of the forward rate
L]>™ A LIBOR market model based on three-month interest rates can hence also be used for the
pricing of contracts that depend on six-month interest rates, as long as the payment dates for these
contracts are in the set {7,171, ...,T,}. More generally, in the construction of a model, one is only
allowed to make exogenous assumptions about the evolution of forward rates for non-overlapping

periods.

11.3 The lognormal LIBOR market model
11.3.1 Model description

The market standard for the pricing of caps is Black’s formula, i.e. formula (6.58) on page 136.
As discussed in Chapter 6, the traditional derivation of Black’s formula is based on inappropriate
assumptions. The lognormal LIBOR market model provides a more reasonable framework in which
the Black cap formula is valid. The model was originally developed by Miltersen, Sandmann, and
Sondermann (1997), while Brace, Gatarek, and Musiela (1997) sort out some technical details
and introduce an explicit, but approximative, expression for the prices of European swaptions in
the lognormal LIBOR market model. Whereas Miltersen, Sandmann, and Sondermann derive the

cap price formula using PDEs, we will follow Brace, Gatarek, and Musiela and use the forward
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martingale measure technique discussed in Chapter 6 since this simplifies the analysis considerably.
In the development of Black’s cap price formula in Chapter 6, we assumed among other things

that the forward rate LtTi_é’T'i was a martingale under the spot martingale measure Q and that the

future value L%}:?T" was lognormally distributed under Q. However, as shown in Theorem 11.1
this forward rate is a martingale under the T;-forward martingale measure and will therefore not
be a martingale under the Q-measure. (Remember: a change of measure corresponds to changing
the drift rate.) Looking at the general cap pricing formula (11.2), it is clear that we can obtain
a pricing formula of the same form as Black’s formula by assuming that L%:?T" is lognormally
distributed under the Tj-forward martingale measure Q”¢. This is exactly the assumption of the

lognormal LIBOR market model:
ALl 0T = 10T (4T, — 6,T;) dzl,  i=1,2,...,n, (11.18)

where v(¢, T;— 9, T;) is a bounded, deterministic function. Here we assume that the relevant forward
rates are only affected by one Brownian motion, but below we shall briefly consider multi-factor
lognormal LIBOR market models.

A familiar application of It6’s Lemma implies that
ST 1 _
ALy =) = =29 (6 T; = 6. TP dt +9(t. Ty — 6. T dz"

from which we see that

1

T, -6 T,—6
—/ V(u, T; _57Ti)2du+/ Y(u, T — 6, T;) dz,".
t t

TL'—57T1' _ Ti_6;T£
lnLTF(; =InL, ~ 3

Because 7 is a deterministic function, it follows from Theorem 3.2 on page 53 that

T;—6 T;—0
/ v(u, T; — 0,T5) dzfi ~ N 0,/ v(u, T; — 5,ﬂ)2 du
t t

under the T;-forward martingale measure. Hence,

5T s 1 [Tie Ti—§
In L%:?Tl ~N <1nLtTl_6’T" - 5/ y(u, T; — 6, Ti)Qdu,/ y(u, T; — 6, T3)% du
t t

so that L%:?Ti is lognormally distributed under Q”¢. The following result should now come as

no surprise:

Theorem 11.3 Under the assumption (11.18) the price of the caplet with payment date T; at any
time t < T; — § is given by

e; — H(SB;I—‘I [Ltﬂ—ts,TiN(du) _ KN(dm)} , (1119)
where
In (L?"S’Ti /K)
dy=— Ly (4T — 6, T)), 11.2
! UL(tvﬂ_évn) +2UL( ) ( 0)
dai = dvi —vr(t,Ti — 6, T5), (11.21)

Ti—6 1/2
vp(t, Ty — 6,T;) = (/ v(u, T; — 6, T;)? du) : (11.22)
t
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Proof: It follows from Theorem A.4 in Appendix A that
BY" [max (L5257 - 1,0)] = B [L1 207 ] N(dii) — KN (da)
= L] 0T N(dy;) — KN(da),

where the last equality is due to the fact that LtTﬁ‘s’Ti is a QT*-martingale. The claim now follows
from (11.1). O

Note that vy, (t, T;—d, T;)? is the variance of In L%:g’Ti under the T;-forward martingale measure
given the information available at time ¢. The expression (11.19) is identical to Black’s formula
(6.54) if we insert o; = vp(¢,T; — 8,T;)/\/T; — 6 —t. An immediate consequence of the theorem

above is the following cap pricing formula in the lognormal one-factor LIBOR market model:

Theorem 11.4 Under the assumption (11.18) the price of a cap at any time t < Ty is given as

¢, =Hs§Y Bl {L?—‘S’TiN(du) ~ KN(dw)], (11.23)

i=1

where dy; and dg; are as in (11.20) and (11.21).

For t > Ty the first-coming payment of the cap is known and is therefore to be discounted with
the riskless discount factor, while the remaining payments are to be valued as above. For details,
see Section 2.8.

Analogously, the price of a floor under the assumption (11.18) is

F,=Hs> Bl {KN (—dy;) — LTOTiN (fdu)} . t< T (11.24)
i=1
The deterministic function ~y(t,T; — 0,7;) remains to be specified. We will discuss this matter
in Section 11.6.

If the term structure is affected by d exogenous standard Brownian motions, the assump-

tion (11.18) is replaced by

d

AL = LIPS "y (4 T — 6,T) day

Jt>

(11.25)
j=1

where all v;(¢,T; — 0,T;) are bounded and deterministic functions. Again, the cap price is given

by (11.23) with the small change that vy, (¢, T; — §,T;) is to be computed as

1/2

d T;—6
v (t, T, — 6, T;) = Z/ v, (u, T; — 6,T;)? du : (11.26)
j=1"t

11.3.2 The pricing of other securities

No exact, explicit solution for European swaptions has been found in the lognormal LIBOR
market setting. In particular, Black’s formula for swaptions is not correct under the assump-
tion (11.18). The reason is that when the forward LIBOR rates have volatilities proportional to
their level, the volatility of the forward swap rate will not be proportional to the level of the for-

ward swap rate. As described in Section 11.2, the swaption price can be approximated by a Monte
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Carlo simulation, which is often quite time-consuming. Brace, Gatarek, and Musiela (1997) derive
the following Black-type approximation to the price of a European payer swaption with expiration

date Ty and exercise rate K under the lognormal LIBOR market model assumptions:

n
P, = H5S Bl [LtTi";’TiN( ) — KN(d;i)} < Ty, (11.27)
i=1
where di; and d;; are quite complicated expressions involving the variances and covariances of the
time T values of the forward rates involved. These variances and covariances are determined by
the y-function of the assumption (11.18). This approximation delivers the price much faster than
a Monte Carlo simulation. Brace, Gatarek, and Musiela provide numerical examples in which the
price computed using the approximation (11.27) is very close to the correct price (computed using
Monte Carlo simulations). Of course, a similar approximation applies to the European receiver
swaption. The market models are not constructed for the pricing of bond options, but due to the
link between caps/floors and European options on zero-coupon bonds it is possible to derive some
bond option pricing formulas, cf. Exercise 11.1.

As argued in Section 11.2; in any LIBOR market model based on the d-period interest rates
one can also price securities that depend on interest rates over periods of length 26, 39, etc., as
long as the payment dates of these securities are in the set {Tp,T1,...,T,}. Of course, this is also
true for the lognormal LIBOR market model. For example, let us consider contracts that depend
on interest rates covering periods of length 26. From (11.17) we have that

L™ = 21_5 ([r+orfm] [1+orf™] - 1).
According to the assumption (11.18) of the lognormal §-period LIBOR, market model, each of the
forward rates on the right-hand side has a volatility proportional to the level of the forward rate.
An application of 1t6’s Lemma to the above relation shows that the same proportionality does not
hold for the 24-period forward rate L?O’TQ. Consequently, Black’s cap formula cannot be correct
both for caps on the 3-month rate and caps on the 6-month rate. To price caps on the 6-month
rate consistently with the assumptions of the lognormal LIBOR market model for the 3-month
rate one must resort to numerical methods, e.g. Monte Carlo simulation.

It follows from the above considerations that the model cannot justify practitioners’ frequent
use of Black’s formula for both caps and swaptions and for contracts with different frequencies 6.
Of course, the differences between the prices generated by Black’s formula and the correct prices
according to some reasonable model may be so small that this inconsistency can be ignored, but

so far this issue has not been satisfactorily investigated in the literature.

11.4 Alternative LIBOR market models

The lognormal LIBOR market model specifies the forward rate volatility in the general LIBOR
market model (11.5) as

B (6T = 6.5, (L7 )12 ) = LT 2T (T - 6,0,

where v is a deterministic function. As we have seen, this specification has the advantage that

the prices of (some) caps and floors are given by Black’s formula. However, alternative volatility
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specifications may be more realistic (see Section 11.6). Below we will consider a tractable and
empirically relevant alternative LIBOR market model.

European stock option prices are often transformed into implicit volatilities using the Black-
Scholes-Merton formula. Similarly, for each caplet we can determine an implicit volatility for the
corresponding forward rate as the value of the parameter ¢; that makes the caplet price computed
using Black’s formula (6.54) identical to the observed market price. Suppose that several caplets
are traded on the same forward rate and with the same payment date, but with different cap rates
(i.e. exercise rates) K. Then we get a relation o;(K) between the implicit volatilities and the cap
rate. If the forward rate has a proportional volatility, Black’s model will be correct for all these
caplets. In that case all the implicit volatilities will be equal so that o;(K) corresponds to a flat
line. However, according to Andersen and Andreasen (2000) o;(K) is typically decreasing in K,
which is referred to as a volatility skew. Such a skew is inconsistent with the volatility assumption
of the LIBOR market model (11.18).3

Andersen and Andreasen consider a so-called CEV LIBOR, market model where the forward

rate volatility is given as

ﬂ <t71—‘1 - 571—‘1'; (L5j7Tj+6)Tth) = (L?ii(S’Ti)aﬁ)/(ta]ji - 5an)7 i= 13 sy Ty

so that each forward rate follows a CEV process®

dLZ—'i—&Ti — (Lgi_é’Ti) ’)/(t, Tq, - 67 Tl) dZ;Tl .

Here « is a positive constant and v is a bounded, deterministic function, which in general may
be vector-valued, but here we have assumed that it takes values in R. For o = 1, the model is
identical to the lognormal LIBOR market model. Andersen and Andreasen first discuss properties
of CEV processes. When 0 < a < 1/2, several processes may have the dynamics given above, but
a unique process is fixed by requiring that zero is an absorbing boundary for the process. Imposing
this condition, the authors are able to state in closed form the distribution of future values of the
process for any positive o. For « # 1, this distribution is closely linked to the distribution of a
non-centrally x2-distributed random variable.

Based on their analysis of the CEV process, Andersen and Andreasen next show that the price

of a caplet will have the form

€ = HoB[" [LF"T (1= x3(ash, ) — Kb, a)] (11.28)

3Hull (2003, Ch. 15) has a detailed discussion of the similar phenomenon for stock and currency options.
4CEV is short for Constant Elasticity of Variance. This term arises from the fact that the elasticity of the

volatility with respect to the forward rate level is equal to the constant « since

06 (075 = 8.Ts, (17 )y 20) 16 (1T = 6,70 (17 )10
8LZ"1'76,T1'/LZ}76,T1-
a8 <t, Ty —6,T;, (LtTJ’TJ'”)Tth) LT T,
- oLTi—5T: B (6T =6, (17 )0
- (L?_&Ti)a_l (@, Ti — 6,T;) LtTii&TT,iT.H =
(6T =87 (L7 ) 50

Cox and Ross (1976) study a similar variant of the Black-Scholes-Merton model for stock options.
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for some auxiliary parameters a, b, b’, and ¢ that we leave unspecified here. The pricing formula
is very similar to Black’s formula, but the relevant probabilities are given by the distribution
function for a non-central y2-distribution. Their numerical examples document that a CEV model
with a < 1 can generate the volatility skew observed in practice. In addition, they give an explicit
approximation to the price of a Furopean swaption in their CEV LIBOR market model. Also this
pricing formula is of the same form as Black’s formula, but involves the distribution function for

the non-central y2-distribution instead of the normal distribution.

11.5 Swap market models

Jamshidian (1997) introduced the so-called swap market models that are based on assumptions
about the evolution of certain forward swap rates. Under the assumption of a proportional volatility
of these forward swap rates, the models will imply that Black’s formula for European swaptions,
i.e. (6.60) on page 136, is correct, at least for some swaptions.

Given time points Ty, Ty, ..., Ty, where T; = T;_1 + 6 for all i = 1,...,n. We will refer to a
payer swap with start date Ty and final payment date T, (i.e. payment dates Tyy1,...,7,) as a
(k,n)-payer swap. Here we must have 1 < k < n. Let us by f/tT"’é denote the forward swap rate

prevailing at time ¢ < Ty for a (k,n)-swap. Analogous to (2.30) on page 38, we have that

Ty T,
7FT%,0 Bt - Bt "

L =" 11.29
t o (11.29)
where we have introduced the notation
Gi"= > B, (11.30)
i=k+1
which is the value of an annuity bond paying 1 dollar at each date Tjy1,...,T,.

A European payer (k,n)-swaption gives the right at time T} to enter into a (k,n)-payer swap
where the fixed rate K is identical to the exercise rate of the swaption. From (2.33) on page 39 we

know that the value of this swaption at the expiration date T} is given by
PhN — G H 5 max (E?f - K, o) . (11.31)

As discussed in Section 6.2.3 on page 118, it is computationally convenient to use the annuity
as the numeraire. We refer to the corresponding martingale measure Q" as the (k,n)-swap
martingale measure. Since GFFtt = BtT"“, we have in particular that the (k,k + 1)-swap
martingale measure QF*+1 is identical to the T} -forward martingale measure Q7k+1.

By the definition of Q¥ the time t price P; of a security paying Hr, at time T}, is given by

Pt o EQk,n [HTk ‘| ’

Gt ey
and hence
P =G EYT | S (11.32)
Gr,

The pricing formula (11.32) is particularly convenient for the (k,n)-swaption. Inserting the payoff

from (11.31), we obtain a price of

PP =G HOEY " [max (L7~ K,0)). (11.33)
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To price the swaption it suffices to know the distribution of the swap rate Z%’é under the (k,n)-

swap martingale measure Q®". Here the following result comes in handy:
Theorem 11.5 The forward swap rate [N/tT’“"s is a QP -martingale.

Proof: According to (11.29), the forward swap rate is given as
B BtTk _ BtTn B 1 BtTk- B BtTn
osckm gt Gbn )

By definition of the (k,n)-swap martingale measure the price of any security relative to the annuity

7T ,0
Lt

is a martingale under this probability measure. In particular, both Bf*/ Gf ™ and B}/ Gf " are
Q" "-martingales. Therefore, the expected change in these ratios is zero under Q™. It follows from
the above formula that the expected change in the forward swap rate I~/tT’“’5 is also zero under Q%"

so that LT*° is a Q®"-martingale. a

Consequently, the evolution in the forward swap rate EtT’“’é is fully specified by (i) the number
of Brownian motions affecting this and other modeled forward swap rates and (ii) the sensitivity
functions that show the forward swap rates react to the exogenous shocks. Let us again focus on

a one-factor model. A swap market model is based on the assumption

T n 7T5,0 s
CZL?“’(S = Bk’ (t, (L? )Tth) dzf",

k1 is a Brownian motion under the (k,n)-swap martingale measure Q*", and the volatility

where z
function 8% through the term (f/tTj’d)szt can depend on the current values of all the modeled
forward swap rates.

Under the assumption that $%™ is proportional to the level of the forward swap rate, i.e.
L™ = L% (t) dzy " (11.34)

where ¥ (¢) is a bounded, deterministic function, we get that the future value of the forward
swap rate is lognormally distributed. This model is therefore referred to as the lognormal swap

market model. In such a model the swaption price in formula (11.33) can be computed explicitly:

Theorem 11.6 Under the assumption (11.34) the price of a European (k,n)-payer swaption is
given by
prn — ( > B,Ti) H§ [EtTk"sN(dl) - KN(dz)} , t< T, (11.35)
i=k+1

where
In (EtT’v"S /K) )
4 ot

Uk, (1) " 2%7"( )
dy = di — vk (1),

Ve n(t) = (/t * ,yk,n(u)2 du)

dy =

1/2
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The proof of this result is analogous to the proof of Theorem 11.3 and is therefore omitted. The
pricing formula is identical to Black’s formula (6.60) with o given by o = v, (t)/v/T) — t. Hence,
the lognormal swap market model provides some theoretical support of the Black swaption pricing
formula.

In a previous section we concluded that in a LIBOR market model it is not justifiable to
exogenously specify the processes for all forward rates, only the processes for non-overlapping

periods. In a swap market model Musiela and Rutkowski (1997, Section 14.4) demonstrate that

T1,6 7T2,8 FTp—1,0
PR Pl §

the processes for the forward swap rates L Ly can be modeled independently.
These are forward swap rates for swaps with the same final payment date 7},, but with different start
dates T4, ..., T,—1 and hence different maturities. In particular, the lognormal assumption (11.34)
can hold for all these forward swap rates, which implies that all the swaption prices fP% Py —Ln
are given by Black’s swaption pricing formula. However, under such an assumption neither the
forward LIBOR rates Lfi‘l’Ti nor the forward swap rates for swaps with other final payment dates
can have proportional volatilities. Consequently, Black’s formula cannot be correct neither for
caps, floors nor swaptions with other maturity dates. The correct prices of these securities must
be computed using numerical methods, e.g. Monte Carlo simulation. Also in this case it is not
clear by how much the Black pricing formulas miss the theoretically correct prices.

In the context of the LIBOR market models we have derived relations between the different
forward martingale measures. For the swap market models we can derive similar relations be-
tween the different swap martingale measures and hence describe the dynamics of all the forward

FT1,6 715, FT, 1,6
swap rates L; "%, L;>°, ..., L;""!

9

under the same probability measure. Then all the relevant
processes can be simulated under the same probability measure. For details the reader is referred
to Jamshidian (1997) and Musiela and Rutkowski (1997, Section 14.4).

11.6 Further remarks

De Jong, Driessen, and Pelsser (2001) investigate the extent to which different lognormal LIBOR
and swap market models can explain empirical data consisting of forward LIBOR interest rates,
forward swap rates, and prices of caplets and European swaptions. The observations are from the
U.S. market in 1995 and 1996. For the lognormal one-factor LIBOR market model (11.18) they
find that it is empirically more appropriate to use a y-function which is exponentially decreasing

in the time-to-maturity 7; — § — t of the forward rates,
N(t, Ty — 6,T;) = ye Ti=o=tl i =1, ... n,

than to use a constant, v(¢,T; — §,T;) = . This is related to the well-documented mean reversion
of interest rates that makes “long” interest rates relatively less volatile than “short” interest rates.
They also calibrate two similar model specifications perfectly to observed caplet prices, but find
that in general the prices of swaptions in these models are further from the market prices than
are the prices in the time homogeneous models above. In all cases the swaption prices computed
using one of these lognormal LIBOR market models exceed the market prices, i.e. the lognormal
LIBOR market models overestimate the swaption prices. All their specifications of the lognormal
one-factor LIBOR market model give a relatively inaccurate description of market data and are

rejected by statistical tests. De Jong, Driessen, and Pelsser also show that two-factor lognormal
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LIBOR market models are not significantly better than the one-factor models and conclude that
the lognormality assumption is probably inappropriate. Finally, they present similar results for
lognormal swap market models and find that these models are even worse than the lognormal
LIBOR market models when it comes to fitting the data.

11.7 Exercises

EXERCISE 11.1 (Caplets and options on zero-coupon bonds) Assume that the lognormal LIBOR, market
model holds. Use the caplet formula (11.19) and the relations between caplets, floorlets, and European
bond options known from Chapter 2 to show that the following pricing formulas for European options on

zero-coupon bonds are valid:

CIT=0T = (1 - ) B N(exs) — K[BI ™" — BIN(ex),
mf TN = KB — BIIN(—e2i) — (1 - K)BI N(—ex),

where

1 (1— K)B/ 1
i = \ 5 7Ti - 7Ti )
e1 LT =0T D(K[BtTiéBtTi] + 2’UL(t 0, T3)

e = e —vr(t, Ty — 0, T;),

and v (¢, T; — 6,T;) is given by (11.22) in the one-factor setting and by (11.26) in the multi-factor setting.
Note that these pricing formulas only apply to options expiring at one of the time points To, T4, ..., Th—1,
and where the underlying zero-coupon bond matures at the following date in this sequence. In other words,
the time distance between the maturity of the option and the maturity of the underlying zero-coupon bond

must be equal to J.



Chapter 12

The measurement and management of

interest rate risk

12.1 Introduction

The values of bonds and other fixed income securities vary over time primarily due to changes in
the term structure of interest rates. Most investors want to measure and compare the sensitivities of
different securities to term structure movements. The interest rate risk measures of the individual
securities are needed in order to obtain an overview of the total interest rate risk of the investors’
portfolio and to identify the contribution of each security to this total risk. Many institutional
investors are required to produce such risk measures for regulatory authorities and for publication
in their accounting reports. In addition, such risk measures constitute an important input to the
portfolio management.

In this chapter we will discuss how to quantify the interest rate risk of bonds and how these
risk measures can be used in the management of the interest rate risk of portfolios. We will
first describe the traditional, but still widely used, duration and convexity measures and discuss
their relations to the dynamics of the term structure of interest rates. Then we will consider risk
measures that are more directly linked to the dynamic term structure models we have analyzed
in the previous chapters. Here we focus on diffusion models and emphasize models with a single
state variable. We will compare the different risk measures and their use in the construction of
so-called immunization strategies. Finally, we will show how the duration measure can be useful

for the pricing of European options on bonds and hence the pricing of European swaptions.

12.2 Traditional measures of interest rate risk
12.2.1 Macaulay duration and convexity

The Macaulay duration of a bond was defined by Macaulay (1938) as a weighted average of the
time distance to the payment dates of the bond, i.e. an “effective time-to-maturity”. As shown by
Hicks (1939), the Macaulay duration also measures the sensitivity of the bond value with respect to
changes in its own yield. Let us consider a bond with payment dates T1,...,T),, where we assume
that T3 < --- < T,,. The payment at time 7T; is denoted by Y;. The time t value of the bond
is denoted by B;. We let yP denote the yield of the bond at time ¢, computed using continuous

253



12.2 Traditional measures of interest rate risk 254

compounding so that
B, = Z }Qe—th(T»‘—t)7

T, >t
where the sum is over all the future payment dates of the bond.
The Macaulay duration D}M?¢ of the bond is defined as
1 dB, ZT1;>t(ITi - t)Yiefth(Tiit)

D}t\/[ac =~ T/hH 5B = Z wMaC(taTi)(E —1), (12.1)
By dy; B T, >t

where wMac(t, T;) = Yie’th(Ti*t)/B,g7 which is the ratio between the value of the i’th payment and
the total value of the bond. Since wM2¢(¢,T;) > 0 and DT>t wMac(t, T;) = 1, we see from (12.1)
that the Macaulay duration has the interpretation of a weighted average time-to-maturity. For a
bond with only one remaining payment the Macaulay duration is equal to the time-to-maturity.
A simple manipulation of the definition of the Macaulay duration yields

4B,

B, = D¢ dy/

so that the relative price change of the bond due to an instantaneous, infinitesimal change in its
yield is proportional to the Macaulay duration of the bond.
Frequently, the Macaulay duration is defined in terms of the bond’s annually computed yield
9£. By definition,
By=)_ Yi(l+gf) "
T;>t

so that

dB
4 gy
dyt T;>t

The Macaulay duration is then often defined as

1+ 972 dB (T = YL+ gP)~ B0 .
L S (Xl R EL)
t

T; >t

Mac __
D¢ =

where the weights w™M?e(t, T}) are the same as before since e¥ = (1 + §B). Therefore the two
definitions provide precisely the same value for the Macaulay duration. Because y? = In(1 + 97)
and hence dyP /dgP = 1/(1 + §P), we have that

@:_ Mac dﬂf
B, bolgp

For bullet bonds, annuity bonds, and serial bonds an explicit expression for the Macaulay duration
can be derived.! In many newspapers the Macaulay duration of each bond is listed next to the
price of the bond.

The Macaulay duration is defined as a measure of the price change induced by an infinitesimal
change in the yield of the bond. For a non-infinitesimal change, a first-order approximation gives
that

dBy

AB; ~ —=AyB,
t dth yt

IThe formula for the Macaulay duration of a bullet bond can be found in many textbooks, e.g. Fabozzi (2000)
and van Horne (2001).



12.2 Traditional measures of interest rate risk

255

and hence
AB;

B,

An obvious way to obtain a better approximation is to include a second-order term:

~ DY Ayp .

dB; . 5 1 d&®B,

AB, ~ — ——— ABQ.
'R B T g ggEy (B

Defining the Macaulay convexity by

ac 1 d&°B 1 ac
M = AR~ 3 2 T — (123)
t )

we can write the second-order approximation as

AB,
B,

~ —DMAYP + KM (AyP).

Note that the approximation only describes the price change induced by an instantaneous change in
the yield. In order to evaluate the price change over some time interval, the effect of the reduction
in the time-to-maturity of the bond should be included, e.g. by adding the term 6£‘ At on the

right-hand side.

The Macaulay measures are not directly informative of how the price of a bond is affected by a
change in the zero-coupon yield curve and are therefore not a valid basis for comparing the interest
rate risk of different bonds. The problem is that the Macaulay measures are defined in terms of
the bond’s own yield, and a given change in the zero-coupon yield curve will generally result in
different changes in the yields of different bonds. It is easy to show (see e.g. Ingersoll, Skelton, and
Weil (1978, Thm. 1)) that the changes in the yields of all bonds will be the same if and only if the
zero-coupon yield curve is always flat. In particular, the yield curve is only allowed to move by
parallel shifts. Such an assumption is not only unrealistic, it also conflicts with the no-arbitrage

principle, as we shall demonstrate in Section 12.2.3.

12.2.2 The Fisher-Weil duration and convexity

Macaulay (1938) defined an alternative duration measure based on the zero-coupon yield curve
rather than the bond’s own yield. After decades of neglect this duration measure was revived by
Fisher and Weil (1971), who demonstrated the relevance of the measure for constructing immu-
nization strategies. We will refer to this duration measure as the Fisher-Weil duration. The

precise definition is
DIV = w(t. T)(T; ~ 1), (12.4)
T, >t
where w(t, T;) = Yie_ytﬂ (Ti=t) / B,. Here, ytT is the zero-coupon yield prevailing at time ¢ for the
period up to time 7T;. Relative to the Macaulay duration, the weights are different. w(t,T;) is
computed using the true present value of the i’th payment since the payment is multiplied by

T;
the market discount factor for time 7; payments, BtT i = e ¥ (Timt)

In the weights used in the
computation of the Macaulay measures the payments are discounted using the yield of the bond.
However, for typical yield curves the two set of weights and hence the two duration measures will

be very close, see e.g. Table 12.1 on page 263.
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If we think of the bond price as a function of the relevant zero-coupon yields y;T o ,ytT "
T
Bt = Z }/ie*yt (Ti*t)7
T; >t

we can write the relative price change induced by an instantaneous change in the zero-coupon

dBt Z ; SBTt T :—Z w(t, T,)(T; — t)dy/".

T;>t

yields as

If the changes in all the zero-coupon yields are identical, the relative price change is proportional to
the Fisher-Weil duration. Consequently, the Fisher-Weil duration represents the price sensitivity
towards infinitesimal parallel shifts of the zero-coupon yield curve. Note that an infinitesimal paral-
lel shift of the curve of continuously compounded yields corresponds to an infinitesimal proportional
shift in the curve of yearly compounded yields. This follows from the relation yt =In(1+ yt ) be-
tween the continuously compounded zero-coupon rate ytT' * and the yearly compounded zero-coupon
rate ¢, which implies that dy;* = dgl* /(14 §7).
We can also define the Fisher-Weil convexity as
KW = 1 > w(t, T)(T, - t)%. (12.5)

2
Ti>t

The relative price change induced by a non-infinitesimal parallel shift of the yield curve can then

be approximated by
AB;

B,

where Ay; is the common change in all the zero-coupon yields. Again the reduction in the time-

~ -DfWV Ay + KFVY (Ayp)?,

to-maturity should be included to approximate the price change over a given period.

12.2.3 The no-arbitrage principle and parallel shifts of the yield curve

In this section we will investigate under which assumptions the zero-coupon yield curve can
only change in the form of parallel shifts. The analysis follows Ingersoll, Skelton, and Weil (1978).
If the yield curve only changes in form of infinitesimal parallel shifts, the curve must have exactly
the same shape at all points in time. Hence, we can write any zero-coupon yield y; ™" as a sum of
the current short rate and a function which only depends on the “time-to-maturity” of the yield,
ie.

ytT =r;+h(T —1t),

where h(0) = 0. In particular, the evolution of the yield curve can be described by a model where

the short rate is the only state variable and follows a process of the type
drt = Oé(’f’t, t) dt + IB(Ttv t) dzt

in the real world and hence
dry = a(re, t) dt + B(re, t) dz;@

in a hypothetical risk-neutral world.
In such a model the price of any fixed income security will be given by a function solving the

fundamental partial differential equation (7.3) on page 145. In particular, the price function of any
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zero-coupon bond BT (r,t) satisfies

T T 2 T
O )+ a0 ) + BT ) BT ) =0, (1) €8x 0.7),

and the terminal condition BY (r,T) = 1. However, we know that the zero-coupon bond price is
of the form
BT (r,t) = e ¥ (T~ = (T —tl=h(T=t)[T1]

Substituting the relevant derivatives into the partial differential equation, we get that
1
(T —t)(T —t) + T —t) = &(r,t)(T —t) — 5ﬁ(r, AT —t)%, (r,t) €8 x[0,T).

Since this holds for all 7, the right-hand side must be independent of r. This can only be the case
for all ¢ if both & and (3 are independent of r. Consequently, we get that

(T —t)(T —t)+ T —t)=a@)(T—t)— %ﬂ(t)z(T — )%, tel0,7).

The left-hand side depends only on the time difference T' — ¢ so this must also be the case for the
right-hand side. This will only be true if neither & nor § depend on t. Therefore & and 3 have to
be constants.

It follows from the above arguments that the dynamics of the short rate is of the form
dry = adt + Bdz2,

otherwise non-parallel yield curve shifts would be possible. This short rate dynamics is the basic
assumption of the Merton model studied in Section 7.3. There we found that the zero-coupon
yields are given by

1 1
thr 1. 1o g
Yy r+2a7' 6ﬁ7’,
1/\

which corresponds to h(1) = 541 — %ﬂ272. We can therefore conclude that all yield curve shifts
will be infinitesimal parallel shifts if and only if the yield curve at any point in time is a parabola
with downward sloping branches and the short-term interest rate follows the dynamics described
in Merton’s model. These assumptions are highly unrealistic. Furthermore, Ingersoll, Skelton,
and Weil (1978) show that non-infinitesimal parallel shifts of the yield curve conflict with the
no-arbitrage principle. The bottom line is therefore that the Fisher-Weil risk measures do not
measure the bond price sensitivity towards realistic movements of the yield curve. The Macaulay

risk measures are not consistent with any arbitrage-free dynamic term structure model.

12.3 Risk measures in one-factor diffusion models
12.3.1 Definitions and relations

To obtain measures of interest rate risk that are more in line with a realistic evolution of the
term structure of interest rates, it is natural to consider uncertain price movements in reasonable
dynamic term structure models. In a model with one or more state variables we focus on the
sensitivity of the prices with respect to a change in the state variable(s). In this section we

consider the one-factor diffusion models studied in Chapters 7 and 9.
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We assume that the short rate r; is the only state variable, and that it follows a process of the
form
dry = a(re, t) dt 4+ B(re, t) dz.

For an asset with price By = B(ry,t), It6’s Lemma implies that

2

0B 0B 1 0°B 0B
dB, = (E(%t) + a(rut)a—r(rut) + Eﬁ(rtat)ZW(rtat)> dt + a_,r(rtvt)ﬂ(rtvt) dzy,
and hence
dB; 1 0B 1 0B 1 , 1 0°B
o (i t ) (1 t) 4+ = B(re, £) 2 == (1) ) dt
Bt <B(’I"t,t) ot (rta )+Oé(7"t7 )B(’I"t,t) or (Tta )+ 25(7"1‘/7 ) B(Tut) or2 (Tta )
1 0B
—_— t t) dzy.
B(rt,t) or (Tt, )ﬂ(rtv ) 2t
For a bond the derivative %—f(r, t) is negative in the models we have considered so the volatility
of the bond is given by? —m%—f(rh t)B(rs, t). Tt is natural to use the asset-specific part of the
volatility as a risk measure. Therefore we define the duration of the asset as

D(rt) = —— L 0B (12.6)

—— = (rt).
(r,t) Or (r,)
Note the similarity to the definition of the Macaulay duration. The unexpected return on the asset

is equal to minus the product of its duration, D(r,t), and the unexpected change in the short rate,

6(7}, t) dZt.

Furthermore, we define the convexity as

1 9’°B
K i 12.
(Ta t) QB(T', t) 8T2 <T7 t) ( 7)
and the time value as L 0B
O(r,t) = (12.8)

B ot -

Consequently, the rate of return on the asset over the next infinitesimal period of time can be

written as
By
By

The duration of a portfolio of interest rate dependent securities is given by a value-weighted

= (O(r¢,t) — a(ry, ) D(re, t) + B(re, )2 K (ry, 1)) dt — D(ry, t)B(ry, t) dz. (12.9)

average of the durations of the individual securities. For example, let us consider a portfolio of two
securities, namely N7 units of asset 1 with a unit price of By(r,t) and Ny units of asset 2 with a
unit price of By(r,t). The value of the portfolio is II(r,t) = N1 By (r,t) + NoBa(r,t). The duration

Dri(r,t) of the portfolio can be computed as

1 91
DH(’I", t) = _WW(T’ t)
1 OB, 9By
- I(r) <N1W(r’t) T ’t)> (12.10)
o NlBl(T,t) . 1 831 . NQBQ(T7t) B 1 8B2 r
— T(r,t) < By(r,t) Or (’t)> + II(r,t) ( By(r,t) Or ( ’t))

= (r,t)D1(r,t) + n2(r,t) Da(r, 1),

2Recall that the volatility of an asset is defined as the standard deviation of the return on the asset over the next

instant.
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where n;(r,t) = N;B;(r,t)/II(r,t) is the portfolio weight of the ¢’th asset, and D;(r,t) is the
duration of the i’th asset, i = 1,2. Obviously, we have 1 (r,t) + n2(r,t) = 1. Similarly for the
convexity and the time value. In particular, the duration of a coupon bond is a value-weighted
average of the durations of the zero-coupon bonds maturing at the payment dates of the coupon
bond.

By definition of the market price of risk A(r,t), we know that the expected rate of return on
any asset minus the product of the market price of risk and the volatility of the asset must equal

the short-term interest rate. From (12.9) we therefore obtain
@(Ta t) - Oé(’/‘, t)D(T7 t) + ﬂ(’l", t)QK(Tv t) - (_D(Tv t)ﬂ(’l‘, t)) A(Ta t) =r
or
O(r,t) — a(r,t)D(r,t) + B(r,t)*K(r,t) = r, (12.11)

where a(r,t) = a(r,t) — B(r,t)\(r, ) is the risk-neutral drift of the short rate. We could arrive at

the same relation by substituting into the partial differential equation

05
ot

JdB 1 0’B
(Ta t) + OA‘(rv t)W(Tv t) + §ﬂ(ra t)QW(ra t) - TB(T’, t) =0

that we know B(r,t) solves. The relation (12.11) between the time value, the duration, and the
convexity holds for all interest rate dependent securities and hence also for all portfolios of interest
rate dependent securities.?
Note that the rate of return on the security over the next instant can be rewritten as
dBy
B, = (ry = M4, t)B(re, t) D(r, 1)) dt — D(re, 1) B(re, t) dze,
which only involves the duration, but neither the convexity nor the time value. We also know
that in order to replicate a given fixed income security in a one-factor model, one must form a
portfolio that, at any point in time, has the same volatility and therefore the same duration as that
security. This is a consequence of the proof of the fundamental partial differential equation, cf.
Theorem 6.2 on page 126 and the subsequent discussion of hedging on page 127. However, a perfect
hedge requires continuous rebalancing of the portfolio. Due to transaction costs and other practical
issues such a continuous rebalancing is not implementable. Straightforward differentiation implies
that
%—f(r, t) = D(r,t)* — 2K(r, 1) (12.12)
so that the convexity can be seen as a measure of the interest rate sensitivity of the duration. If,
at each time the portfolio is rebalanced, the convexities of the portfolio and of the position to be
hedged are matched, their durations will probably stay close until the following rebalancing of the
portfolio. The convexity is therefore also of practical use in the interest rate risk management.
The duration, the convexity, and the time value can also be used for speculation, i.e. for setting
up a portfolio which will provide a high return if some specific expectations of the future term

structure are realized. For example, by constructing a portfolio with a zero duration and a large

31n the Black-Scholes-Merton model the time value and the so-called A and T values are related in a similar way,
cf. Hull (2003, Section 14.7). Apparently, Christensen and Sgrensen (1994) were the first to discover this relation in
the context of term structure models and the importance of taking the time value into account in the construction

of interest rate risk hedging strategies.
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positive convexity, one will obtain a high return over a period with a large change (positive or
negative) in the short rate. It follows from the relation (12.11) that for such a portfolio the time
value will be negative. Consequently, the portfolio will give a negative return over a period where
the short rate does not change significantly.

The Macaulay duration, defined in (12.1), and the Fisher-Weil duration, defined in (12.4), are
measured in time units (typically years) and can be interpreted as measures of the “effective” time-
to-maturity of a bond. The duration defined in (12.6) is not measured in time units, but it can
be transformed into a time-denominated duration. Following Cox, Ingersoll, and Ross (1979), we
define the time-denominated duration of a coupon bond as the time-to-maturity of the zero-
coupon bond that has the same duration as the coupon bond. If we denote the time-denominated
duration by D*(r,t), the defining relation can be stated as

1 0B 1 OB+ ()
Bero or 0 T BEpCag or

For bonds with only one remaining payment the time-denominated duration is equal to the time-

(r,t).

to-maturity, just as for the Macaulay-duration and the Fisher-Weil duration.

Cox, Ingersoll, and Ross (1979) used the term stochastic duration for the time-denominated
duration D*(r,t) to indicate that this duration measure is based on the stochastic evolution of the
term structure. Other authors use the term stochastic duration for the original duration D(r,t).
Note that both these duration concepts are defined in relation to a specific term structure model,
and the duration measures therefore indicate the sensitivity of the bond price to the yield curve
movements consistent with the model. The traditional Macaulay and Fisher-Weil durations can
be computed without reference to a specific model, but, on the other hand, they only measure
the price sensitivity to a particular type of yield curve movements that is not consistent with
any reasonable interest rate dynamics. Another advantage of the risk measures introduced in this
section is that they are well-defined for all types of interest rate dependent securities, whereas the
Macaulay and Fisher-Weil risk measures are only meaningful for bonds.* For the risk management
of portfolios of many different fixed income securities we need risk measures for all the individual

securities, e.g. futures, caps/floors, and swaptions.

12.3.2 Computation of the risk measures in affine models

In the time homogeneous affine one-factor diffusion models, e.g. the Vasicek model and the CIR

model, the zero-coupon bond prices are of the form

BT,L' (T7 t) _ efa(Tift)fb(Tift)r.

The price of a coupon bond with payment Y; at time T;, ¢ =1,...,n, is
B(r,t) =Y _ YiB"i(r,1).
T; >t

Consequently, the duration of the coupon bond is

1 OB 1 ‘
D) = =By ar 0 = B 2, T T OB = 3wl TN )

4The duration D(r,t) is well-defined by (12.6) for any security. Since the volatilities of zero-coupon bonds are
bounded from above in many models, the time-denominated duration can only be defined for securities with a

volatility below that upper bound. This is always true for coupon bonds, but not for all derivative securities.
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where w(r,t,T;) = Y;BT:(r,t)/B(r,t) is the i’th payment’s share of the total present value of the
bond. Note that the duration of a zero-coupon bond maturing at time T is b(T' — t), which is

different from T — t (except in the unrealistic Merton model). The convexity can be computed as
1
K(rt) =5 T%w(r,t,n)b(n — )%

The time value of the coupon bond is given by

O(rt) =Y w(r,t,Tp) (a(T; —t) + V(Ty = t)r) = Y w(r,t,Ti) 7 (1),

Ti>t T; >t

where fTi(r,t) is the forward rate at time ¢ for the maturity date 7;. The time-denominated

duration D*(r,t) is the solution to the equation

S™ w(r, t, T)(T; — 1) = b(D*(r,1)).

T; >t

If b is invertible, we can write the time-denominated duration of a coupon bond explicitly as

D*(r,t) =b"" (Z w(r, t, T;)b(T; — t)) : (12.13)

T:>t

Example 12.1 In the Vasicek model we know from Section 7.4 that the b-function is given by

b(r)=—(1—¢e"7)

so that the duration of a coupon bond is

D(r,t) = Z w(r,t,Ti)% (1 _ e—n[ﬂ—t]) _

T; >t
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Since
1 (1-e")=y & 7= —lln(l — KY),
K
we have that
b7 (y) = = (1 — ),

and by (12.13) the time-denominated duration of a coupon bond is

Ty >t
1
=——In <1 - Z w(r,t,T;)(1 — e“mt])>
" T:>t
1
— 7_1 ; 7K[Ti7t] .
~ln <Z w(r,t,T;)e
T; >t

For the extended Vasicek model (the Hull-White model) we get the same expression since the

b-function in that model is the same as in the original Vasicek model. |

Example 12.2 In the CIR model studied in Section 7.5 the b-function is given by
2(e’ = 1)

b(r) = (v+ &)(er™ —1) + 2y
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so that the duration of a coupon bond is

2(eTi=th 1)
G+ AT 1)+ 2y

D(r,t) = > w(rtT)

T; >t

Since
_ 1 2vy
=1 20 )
w) v 2—(k+7)y
1
ol

In <1+27 E—(ﬁwfv)}_l),

the time-denominated duration of a coupon bond is

-1

2
ET,i>t w(r, t, Tz)b(TL — t)

1
D*(r,t) = S In {142y —(R+7) (12.14)

12.3.3 A comparison with traditional durations

Munk (1999) shows analytically that for any bond the time-denominated duration in the Vasicek
model is smaller than the Fisher-Weil duration. This is also true for the CIR model if the parameter
K = Kk + A is positive, which is consistent with typical parameter estimates. Therefore the Fisher-
Weil duration over-estimates the interest rate risk of coupon bonds. Except for extreme yield
curves, the Macaulay duration and the Fisher-Weil duration will be very, very close so that the
above conclusion also applies to the Macaulay duration.

Table 12.1 shows the different duration measures for bullet bonds of different maturities under
the assumption that the yield curve and its dynamics are consistent with the CIR model with given,
realistic parameter values. It is clear from the table that, for all bonds, the Macaulay duration and
the Fisher-Weil duration are very close. For relatively short-term bonds the time-denominated
duration is close to the traditional durations, but for longer-term bonds the time-denominated
duration is significantly lower than the Macaulay and Fisher-Weil durations. In particular, we
see that the interest rate sensitivity, and therefore also the time-denominated duration, for bullet
bonds first increases and then decreases as the time-to-maturity increases.

What is the explanation for the differences in the duration measures? As discussed in Sec-
tion 12.2.3, the Fisher-Weil duration is only a reasonable interest rate risk measure if the yield
curve evolves as in the Merton model where both the drift and the volatility of the short rate
are assumed to be constant. In the Merton model the volatility of a zero-coupon bond is pro-
portional to the time-to-maturity of the bond, cf. (7.17) and (7.37). On the other hand, in the
CIR model the volatility of a zero-coupon bond with time-to-maturity 7 equals b(7)3+/r, where
the b-function is given by (7.70) on page 170. It can be shown that b is an increasing, concave
function with &’(7) < 1 for all 7. Hence, the volatility of the zero-coupon bonds increases with the
time-to-maturity, but less than proportionally. It can also be shown that the b-function in the CIR
model is a decreasing function of the speed-of-adjustment parameter x so the stronger the mean-

reversion, the further apart the bond volatilities in the two models. Consequently, the distance
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time-to-maturity in years price yield DMac | DFW [ D D
1 100.48 | 4.50% 1.00 1.00 | 1.00 | 0.89
2 100.31 | 4.84% 1.95 1.95 | 1.95 | 1.56
3 99.70 | 5.11% 2.86 2.86 | 2.83 | 2.05
4 98.81 | 5.34% 3.72 3.72 | 3.63 | 241
5 97.75 | 5.53% || 4.54 | 4.54 | 4.34 | 2.67
6
8

96.60 | 5.68% 5.32 5.31 | 495 | 2.86
94.24 | 5.93% 6.74 6.72 | 5.86 | 3.09

10 91.96 | 6.10% 8.01 797 | 640 | 3.21
12 89.87 | 6.22% 9.14 | 9.07 | 6.68 | 3.26
15 87.15 | 6.35% || 10.57 | 10.45 | 6.83 | 3.28
20 83.63 | 6.48% || 12.39 | 12.16 | 6.80 | 3.28
25 81.13 | 6.56% || 13.65 | 13.30 | 6.71 | 3.26

Table 12.1: A comparison of duration measures for different bonds under the assumption that the
CIR model with the parameters k = 0.36, # = 0.05, 8 = 0.1185, and A = —0.1302 provides a
correct description of the yield curve and its dynamics. The current short rate is 0.04. The bonds
are bullet bonds with a coupon rate of 5%, a face value of 100, one annual payment date, and

exactly one year until the next payment date.

between the time-denominated duration D; and the Fisher-Weil duration will typically increase
with the speed-of-adjustment parameter, although this probably cannot be proved analytically due
to the complicated expression for Df in (12.14).

12.4 Immunization
12.4.1 Construction of immunization strategies

In many situations an individual or corporate investor will invest in the bond market either
in order to ensure that some future liabilities can be met or just to obtain some desired future
cash flow. For example, a pension fund will often have a relatively precise estimate of the size and
timing of the future pension payments to its customers. For such an investor it is important that
the value of the investment portfolio remains close to the value of the liabilities. Some financial
institutions are even required by law to keep the value of the investment portfolio at any point in
time above the value of the liabilities by some percentage margin.

A cash flow or portfolio is said to be immunized (against interest rate risk) if the value of
the cash flow or portfolio is not negatively affected by any possible change in the term structure
of interest rates. An investor who has to pay a given cash flow can obtain an immunized total
position by investing in a portfolio of interest rate dependent securities that perfectly replicates
that cash flow. For example, if an investor has to pay 10 million dollars in 5 years, he can make
sure that this will be possible by investing in 5-year zero-coupon bonds with a total face value of
10 million dollars. The present value of his total position will be completely immune to interest

rate movements. An investor who has a desired cash flow consisting of several future payments
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can obtain perfect immunization by investing in a portfolio of zero-coupon bonds that exactly
replicates the cash flow. In many cases, however, all the necessary zero-coupon bonds are neither
traded on the bond market nor possible to construct by a static portfolio of traded coupon bonds.
Therefore, the desired cash flow can only be matched by constructing a dynamically rebalanced
portfolio of traded securities.

We know from the discussion in Chapter 6 that if the term structure follows a one-factor
diffusion model, any interest rate dependent security (or portfolio) can be perfectly replicated by a
particular portfolio of any two other interest rate dependent securities. The portfolio weights have
to be adjusted continuously so that the volatility of the portfolio value will always be identical to
the volatility of the value of the cash flow which is to be replicated. In other words, the duration
of the portfolio must match the duration of the desired cash flow at any point in time. If we let
n(r,t) denote the value weight of the first security in the immunizing portfolio, the second security

will have a value weight of 1 — n(r,¢). According to (12.10), the duration of the portfolio is
Du(r,t) = n(r, ) Di(r,t) + (1 = n(r, 1)) Da(r, 1),

where D;(r,t) and D(r,t) are the durations of each of the securities in the portfolio. If D(r,t)

denotes the duration of the cash flow to be matched, we want to make sure that
n(r,t)Dy(r,t) + (1 — n(r,t))Da(r,t) = D(r,t)

for all r and ¢. This relation will hold if the portfolio weight n(r,t) is chosen so that

_ D(Ta t) - DQ(Ta t)
~ Dy(r,t) — Dy(r,t)’

n(r;t) (12.15)

If (i) the portfolio is initially constructed with these relative weights and scaled so that the total
amount invested is equal to the present value of the cash flow to be matched, and (ii) the portfolio
is continuously rebalanced so that (12.15) holds at any point in time, then the desired cash flow will
be matched with certainty, i.e. the position is perfectly immunized against interest rate movements.

Of course, continuous rebalancing of a portfolio is not practically implementable (or desirable
considering real-world transaction costs). If the portfolio is only rebalanced periodically, a perfect
immunization cannot be guaranteed. The durations may be matched each time the portfolio is
rebalanced, but between these dates the durations may diverge due to interest rate movements
and the passage of time. With different durations the portfolio and the desired cash flow will not
have the same sensitivity towards another interest rate change.

As shown in (12.12), the convexity measures the sensitivity of the duration towards changes in
the term structure of interest rates. If both the durations and the convexities of the portfolio and
the cash flow are matched each time the portfolio is rebalanced, the durations are likely to stay
close even after several interest rate changes. Therefore, matching the convexities should improve
the effectiveness of the immunization strategy. Note that when both durations and convexities are
matched, it follows from (12.11) that the time values are also identical. Matching both durations
and convexities requires a portfolio of three securities. Let us write the durations and convexities
of the three securities in the portfolio as D;(r,t) and K;(r,t), respectively. The value weights of
the three securities are denoted by 7;(r,t), and the convexity of the desired cash flow is denoted by
K(r,t). Since n3(r,t) = 1 — ny(r,t) — n2(r,t), durations and convexities will be matched if n;(r,t)
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and 72(r,t) are chosen such that

This equation system has the unique solution

(D(r,t) — D3(r,t)) (K2 (r,t) — K3(r,t)) — (Do(r,t) — D3(r,t)) (K (r,t) — K3(r,t))
Dl(rv t) - D3(T7 t))(KQ(ra t) - K3(Ta t)) - (DQ(T7 t) - D3(r7 t))(Kl(Tv t) - K3(T7 t))7
(12.16)
(D1 (r,t) = D3(r,t))(K(r,t) — K3(r,t)) = (D(r,t) = D3(r,t)) (K1 (r, t) — K3(r,1))
Dl(T7 t) — D3(T, t))(KQ(’I“, t) — Kg(?", t)) - (DQ(?", t) — Dg(?", t))(K1(T, t) — Kg(T, t))
(12.17)

m(r,t) = (

772(T’ t) = (

If only durations are matched, the convexity of the portfolio and hence the effectiveness of the
immunization strategy will be highly dependent on which two securities the portfolio consists of.
If the convexity of the investment portfolio is larger than the convexity of the cash flow, a big
change (positive or negative) in the short rate will induce an increase in the net value of the total
position. On the other hand, if the short rate stays almost constant, the net value of the position
will decrease since the time value of the portfolio is then lower than the time value of the cash
flow, cf. (12.11). The converse conclusions hold in case the convexity of the portfolio is less than
the convexity of the cash flow.

Traditionally, immunization strategies have been constructed on the basis of Macaulay durations
instead of the stochastic durations as above. The Macaulay duration of a portfolio is typically very
close to, but not exactly equal to, the value-weighted average of the Macaulay durations of the
securities in the portfolio. We will ignore the small errors induced by this approximation, just as
practitioners seem to. The immunization strategy based on Macaulay durations is then defined by
Eq. (12.15) where Macaulay durations are used on the right-hand side. Immunization strategies
based on the Fisher-Weil duration can be constructed in a similar manner. In earlier sections of
this chapter we have argued that the Macaulay and Fisher-Weil risk measures are inappropriate for
realistic yield curve movements. Consequently, immunization strategies based on those measures
are likely to be ineffective. Below we perform an experiment that illustrates how far off the mark

the traditional immunization strategies are.

12.4.2 An experimental comparison of immunization strategies

For simplicity, let us consider an investor who seeks to match a payment of 1000 dollars exactly

10 years from now. We assume that the CIR model
dry = k[0 — 1) dt + By/ri dz, = (K0 — [k + Nry) dt + By/r; dz2

with the parameter values k = 0.3, § = 0.05, 8 = 0.1, and A = —0.1 provides a correct description
of the evolution of the term structure of interest rates. The asymptotic long-term yield y, is
then 6.74%. The zero-coupon yield curve will be increasing if the current short rate is below 6.12%
and decreasing if the current short rate is above 7.50%. For intermediate values of the short rate,

the yield curve will have a small hump.
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Duration matching immunization

In the following we will compare the effectiveness of duration matching immunization strategies
based on the Macaulay duration, the Fisher-Weil duration, and the stochastic duration derived
from the CIR model. In addition to the duration measure applied, the immunization strategy
is characterized by the rebalancing frequency and by the securities that constitute the portfolio.
We will consider strategies with 2, 12, and 52 equally spaced annual portfolio adjustments. We
consider only portfolios of two bullet bonds of different maturities. The bonds have a coupon rate
of 5%, one annual payment date, and exactly one year to the next payment date. We assume
that the investor is free to pick two such bonds among the bonds that have time-to-maturities in
the set {1,2,...} at the time when the strategy is initiated. We apply two criteria for the choice
of maturities. One criterion is to choose the maturity of one of the bonds so that the Macaulay
duration of the bond is less than, but as close as possible to, the Macaulay duration of the liability
to be matched. The other bond is chosen to be the bond with Macaulay duration above, but as
close as possible to, the Macaulay duration of the liability. This criterion has the nice implication
that the Macaulay convexities of the portfolio and the liability will be close, which should improve
the effectiveness of periodically adjusted immunization portfolios. We will refer to this criterion
as the Macaulay criterion. The other criterion is to choose a short-term bond and a long-term
bond so that the convexity of the portfolio will be significantly higher than the convexity of the
liability. The short-term bond has a time-to-maturity of one year at the most, while the long
bond matures five years after the liability is due. We will refer to this criterion as the short-long
criterion. Irrespective of the criterion used, we assume that one year before the liability is due,
the portfolio is replaced by a position in the bond with only one year to maturity. Consequently,
the strategies are not affected by interest rate movements in the final year.

The effectiveness of the different immunization strategies is studied by performing 30000 sim-
ulations of the evolution of the yield curve in the CIR model over the 10-year period to the due
date of the liability. In the simulations we use 360 time steps per year. Table 12.2 illustrates the
effectiveness of the different immunization strategies. The left part of the table contains results
based on the Macaulay bond selection criterion, whereas the right part is based on the short-long
bond second criterion. In order to explain the numbers in the table, let us take the right-most
column as an example. The numbers in this column are from an immunization strategy based on
matching CIR durations using a portfolio of a short-term and a long-term bond. For two annual
portfolio adjustments the average of the 30000 simulated terminal portfolio values was 1000.01,
which is very close to the desired value of 1000. The average absolute deviation was 0.124% of the
desired portfolio value. In 29.1% of the 30000 simulated outcomes the absolute deviation was less
than 0.05%. In 53.3% of the simulated outcomes the absolute deviation was less than 0.1%, etc.?

The strategies based on the Macaulay and the Fisher-Weil durations generate results very
similar to each other due to the fact that these duration measures typically are very close. The
effectiveness of these strategies seems independent of the rebalancing frequency. The choice of
bonds applied in the strategy is more important. The deviations from the target are generally

significantly larger for a portfolio of a short and a long bond (a high convexity portfolio) than for

5Even with 30000 simulations the specific fractiles are quite uncertain, but the averages are quite reliable.
Experiments with other sequences of random numbers and a larger number of simulations have resulted in very

similar fractiles.
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2 portfolio adjustments per year

Macaulay criterion

short-long criterion

Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR

Avg. terminal value 994.41 994.42 999.99 968.32 968.41 1000.01
Avg. absolute deviation 1.28% 1.27% 0.072% 5.65% 5.60% 0.124%
Dev. < 0.05% 2.2% 2.2% 45.2% 0.4% 0.4% 29.1%
Dev. < 0.1% 4.3% 4.3% 76.2% 0.9% 0.8% 53.3%
Dev. < 0.5% 21.5% 21.5% 99.7% 4.5% 4.5% 98.6%
Dev. < 1.0% 42.4% 42.6% 100.0% 8.9% 8.9% 99.9%
Dev. < 5.0% 99.6% 99.6% 100.0% 45.9% 46.2% 100.0%

12 portfolio adjustments per year
Macaulay criterion short-long criterion
Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR
Avg. terminal value 994.54 994.43 1000.00 968.62 968.53 1000.01
Avg. absolute deviation 1.28% 1.27% 0.032% 5.61% 5.59% 0.053%
Dev. < 0.05% 2.2% 2.2% 80.5% 0.4% 0.4% 59.6%
Dev. < 0.1% 4.5% 4.4% 97.1% 0.9% 0.8% 86.0%
Dev. < 0.5% 21.7% 21.5% 100.0% 4.5% 4.5% 100.0%
Dev. < 1.0% 42.7% 42.7% 100.0% 9.0% 9.0% 100.0%
Dev. < 5.0% 99.6% 99.6% 100.0% 46.4% 46.3% 100.0%
52 portfolio adjustments per year
Macaulay criterion short-long criterion

Macaulay | Fisher-Weil CIR Macaulay | Fisher-Weil CIR
Avg. terminal value 994.50 994.47 1000.00 968.55 968.53 1000.01
Avg. absolute deviation 1.27% 1.26% 0.015% 5.61% 5.58% 0.026%
Dev. < 0.05% 2.1% 2.2% 97.3% 0.4% 0.4% 87.1%
Dev. < 0.1% 4.3% 4.4% 99.9% 0.9% 0.9% 98.6%
Dev. < 0.5% 21.2% 21.3% 100.0% 4.3% 4.3% 100.0%
Dev. < 1.0% 42.7% 42.8% 100.0% 8.7% 8.6% 100.0%
Dev. < 5.0% 99.7% 99.7% 100.0% 46.8% 47.0% 100.0%

Table 12.2: Results from the immunization of a 10-year liability based on 30000 simulations of the
CIR model. The current short rate is 5%.
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a portfolio of bonds with very similar maturities (a low convexity portfolio). The high convexity
strategy deviates by more than five percent in more than half of all cases.

The CIR strategy of matching stochastic durations is far more effective than matching Macaulay
or Fisher-Weil durations. This can be seen both from the average terminal portfolio value, the
average absolute deviation, and the listed fractiles from the distribution of the absolute deviations.
Even with just two annual portfolio adjustments the CIR strategy will miss the target by less than
0.5 percent in more than 98% of all outcomes, no matter which bond selection criterion is used. The
Macaulay and Fisher-Weil strategies miss the mark by more than one percent in more than 50%
of all outcomes, even when the bonds are selected according to their Macaulay durations. Clearly,
the effectiveness of the CIR strategy increases with the frequency of the portfolio adjustments.
In particular, frequent rebalancing is advantageous if the immunization portfolio has a relatively
high convexity. However, the effectiveness of the CIR strategy seems to depend less on the bonds
chosen than does the effectiveness of the traditional strategies.

Simulations using other initial short rates and therefore different initial yield curves have shown
that the average terminal value of the Macaulay strategy is highly dependent on the initial short
rate. For a nearly flat initial yield curve the average terminal value is very close to the targeted
value of 1000, but the average absolute deviation is not smaller than for other initial yield curves.
The CIR strategy is far more effective than the Macaulay strategy, also for a nearly flat initial
yield curve. The effectiveness of the strategies decreases with the current interest rate level due
to the fact that the interest rate volatility is assumed to increase with the level in the CIR model.
Furthermore, the accuracy of the immunization strategies will typically be decreasing in § and 6

and increasing in k.

Duration and convexity matching immunization strategies

In the following we consider the case where both the duration and the convexity of the liability
are matched by the investment portfolio. In our experiment we assume that the portfolio consists
of a bond with a time-to-maturity of at most one year, a bond maturing two years after the liability
is due, and a bond maturing ten years after the liability is due. Table 12.3 illustrates the gain
in efficiency by matching both duration and convexity instead of just matching duration using
a portfolio of the short and the long bond. For the Macaulay strategy the average deviation is
reduced by a factor 10. The Fisher-Weil strategy generates almost identical results and is therefore
omitted. For the CIR strategy the relative improvement is even more dramatic and in all of the
30000 simulated outcomes the deviation is less than 0.05% although the portfolio is only rebalanced

once a month! The numbers under the column heading Hull-White are explained below.

Model uncertainty

The results above clearly show that if the CIR model gives a correct description of the term
structure dynamics, an immunization strategy based on the CIR risk measures is far more effective
than strategies based on the traditional risk measures. However, if the CIR model does not provide
a good description of the evolution of the term structure, an immunization strategy based on the
stochastic durations computed using the CIR model will be less successful. Since the CIR model
in any case is closer to the true dynamics of the short rate than the Merton model underlying

the Fisher-Weil duration, the CIR strategy is still expected to be more effective than traditional
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12 portfolio adjustments per year

Identical durations Identical durations and convexities

Macaulay CIR Hull-White || Macaulay CIR Hull-White
Avg. terminal value 968.62 1000.01 1005.39 997.11 1000.00 999.78
Avg. absolute deviation 5.61% 0.053% 0.98% 0.57% 0.0002% 0.33%
Dev. < 0.05% 0.4% 59.6% 2.5% 4.7% 100.0% 10.1%
Dev. < 0.1% 0.9% 86.0% 5.0% 9.5% 100.0% 19.7%
Dev. < 0.5% 4.5% 100.0% 26.1% 47.6% 100.0% 77.6%
Dev. < 1.0% 9.0% 100.0% 53.4% 86.9% 100.0% 97.5%
Dev. < 5.0% 46.4% 100.0% 100.0% 100.0% 100.0% 100.0%

Table 12.3: Results from the immunization of a 10-year liability of 1000 dollars based on 30000

simulations of the CIR model. The current short rate is 5%.

strategies.

Our analysis indicates that for immunization purposes it is important to apply risk measures
that are related to the dynamics of the term structure. Therefore, it is important to identify an
empirically reasonable model and then to implement immunization strategies (and hedge strategies
in general) based on the relevant risk measures associated with the model.

How effective is an immunization strategy based on risk measures associated with a model
which does not give a correct description of the yield curve dynamics? To investigate this issue,
we assume that the CIR model is correct, but that the immunization strategy is constructed using
risk measures from the Hull-White model (the extended Vasicek model). Just before each portfolio
adjustment the Hull-White model is calibrated to the true yield curve, i.e. the yield curve of the
CIR model. Table 12.3 shows the results of such an immunization strategy. As expected the
strategy is far less effective than the strategy based on the true yield curve dynamics, but the Hull-
White strategy is still far better than the traditional Macaulay strategy. So even though we base
our immunization strategy on a model which, in some sense, is far from the true model, we still

obtain a much more effective immunization than we would by using the traditional immunization

strategy.

12.5 Risk measures in multi-factor diffusion models
12.5.1 Factor durations, convexities, and time value

In multi-factor diffusion models it is natural to measure the sensitivity of a security price with
respect to changes in the different state variables. Let us consider a two-factor diffusion model

where the state variables z; and x5 are assumed to develop as

dziy = aq (T1e, Tor) At + Sri(@ie, Toe) dzie + Pra(@ie, Tor) d2og, (12.18)
dxoy = ao(T1e, Tor) dt + Fo1 (214, T2r) dz1y + Pz (T1e, Tar) dzoy. (12.19)
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For a security with the price By = B(x1¢, ©2t,t), [td’s Lemma implies that

dB
- = Soodt — Dl(ﬂflt, 5U2t,t) [511(30115, Zzt) dz1g + 512(58115, $2t) dZZt]
B; (12.20)

— Do(x14, o, t) [Bo1 (14, Tot) dz1 + Pz (@1e, Tar) d2zos]

where we have omitted the drift and introduced the notation

1
D t)=——"—— t
1(2101,1527 ) B(a:l,mg,t) 83:1 (5517552» ),
1 0B

D t)=——"—"—-— t).
2($1,352, ) B(x1,x2,t) 3322 ($17$2» )

We will refer to D1 and D, as the factor durations of the security. In such a two-factor model
any interest rate dependent security can be perfectly replicated by a portfolio that always has the
same factor durations as the given security. Again continuous rebalancing is needed.

In the practical implementation of hedge strategies it is relevant to include second-order deriva-
tives just as we did in the one-factor models above. In a two-factor model we have three relevant

second-order derivatives that lead to the following factor convexities:

1 0B
K t) = t
1($1,$2, ) 2B(!E1,.’E2,t> a(E% (3?1,1‘2, )7
1 0B
K t) = t
2($1,$2, ) 2B({I?1,.’E2,t) 3:10% (3?1,1‘2, )7
1 0°B

Kis(xy,@0,t) =

t).
B(l’l,xg,t) al'lamg (513171'2, )

Defining the time value as

1 0B
@(351, 332,t) = Wﬁml’x%t)’

we get the following relation:

O(x1,x2,t) — a1 (w1, w2) D1 (21, T2, t) — Ga(x1, 22)Da(x1, 22, 1)

+ 71 (21, 2)? K1 (w1, 22, ) + Yo (21, 22) 2 Ko (21, 2, t) + y12(21, 22) K12 (21, T0, 1) = 7(71, 72).

Here the terms 7% = 3%, + (8%, and 73 = (33, + (33, are the variance rates of changes in the first and
the second state variables, and 12 = (311821 + $12/322 is the covariance rate between these changes.

In a two-factor affine model the prices of zero-coupon bonds are of the form

BT(.’I?1, T, t) _ e—a(T—t)—bl(T—t)(tl—bz(T—t)Qfg.

Therefore, the factor durations of a zero-coupon bond are given by Dj(z1,xz2,t) = b;(T — t)
for j = 1,2. For a coupon bond with the price B(xy,22,t) = Y 7., YiBT (x1,72,t) the factor

durations are

1 0B
D; t)=——=—"<—-— t) = E t, T;)b;(T; —t),
j<x17x27 ) B($17I2,t) 6CCJ (m17x27 ) T‘>tw($1’$27 , ) j( )
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where w(wy,z9,t,T;) = Y;BTi (21, 29,t)/B(x1,72,t). The convexities and the time value are

Kj(xth’t) = Z U](Jfl,l‘g,t,ﬂ)b:j(ﬂ _t)27 ] = 1a2a

T; >t
Kia(z1,22,t) = Z w(z1, x2,t, Ti)bi (T; — t)b2 (T — 1),
T; >t
O(zy, w2, t) = > w(wy, wo,t,Ty) (a/(Ty — t) + by (T} — t)ay + bp(T; — t)a) .
T; >t

The factor durations defined above can be transformed into time-denominated factor durations
in the following manner. For each state variable or factor j we define the time-denominated factor
duration D} = D;(:cl, x9,t) as the time-to-maturity of the zero-coupon bond with the same price

sensitivity and hence the same factor duration relative to this state variable:

1 OB 1 oB!*+D;

——— (1, 22,t) = =
B(ml,xQ,t)amj( 1,2,1) Bt+Dj(x1,x27t) axj

(@1, x2,1).

In an affine model this equation reduces to
> w(wy, xa,t, T)bi(T; — t) = b;(D})
T;>t

so that

D} = D (x1,32,t) = b; ! (Z w(xy, 2, t, T;)b; (Ti — t))

T;>t

under the assumption that b; is invertible.

12.5.2 One-dimensional risk measures in multi-factor models

For practical purposes it may be relevant to summarize the risks of a given security in a single
(one-dimensional) risk measure. The volatility of the security is the most natural choice. By
definition the volatility of a security is the standard deviation of the rate of return on the security
over the next instant. In the two-factor model given by (12.18) and (12.19) the variance of the

rate of return can be computed from (12.20):

dB
Var, <—t) = Var; ([D111 + D2f21] dziy + [D1 512 + D2 2] dzayr)

B,
= ([D1ﬁ11 + Dofo1]? + [D1f12 + D2522]2) dt
= (D47 + D373 + 2D1 Do) dt,

where we for notational simplicity have omitted the arguments of the D- and [-functions. The

volatility is thus given by
op(r1,w2,t) = <D1($1,$27t)271(9017$2)2 + Dao(21, 72, )72 (21, 22)?
1/2
+2D1($1;$27t)D2(‘rlyx2at)712(xl7x2)) .

Also this risk measure can be transformed into a time-denominated risk measure, namely the

time-to-maturity of the zero-coupon bond having the same volatility as the security considered.
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Letting o (21, x9,t) denote the volatility of the zero-coupon bond maturing at time 7', the time-

denominated duration D*(x1,x2,t) is given as the solution D* = D*(z1, z2,t) to the equation

op(x1,22,t) = TP (21, 29, 1)

or, equivalently,

O'B(l’l,l’g,t)Q = Jt+D*(I1,I2,t)2.

This equation can only be solved numerically. For an affine two-factor model the equation is of

the form
2 2
<Z wiby (T; — t)) vf+<z wiby (T; — t)) Va+2 <Z wiby (T; — t)) (Z wiby (T; — t)) Y12
T; >t T; >t T; >t T; >t

= b1(D*)*77 + b2(D*)*73 + 2b1(D*)ba(D*) 112,

where we again have simplified the notation, e.g. w; represents w(x1, x2,t,T;). Some basic proper-
ties of the time-denominated duration were derived by Munk (1999). The time-denominated dura-
tion is a theoretically better founded one-dimensional risk measure than the traditional Macaulay
and Fisher-Weil durations. Furthermore, the time-denominated duration is closely related to the
volatility concept, which most investors are familiar with.

Table 12.4 lists different duration measures based on the two-factor model of Longstaff and
Schwartz (1992a) studied in Section 8.5.2 on page 195. The parameters of the models are fixed at
the values estimated by Longstaff and Schwartz (1992b), which generates a reasonable distribution
of the future values of the state variables r and v. For 5% bullet bonds of different maturities
the table shows the price, the yield, the Macaulay duration DM2¢_ the Fisher-Weil duration D¥W,
the time-denominated factor durations D} and D3, and the one-dimensional time-denominated
duration D*. Also in this case the traditional duration measures are overestimating the risk of
long-term bonds. Also note that with the parameter values applied in the computations, the first
time-denominated factor duration D} and the one-dimensional time-denominated duration D* are
basically identical. The reason is that the sensitivity to the second factor depends very little on

the time-to-maturity. This is not necessarily the case for other parameter values.

12.6 Duration-based pricing of options on bonds
12.6.1 The general idea

In the framework of one-factor diffusion models Wei (1997) suggests that the price of a Euro-
pean call option on a coupon bond can be approximated by the price of a European call option
on a particular zero-coupon bond, namely the zero-coupon bond having the same (stochastic) du-
ration as the coupon bond underlying the option to be priced. According to Section 2.9.2; this
approximation can also be applied to the pricing of European swaptions. As usual, we let C’tK T8
be the time ¢ price of a European call option with expiration time T and exercise price K, written

on a zero-coupon bond maturing at time S > T. Furthermore, C/7-P"

is the time ¢ price of
a European call option with expiration time T and exercise price K, written on a given coupon

bond. We denote by B; the time t value of the payments of the coupon bonds after expiration of
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maturity, years || price | yield DMac | DFW D1 D3 D*
1 99.83 | 5.18% 1.00 1.00 | 1.00 | 1.00 | 1.00

2 98.94 | 5.58% 1.95 195 | 1.94 | 1.21 | 1.94

3 97.60 | 5.90% 2.86 2.86 | 2.81 | 1.21 | 2.81

4 96.01 | 6.16% 3.72 3.71 | 3.59 | 1.21 | 3.59

)

6

8

94.30 | 6.37% 4.53 4.52 | 425 | 1.21 | 4.25
92.56 | 6.54% 5.30 5.29 | 479 | 1.21 | 4.79
89.20 | 6.79% 6.70 6.68 | 5.52 | 1.20 | 5.52

10 86.15 | 6.97% 7.94 7.89 | 5.87 | 1.20 | 5.87
12 83.45 | 7.09% 9.01 8.94 | 599 | 1.20 | 5.99
15 80.07 | 7.22% || 10.36 | 10.23 | 6.00 | 1.20 | 6.00
20 75.88 | 7.34% || 11.99 | 11.75 | 5.89 | 1.19 | 5.89

Table 12.4: Duration measures for 5% bullet bonds with one annual payment date assuming the
Longstaff-Schwartz model with the parameter values 57 = 0.005, $3 = 0.0814, x; = 0.3299,
ko = 14.4277, o1 = 0.020112, and o = 0.26075 provides a correct description of the yield curve

dynamics. The current short rate is » = 0.05 with an instantaneous variance rate of v = 0.002.

the option, i.e. B; = ZT;,>T Y;B?i where Y; is the payment at time 7;. Wei’s approximation is

then given by the following relation:

K, T,cpn __, ~K,T,cpn __ Bt K*Tt+D;
Ci ~ G = —p; G :
B,
t

(12.21)

where K* = K BerDZ /By, and where D; denotes the time-denominated duration of the cash flow
of the underlying coupon bonds after expiration of the option.

Wei does not motivate the approximation, but shows by numerical examples in the one-factor
models of Vasicek (1977) and Cox, Ingersoll, and Ross (1985b) that the approximation is very
accurate. The advantage of using the approximation in these two models is that the price of
only one call option on a zero-coupon bond needs to be computed. To apply Jamshidian’s trick
(see Section 7.2.3 on page 150) we have to compute a zero-coupon bond option price for each of
the payment dates of the coupon bond after the expiration date of the option. In addition, one
equation in one unknown has to be solved numerically to determine the critical interest rate r*.
Nevertheless, the exact price can be very quickly computed by Jamshidian’s formula, but if many
options on coupon bonds (or swaptions) have to priced, the slightly faster approximation may be
relevant to use.

The intuition behind the accuracy of the approximation is that the underlying zero-coupon
bond of the approximating option is chosen to match the volatility of the underlying coupon bond
for the option we want to price. Since we know that the volatility of the underlying asset is an
extremely important factor for the price of an option, this choice makes good sense.

Munk (1999) studies the approximation in more detail, gives an analytical argument for its
accuracy, and illustrates the precision in multi-factor models in several numerical examples. Note
that the computational advantage of using the approximation is much bigger in multi-factor models

than in one-factor models since no explicit formula for European options on coupon bonds has
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been found for any multi-factor model. Whereas the alternative to the approximation in the
one-factor models is a slightly more complicated explicit expression, the alternative in the multi-
factor models is to use a numerical technique, e.g. Monte Carlo simulation or numerical solution
of the relevant multi-dimensional partial differential equation. Below we go through the analytical
argument for the applicability of the approximation. After that we will illustrate the accuracy of
the approximation in numerical examples.

It should be noted that several other techniques to approximating prices of European op-
tions on coupon bonds have been suggested in the literature. For example, in the framework of
affine models Collin-Dufresne and Goldstein (2002) and Singleton and Umantsev (2002) introduce
two approximations that may dominate (with respect to accuracy and computational speed) the

duration-based approach discussed here, but these approximations are much harder to understand.

12.6.2 A mathematical analysis of the approximation

Let us first study the error in using the approximation

CK,T,cpn ~ Bt CKS,T,S

] ~ 55O , (12.22)

where S is any given maturity date of the underlying zero-coupon bond of the approximating
option, and where Kg = KBy /B;. Afterwards we will argue that the error will be small when
S =t + Dy, which is exactly the approximation (12.21).

Both the correct option price and the price of the approximating option can be written in terms
of expected values under the S-forward martingale measure Q°. Under this measure the price of
any asset relative to the zero-coupon bond price B} is by definition a martingale. Hence, the
correct price of the option can be written as

O Temn _ s E(t@s {maX(B;S— K, 0)} 7
T
while the price of the approximating option is

KB}

max ( By — ;0 KB?
cters - ppeg [P0 g e (1 528.0)].
T

The dollar error incurred by using the approximation (12.22) is therefore equal to

CK-Twepn _ %Ct}(s,T,S _ B? (E(Ps [maX(BT - K, 0)] _ &EQS [max (1 B KB? 0)})
t

B2 BZ ! BB}’
s Br K By K
= BYER {max <———,O> — max (———,O)] . (12.23)
BS B3 Bf B3
From the definition of the S-forward martingale measure it follows also that
S BT Bt
T t
and that X BT
S
EY [—} =—_t (12.25)
V-

For deep-in-the-money call options both max-terms in (12.23) will with a high probability

return the first argument, and it follows then from (12.24) that the dollar error will be close to
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zero. Since the option price in this case is relatively high, the percentage error will be very close to
zero. For deep-out-of-the-money call options both max-terms will with a high probability return
zero so that the dollar error again is close to zero. The option price will also be close to zero, so
the percentage error may be substantial.

The error is due to the outcomes where only one and not both max-terms is different from zero.
This will be the case when the realized values of By and B3 are such that the ratio K/B3 lies
between Br /B3 and B;/By. As indicated by (12.24) and (12.25) this affects the value of forward
near-the-money options where B; ~ K Bf'. We will therefore expect the dollar pricing errors to be
largest for such options.

The considerations above are valid for any S. In order to reduce the probability of ending up
in the outcomes that induce the error, we seek to choose S so that Br/B; and B3/By are likely
to end up close to each other. As a first attempt to achieve this we could try to pick S such that
the variance Var?s [Br/B; — B7/B{] is minimized, but this idea is not implementable due to the
typically very complicated expressions for B; and, in particular, for By. Alternatively, we can
choose S so that the relative changes in B; and B over the next instant are close to each other.
This is exactly what we achieve by using S =t + Dy.

Another promising choice is S = T™V which is the value of S that minimizes the variance of

the difference in the relative price change over the next instant, i.e. Var?s {dé £ — dlf; st} . This idea
also gives rise to an alternative time-denominated duration measure, D;*¥ = T™ — ¢, which we
could call the variance-minimizing duration. It can be shown (see Munk (1999)) that for one-
factor models the two duration measures are identical, D; = D{"V. In multi-factor models the two
measures will typically be close to each other, and consequently the accuracy of the approximation
will typically be the same no matter which duration measure is used to fix the maturity of the
zero-coupon bond. In the extreme cases where the measures differ significantly, the approximation
based on Dy seems to be more accurate.

Note that the analysis in this subsection applies to all term structure models. We have not
assumed that the evolution of the term structure can be described by a one-factor diffusion model.
Therefore we can expect the approximation to be accurate in all models. Below we will investigate
the accuracy of the approximation in a specific term structure model, namely the two-factor model
of Longstaff and Schwartz discussed in Section 8.5.2. These results are taken from Munk (1999),
who also presents similar results for a two-factor Gaussian Heath-Jarrow-Morton model (see Chap-
ter 10 for an introduction to these models). Wei (1997) studies the accuracy of the approximation

in the one-factor models of Vasicek and of Cox, Ingersoll, and Ross.

12.6.3 The accuracy of the approximation in the Longstaff-Schwartz model

According to (8.43), the price of a European call option on a zero-coupon bond in the Longstaff-

Schwartz model can be written as
K.T,S
C/ = BPxt - KB 3,

where x7 and 3 are two probabilities taken from the two-dimensional non-central x2-distribution.
No explicit formula for the price of a European call option on a coupon bond has been found.

Consequently, an approximation like (12.21) will be very valuable if it is sufficiently accurate.
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H two-month options H six-month options H
K | appr. price | abs. dev. | rel. dev. | std. dev. K | appr. price | abs. dev. | rel. dev. | std. dev.
86 5.08407 0.1-107° | 0.000% | 1.8-10~% 91 4.45364 2.0-107° | 0.000% | 4.8-10~*
87 4.10368 0.2:107° | 0.000% | 1.7-10~* 92 3.53250 4.9107° | 0.001% | 4.0-107*
88 3.12553 0.7.107° | 0.000% | 1.5-10~* 93 2.63434 8.2:107° | 0.003% | 3.4-10~*
89 2.16242 2.1:107% | 0.001% | 1.2-107% 94 1.79287 9.6-107° | 0.005% | 3.2-10~*
90 1.26608 3.2-107° | 0.003% | 1.0-107% 95 1.06678 5.5-107° | 0.005% | 3.1-10~%
91 0.56030 0.7-107° | 0.001% | 0.9-10~* 96 0.52036 -3.3:107° | -0.006% | 2.4-107%
92 0.15992 -2.7-107% | -0.017% | 0.7-10~* 97 0.19074 -9.6-107° | -0.050% | 2.0-10~*
93 | 0.02442 | -2.0-107° | -0.083% | 0.7-10* || 98 | 0.04576 | -7.7-107° | -0.168% | 2.0-107*
94 0.00163 -0.4-107° | -0.253% | 0.4-10~* 99 0.00576 -2.7-107° | -0.474% | 1.5-10~%
95 0.00001 -0.0-107° | -1.545% | 0.1-10=% || 100 0.00021 -0.2-107° | -1.051% | 0.5-10~*

Table 12.5: Prices of two- and six-month European call options on a two-year bullet 8% bond in
the Longstaff-Schwartz model. The underlying bond has a current price of 89.3400, a two-month
forward price of 91.2042, a six-month forward price of 95.7687, and a time-denominated stochastic

duration of 1.9086 years.

To estimate the accuracy, we will compare the approximate price CN’tK ToePn 8 “correct”
price C/TP computed using Monte Carlo simulation.5 Of course, in the practical use of the

approximation the approximate price will be computed using the explicit formula for the price of the
option on the zero-coupon bond. But to make a fair comparison, we will compute the approximate
price using the same simulated sample paths as used for computing the correct option price. In
this way our evaluation of the approximation is not sensitive to a possible bias in the correct price
induced by the simulation technique.

We will consider European call options with an expiration time of two or six months written
on an 8% bullet bond with a single annual payment date and a time-to-maturity of two or ten
years. The parameters in the dynamics of the state variables, see (8.40) and (8.41), are taken to
be 42 = 0.01, 32 = 0.08, ¢1 = 0.001, o = 1.28, k; = 0.33, ko = 14, and A\ = 0. These values
are close to the parameter values estimated by Longstaff and Schwartz in their original article.
The current short rate is assumed to be r = 0.08 with an instantaneous variance of v = 0.002.
The accuracy of the approximation does not seem to depend on these values in any systematic
way. Table 12.5 lists results for options on the two-year bond for various exercise prices around
the forward-at-the-money value of K, i.e. B;/B}. The corresponding results for options on the
ten-year bond are shown in Table 12.6. The absolute deviation shown in the tables is defined as
the approximate price minus the correct price, whereas the relative deviation is computed as the
absolute deviation divided by the correct price. The tables also show the standard deviation of
the simulated difference between the correct and the approximate price.

All the approximate prices are correct to three decimals, and the percentage deviations are also

6The results shown are based on simulations of 10000 pairs of antithetic sample paths of the two state variables
r and v. The time period until the expiration date of the option is divided into approximately 100 subintervals per

year.
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H two-month options H six-month options H
K | appr. price | abs. dev. | rel. dev. | std. dev. || K | appr. price | abs. dev. | rel. dev. | std. dev.
74 | 4.42874 1.2.107* | 0.003% | 1.9-1073 || 78 | 4.27344 1.1-107% | 0.027% | 4.4-1073
75 3.46569 2.5-107* | 0.007% | 1.6-1072 || 79 3.42836 1.3:107% | 0.037% | 4.3-1073
76 2.53643 3.9.107* | 0.015% | 1.4-1072 || 80 2.64289 1.2:107% | 0.045% | 4.3-1073
7 1.69005 4.0-107* | 0.024% | 1.4-1072 || 81 1.93654 0.8-1072 | 0.042% | 4.2.1073
78 0.98799 1.8:107* | 0.018% | 1.3-1072 || 82 1.33393 0.2:1073 | 0.015% | 3.8.1073
79 0.48542 -1.7-107% | -0.036% | 1.0-1072 || 83 0.85064 -0.5-1073 | -0.063% | 3.1-1073
80 0.19080 -3.9-107% | -0.202% | 0.9-1073 || 84 0.49430 -1.1-1072 | -0.220% | 2.8-1073
81 0.05666 -3.2:107% | -0.570% | 0.9-1073 || 85 0.25641 -1.3-1073 | -0.508% | 2.6:1073
82 | 0.01267 |-1.6-107* | -1.263% | 0.8:107% || 86 | 0.11491 | -1.2-1073 | -1.001% | 2.7-1073
83 0.00185 -0.5-107% | -2.424% | 0.5-1072 || 87 0.04372 -0.8:1073 | -1.786% | 2.6-1073

Table 12.6: Prices on two- and six-month European call options on a ten-year bullet 8% bond in
the Longstaff-Schwartz model. The underlying bond has a current price of 76.9324, a two-month
forward price of 78.5377, a six-month forward price of 82.4682, and a time-denominated stochastic

duration of 4.8630 years.

very small. In all cases the absolute deviation is considerably smaller than the standard deviation
of the Monte Carlo simulated differences. Based on the mathematical analysis of the approximation
we expect the errors to be smaller for shorter maturities of the option and the underlying bond
than for longer maturities. This expectation is confirmed by our examples. Also in line with our
discussion, we see that the absolute deviation is largest for forward-near-the-money options and
smallest for deep-in- and deep-out-of-the-money options.

Figure 12.1 illustrates how the precision of the approximation depends on the exercise price
for different time-to-maturities of the zero-coupon bond underlying the approximating option.
The figure is based on two-month options on the two-year bullet bond, but a similar picture can
be drawn for the other options considered. For deep-out-of- and deep-in-the-money options the
approximation is very accurate no matter which zero-coupon bond is used in the approximation,
but for near-the-money options it is important to choose the right zero-coupon bond, namely the
zero-coupon bond with a time-to-maturity equal to the time-denominated stochastic duration of
the underlying coupon bond. Also these results are consistent with the analytical arguments and

the discussion in the preceding subsection.

12.7 Alternative measures of interest rate risk

In this chapter we have focused on measures of interest rate risk in arbitrage-free dynamic
Similar risk measures can be defined in Heath-Jarrow-
Morton (HJM) models and market models which, as discussed in Chapters 10 and 11, do not

diffusion models of the term structure.

necessarily fit into the diffusion setting. In an HJM model where all the instantaneous forward

rates are affected by a single Brownian motion,

dftT = O[(t, Ta (fts)SZt) dt + ﬁ(tv Ta (fts)SZt) dzta
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Figure 12.1: The absolute price errors for two-month options on two-year bullet bonds in the
Longstaff-Schwartz-model for different maturities of the zero-coupon bond underlying the approx-
imating option. The time-denominated stochastic duration of the underlying coupon bond is

D} = 1.9086 years, and the two-month forward price of the coupon bond is 91.2042.

the price of any fixed income security will have a dynamics of the form

—— =Bt (f)s>t) dt + op(t, (f)s>t) dzt.

Here the volatility op is an obvious candidate for measuring the interest rate risk of the security,

and the time-denominated duration D* = D*(¢, (f)s>+) can be defined implicitly by the equation

on(t, (f)s20) = P (1, (f)s20),

where o (t, (ff)s>t) ft Bt u, (ff)s>e) du is the volatility of the zero-coupon bond maturing
at time T, cf. Theorem 10.1 on page 223.7 Similar risk measures can be defined for HJM models
involving more than one Brownian motion.

In the more practically oriented part of the literature several alternative measures of interest
rate risk have been suggested. A seemingly popular approach is to use the so-called key rate
durations introduced by Ho (1992). The basic idea is to select a number of key interest rates, i.e.
zero-coupon yields for certain representative maturities, e.g. 1, 2, 5, 10, and 20 years. A change
in one of these key rates is assumed to affect the yields for nearby maturities. For example, with
the key rates listed above, a change in the two-year zero-coupon yield is assumed to affect all
zero-coupon yields of maturities between one year and five years. The change in those yields is
assumed to be proportional to the maturity distance to the key rate. For example, a change of 0.01
(100 basis points) in the two-year rate is assumed to cause a change of 0.005 (50 basis points) in the
1.5-year rate since 1.5 years is halfway between two years and the preceding key rate maturity of

one year. Similarly, the change in the two-year rate is assumed to cause a change of approximately

7If 3 is positive, the volatility of the zero-coupon bond is strictly speaking —o™ .
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0.0033 (33 basis points) in the four-year rate. A simultaneous change in several key rates will
cause a piecewise linear change in the entire yield curve. With sufficiently many key rates, any
yield curve change can be well approximated in this way. It is relatively simple to measure the
sensitivities of zero-coupon and coupon bonds with respect to changes in the key rates. These
sensitivities are called the key rate durations. When different bonds and positions in derivative
securities are combined, the total key rate durations of a portfolio can be controlled so that the
investor can hedge against (or speculate in) specific yield curve movements.

The key rate durations are easy to compute and relate to, but there are several practical
and theoretical problems in applying these durations. The individual key rates do not move
independently, and hence we have to consider which combinations of key rate changes that are
realistic and do not conflict with the no-arbitrage principle. Furthermore, to evaluate the interest
rate risk of a security or a portfolio, we must specify the probability distribution of the possible key
rate changes. Practitioners often assume that the changes in the different key rates can be described
by a multi-variate normal distribution and estimate the means, variances, and covariances of the
distribution from historical data. While the normal distribution is very tractable, empirical studies
cannot support such a distributional assumption.

An investor who believes that the yield curve dynamics can be represented by the evolution
of some selected key rates should use a theoretically better founded model for pricing and risk
management, e.g. an arbitrage-free dynamic model using these key rates as state variables, cf.
the short discussion in Section 8.6.4 on page 203. In such a model all yield curve movements are
consistent with the no-arbitrage principle. Furthermore, for the points on the yield curve that lie
in between the key rate maturities, such a model will give a more reasonable description than does
the simple linear interpolation assumed in the computation of the key rate durations. Finally, the
model can be specified using relatively few parameters and still provide a good description of the
covariance structure of the key rates.

Other authors suggest duration measures that represent the price sensitivity towards changes
in the level, the slope, and the curvature of the yield curve, see e.g. Willner (1996) and Phoa and
Shearer (1997). This seems like a good idea since these factors empirically provide a good descrip-
tion of the shape and movements of the yield curve, cf. the discussion in Section 8.1. However, also
these duration measures should be computed in the setting of a realistic, arbitrage-free dynamics
of these characteristic variables. This can be ensured by constructing a term structure model using

these factors as state variables.



Chapter 13

Mortgage-backed securities

13.1 Introduction

A mortgage is a loan offered by a financial institution to the owner of a given real estate property,
which is then used as collateral for the loan. In some countries, mortgages are typically financed
by the issuance of bonds. A large number of similar mortgages are pooled either by the original
lending institution or by some other financial institution. The pooling institution issue bonds with
payments that are closely linked to the payments on the underlying mortgages. Afterwards, the
bonds are traded publicly. The primary purpose of this chapter is to discuss the valuation of these
mortgage-backed bonds.

Mortgage-backed bonds deviate from government bonds in several respects. Most importantly,
the cash flow to the bond owners depend on the payments that borrowers make on the underlying
mortgages. While a mortgage specifies an amortization schedule, most mortgages allow the borrow
to pay back outstanding debt earlier than scheduled. This will, for example, be relevant after a
drop in market interest rates, where some borrowers will prepay their existing high-rate mortgage
and refinance at a lower interest rate. As we will discuss later in this chapter, mortgages are also
prepaid for other reasons. The biggest challenge in the valuation of mortgage-backed bonds is to
model the prepayment behavior of the borrowers, whose mortgages are backing the bonds. Once
the state-dependent cash flow of the bond has been specified, the standard valuation tools can be
applied.

Section 13.2 gives an overview of some typical mortgages. Section 13.3 describes the standard
class of mortgage-backed bonds, the so-called pass-throughs. Section 13.4 focuses on the prepay-
ment option embedded in most mortgages and lists various factors that are likely to affect the
prepayment activity. There are two distinct approaches to the modeling of prepayment behavior
and the effects on the valuation of mortgage-backed bonds. The option-based approach discussed
in Section 13.5 focuses on determining the rational prepayment behavior of a borrower. Since the
prepayment option can be interpreted as an American call option on an interest rate dependent
security, the optimal prepayment strategy can be determined exactly as one determines an optimal
exercise strategy for an American option. However, this will only capture prepayments due to a
drop in interest rates, while a borrower may rationally prepay for other reasons. Hence, various
modifications of the basic option-based approach are also considered. The empirical approach
outlined in Section 13.6 is based on historical records of actual prepayment behavior and tries to

derive a relation between the prepayment activity and various explanatory variables. Measures of
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the risk of investments in mortgage-backed bonds are discussed in Section 13.7. Section 13.8 offers

a short introduction to other mortgage-backed securities than the standard pass-throughs.

13.2 Mortgages

A mortgage is a loan for which a specified real estate property serves as collateral. The lender
is a financial institution, the borrower is the owner of the property. The borrower commits to
pay back the lender according to a specified payment schedule. If the borrower fails to meet any
of these payments, the lender has the right to take over the property. Typically, the mortgage
is initiated when the property is traded and the new owner needs to finance the purchase, but
sometimes the existing owner of a property may also want to take out a (new) mortgage. Before
offering a mortgage, the financial institution will typically assess the market value of the property
and the creditworthiness of the potential borrower. Legislation may impose restrictions on the
mortgages that can be offered, e.g. require that the original face value of the mortgage can be at
most 80% of the market value of the property.

Mortgage loans are typically long-term (e.g. 30-year) loans with a prespecified schedule of reg-
ular (e.g. monthly or quarterly) interest rate payments and repayments of the principal. Different
types of mortgages are offered. Below we describe the most popular types. First, let us introduce
some common notation. Let time 0 denote the date where the mortgage was originally issued. The
scheduled payment dates of the mortgage are denoted by ti,to,...,ty and we assume that the
payment dates are equally spaced so that a § > 0 exists with ¢;41 —t; = § for all i. Consequently,
t; = id. For example § = 1/12 reflects monthly payments and § = 1/4 reflects quarterly payments.
We let D(t) denote the outstanding debt at time ¢ (immediately after any payments at time t). In
particular, D(0) is the original face value of the mortgage. The payments of the borrower on the

mortgage at any time t,, can be split into three parts:
e an interest payment I(¢,),
e a partial repayment of principal P(¢,),
e a fee F(t,).

The total scheduled payment at time ¢, is thus Y (¢,) = I(t,) + P(tn) + F(tn)-

The interest payment is determined as the product of the nominal rate (also known as the
mortgage rate or the contract rate) of the loan and the outstanding debt after the previous payment
date. The nominal rate is either fixed for the entire maturity of the loan (a fixed-rate mortgage)
or adjusted according to some clearly specified conditions (an adjustable-rate mortgage).

The repayment of the original face value of the loan is typically split over several dates into
partial repayments. Clearly, the sum of all the partial repayments must equal the original face
value, D(0) = 25:1 P(t,), and we have D(t,4+1) = D(t,) — P(t,), and D(tx) = 0 since the loan
has to be paid off in full.

The fee is intended to cover the costs due to servicing the loan, e.g. the actual collection of
payments from borrowers, preparing information on the fiscal implications of the mortgage, etc.
The servicing of the mortgage may be done directly by the original lending institution or some

other institution. Usually the fee to be paid at a given date is some percentage of the outstanding
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debt. It may be incorporated by increasing the nominal rate of the mortgage, in which case there

is really no separate fee payment.

13.2.1 Level-payment fixed-rate mortgages

A relatively simple and popular mortgage is a loan where the sum of the interest payment and
the principal repayment is the same for all payment dates. The interest payment at any given
payment date is the product of a fixed periodic contract rate (the nominal rate on the loan) and
the current outstanding debt. This is an annuity loan. In the U.S. these mortgages are called
level-payment fixed-rate mortgages.

Let R denote the fixed periodic contract rate of the mortgage. Usually an annualized nominal
rate is specified in the contract and the periodic rate is then given by the annualized rate divided
by the number of payment date per year. Let A denote the constant periodic payment comprising
the interest payment and the principal repayment. Using R as the discount rate, the present value
of a sequence of N payments equal to A is given by

AQ+R) ™+ AQ+R) >+ +AQ+ RN = A%.

To obtain a present value equal to D(0), the periodic payment must thus be

R

Immediately after the n’th payment date, the remaining cash flow is an annuity with N — n

payments, so that the outstanding debt must be

1—(1+R)~WN=m

D(t,)=A 13.1
(tn) . (13.1)
The part of the payment that is due to interest is
(N 1—(14+R)y~N=m
I(tws1) = RD(t,) = A (1 (1+R) ) RDO) = pw
so that the repayment must be
—(N-n)
=A- —A-A(1- —(v-m)) = ~(N=n) _ @+ R)=7
Pltpsr) = A—I(tps) = A— A (1 (1+R) ) A(1+R) RDO) 1w

In particular, P(t,41) = (1 + R)P(t,) so that the periodic repayment increases geometrically over
the term of the mortgage.

Note that the above equations give the scheduled cash flow and outstanding debt over the life
of the mortgage, but as already mentioned the actual evolution of cash flow and outstanding debt

can be different due to unscheduled prepayments.

13.2.2 Adjustable-rate mortgages

The contract rate of an adjustable-rate mortgage is reset at prespecified dates and prespecified
terms. The reset is typically done at regular intervals, for example once a year or once very five
years. The contract rate is reset to reflect current market rates so that the new contract rate is

linked to some observable interest rates, for example the yield on a relatively short-term government



13.3 Mortgage-backed bonds 283

bond or a money market rate. Some adjustable-rate mortgages come with a cap, i.e. a maximum
on the contract rate, either for the entire term of the mortgage or for some fixed period in the

beginning of the term.

13.2.3 Other mortgage types

“Balloon mortgage”: the contract rate is renegotiated at specific dates.

“Interest only mortgage”, “endowment mortgage”: the borrower pays only interest on the loan,
at least for some initial period.

For more details, see Fabozzi (2000, Chap. 10).

13.2.4 Points

Above we have described various types of mortgages that borrowers may choose among. The
borrowers may also choose between different maturities for a given type of a loan, e.g. 20 years or
30 years. Of course, the choice of maturity will typically affect the mortgage rate offered. In the
U.S., the lending institutions offer additional flexibility. For a given loan type of a given maturity,
the borrower may choose between different loans characterized by the contract rate and the so-
called points. A mortgage with 0.5 points mean that the borrower has to pay 0.5% of the mortgage
amount up front. The compensation is that the mortgage rate is lowered. Some lending institutions
offer a menu of loans with different combinations of mortgage rates and points. Of course, the
higher the points, the lower the mortgage rate. It is even possible to take a loan with negative
points, but then the mortgage rate will be higher than the advertised rate which corresponds to
zero points.

When choosing between different combinations, the borrower has to consider whether he can
afford to make the upfront payment and also the length of the period that he is expected to keep
the mortgage since he will benefit more from the lowered interest rate over long periods. For this
reason one can expect a link between the prepayment probability of a mortgage and the number
of points paid. LeRoy (1996) constructs a model in which the points serve to separate borrowers
with high prepayment probabilities (low or no points and relatively high mortgage coupon rate)
from borrowers with low prepayment probabilities (pay points and lower mortgage coupon rate).

Stanton and Wallace (1998) provide a similar analysis.

13.3 Mortgage-backed bonds

In some countries, mortgages are often pooled either by the lending institution or other financial
institutions, who then issue mortgage-backed securities that have an ownership interest in a specific
pool of mortgage loans. A mortgage-backed security is thus a claim to a specified fraction of the cash
flows coming from a certain pool of mortgages. Usually the mortgages that are pooled together
are very similar, at least in terms of maturity and contract rate, but they are not necessarily
completely identical.

Mortgage-backed bonds is by far the largest class of securities backed by mortgage payments.
Basically, the payments of the borrowers in the pool of mortgages are passed through to the

owners of the bonds. Therefore, standard mortgage-backed bonds are also referred to as pass-
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through bonds. Only the interest and principal payments on the mortgages are passed on to the
bond holders, not the servicing fees. In particular, if the servicing fee of the borrower is included
in the contract rate, this part is filtered out before the interest is passed through to bond holders.
Moreover, the costs of issuance of the bonds etc. must be covered. Hence, the coupon rate of the
bond will be lower (usually by half a percentage point) than the contract rate on the mortgage.
The total nominal amount of the bond issued equals the total principal of all the mortgages in the
pool. If the mortgages in the pool are level-payment fixed-rate mortgages with the same term and
the same contract rate, then the scheduled payments to the bond holders will correspond to an
annuity. There can be a slight timing mismatch of payments, in the sense that the payments that
the bond issuer receives from the borrowers at a given due date are paid out to bond holders with
a delay of some weeks.

Apparently the idea of issuing bonds to finance the construction or purchase of real estate
dates back to 1797, where a large part of the Danish capital Copenhagen was destroyed due to a
fire creating a sudden need for substantial financing of reconstruction. Currently, well-developed
markets for mortgage-backed securities exist in the United States, Germany, Denmark, and Sweden.
The U.S. market initiated in the 1970s is by now far the largest of these markets. The mid-2002 total
notional amount of U.S. mortgage-backed securities was more than 3.9 trillion U.S.-dollars, even
higher than the 3.5 trillion U.S.-dollars notional amount of publicly traded U.S. government bonds
(Longstaff 2002). The largest European market for mortgage-backed bonds is the German market
for so-called Pfandbriefe, but relative to GDP the mortgage-backed bond markets in Denmark and
Sweden are larger since in those countries a larger fraction of the mortgages are funded by the
issuance of mortgage-backed bonds.

In the U.S., most mortgage-backed bonds are issued by three agencies: the Government Na-
tional Mortgage Association (called Ginnie Mae), the Federal Home Loan Mortgage Corporation
(Freddie Mac), and the Federal National Mortgage Association (Fannie Mae). The issuing agency
guarantees the payments to the bond holders even if borrowers default.! These organizations are
the Government National Mortgage Association (called “Ginnie Mae”), the Federal Home Loan
Mortgage Corporation (“Freddie Mac”), and the Federal National Mortgage Association (“Fannie
Mae”). Ginnie Mae pass-throughs are even guaranteed by the U.S. government, but the bonds
issued by the two other institutions are also considered virtually free of default risk. If a borrower
defaults, the mortgage is prepaid by the agency. Some commercial banks and other financial in-
stitutions also issue mortgage-backed bonds. The credit quality of these bond issues are rated by
the institutions that rate other bond issues such as corporate bonds, e.g. Standard & Poors and
Moody'’s.

In Denmark, the institutions issuing the mortgage-backed bonds guarantee the payments to
bond owners so the relevant default risk is that of the issuing institution, which currently seems
to be negligible.

In the U.S., the pass-through bonds are issued at par. In Denmark, the annualized coupon

rate of pass-through bonds is required to be an integer so that the bond is slightly below par when

I There are two types of guarantees. The owners of a fully modified pass-through are guaranteed a timely payment
of both interest and principal. The owners of a modified pass-through are guaranteed a timely payment of interest,
whereas the payment of principal takes place as it is collected from the borrowers, although with a maximum delay

relative to schedule.
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issued. The purpose of this practice is to form relatively large and liquid bond series in stead of

many smaller bond series.

13.4 The prepayment option

Most mortgages come with a prepayment option. At basically any point in time the borrower
may choose to make a repayment which is larger than scheduled. In particular, the borrower may
terminate the mortgage by repaying the total outstanding debt. In addition, a prepaying borrower
has to cover some prepayment costs. Typically, the smaller part of these costs can be attributed
to the actual repayment of the existing mortgage, while the larger part is really linked to the new
mortgage that normally follows a full prepayment, e.g. application fees, origination fees, credit
evaluation charges, etc. Some of the costs are fixed, while other costs are proportional to the loan
amount. The effort required to determine whether or not to prepay and to fill out forms and so
on should also be taken into account.

In order to value a mortgage, we have to model the prepayment probability throughout the
term of the mortgage. If the borrower decides to prepay the mortgage in the interval (t,,_1,t,] we
assume that he has to pay the scheduled payment Y'(¢,) for the current period, the outstanding
debt D(¢,) after the scheduled mortgage repayment at time t,, and the associated prepayment
costs. Recall that Y (¢,,) = I(tn) + P(tn) + F(t,) and D(t,) = D(t,—1) — P(t,). Hence, the time ¢,
payment following a prepayment decision at time ¢ € (¢,—_1,t,] can be written as Y (¢,) + D(t,) =
D(tp—1) + I(t,) + F(t,), again with the addition of prepayment costs.

Suppose that II; is the probability that a mortgage is prepaid in the time period (t,_1,t,]

given that it was not prepaid at or before time ¢,,_1. Then the expected repayment at time ¢, is

I, D(ty_1) + (1 — 10 )P(tn) = P(tn) + IL;, D(tn)

n

and the total expected payment at time ¢,, is
I(t,) + P(tn) + Iy, D(t,,) + F(t,) =Y (tn) + I, D(t,,)

plus the expected prepayment costs. If all mortgages in a pool are prepaid with the same prob-
ability, but the actual prepayment decisions of individuals are independent of each other, we can
also think of II; as the fraction of the pool which (1) was not prepaid at or before t,,_; and (2) is
prepaid in the time period (t,,—1,t,]. This is known as the (periodic) conditional prepayment rate
of the pool. Some models specifies an instantaneous conditional prepayment rate also known as a
hazard rate. Given a hazard rate m; for each t € [0,tx], the periodic conditional prepayment rates

can be computed from

p— t7l tn
th =1—¢ ftnfl s dt ~ / Tt dt ~ (tn — tnfl)ﬂ'tn = 67Tt”. (132)
tn—l
Since the prepayments of mortgages will affect the cash flow of pass-through bonds, it is impor-
tant for bond investors to identify the factors determining the prepayment behavior of borrowers.
Below, we list a number of factors that can be assumed to influence the prepayment of individual
mortgages and hence the prepayments from a entire pool of mortgages backing a pass-through

bond.
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Current refinancing rate. When current mortgage rates are below the contract rate of a
borrower’s mortgage, the borrower may consider prepaying the existing mortgage in full and take
a new mortgage at the lower borrowing rate. In the absence of prepayment costs it is optimal to
refinance if the current refinancing rate is below the contract rate. Here the relevant refinancing rate
is for a mortgage identical to the existing mortgage except for the coupon rate, e.g. it should have
the same time to maturity. This refinancing rate takes into account possible future prepayments.

We can think of the prepayment option as the option to buy a cash flow identical to the
remaining scheduled of the mortgage. This corresponds to the cash flow of a hypothetical non-
callable bond — an annuity bond in the case of a level-payment fixed-rate mortgage. So the
prepayment option is like an American call option on a bond with an exercise price equal to the
face value of the bond. It is well-known from option pricing theory that an American option
should not be exercised as soon as it moves into the money, but only when it is sufficiently in the
money. In the present case means that the present value of the scheduled future payments (the
hypothetical non-callable bond) should be sufficiently higher than the outstanding debt (the face
value of the hypothetical non-callable bond) before exercise is optimal. Intuitively, this will be the
case when current interest rates are sufficiently low. Option pricing models can help quantify the
term “sufficiently low” and hence help explain and predict this type of prepayments. We discuss
this in detail in Section 13.5.

Previous refinancing rates. Not only the current refinancing rate, but also the entire history
of refinancing rates since origination of the mortgage will affect the prepayment activity in a given
pool of mortgages. The current refinancing rate may well be very low relative to the contract
rate, but if the refinancing rate was as low or even lower previously, a large part of the mortgages
originally in the pool may have been prepaid already. The remaining mortgages are presumably
given to borrowers that for some reasons are less likely to prepay. This phenomenon is referred to as
burnout. On the other hand, if the current refinancing rate is historically low, a lot of prepayments
can be expected.

If we want to include the burnout feature in a model, we have to quantify it somehow. One
measure of the burnout of a pool at time ¢ is the ratio between the currently outstanding debt in
the pool, D;, and what the outstanding debt would have been in the absence of any prepayments,

Dy. The latter can be found from an equation like (13.1).

Slope of the yield curve. The borrower should not only consider refinancing the original mort-
gage with a new, but similar mortgage. He should also consider shifting to alternative mortgages.
For example, when the yield curve is steeply upward-sloping a borrower with a long-term fixed-rate
mortgage may find it optimal to prepay the existing mortgage and refinance with an adjustable-
rate mortgage with a contract rate that is linked to short-term interest rates. Other borrowers that
consider a prepayment may take an upward-sloping yield curve as a predictor of declining interest
rates, which will make a prepayment more profitable in the future. Hence they will postpone the

prepayment.

House sales. In the U.S., mortgages must be prepaid whenever the underlying property is being

sold. In Denmark, the new owner can take over the existing loan, but will often choose to pay
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off the existing loan and take out a new loan. There are seasonal variations in the number of
transactions of residential property with more activity in the spring and summer months than in

the fall and winter. This is also reflected in the number of prepayments.

Development in house prices. The prepayment activity is likely to be increasing in the level
of house prices. When the market value of the property increases significantly, the owner may want
to prepay the existing mortgage and take a new mortgage with a higher principal to replace other
debt, to finance other investments, or simply to increase consumption. Conversely, if the market
value of the property decreases significantly, the borrower may be more or less trapped. Since
the mortgages offered are restricted by the market value of the property, it may not be possible
to obtain a new mortgage that is large enough for the proceeds to cover the prepayment of the

existing mortgage.

General economic situation of the borrower. A borrower that experiences a significant
growth in income may want to sell his current house and buy a larger or better house, or he
may just want to use his improved personal finances to eliminate debt. Conversely, a borrower
experiencing decreasing income may want to move to a cheaper house, or he may want to refinance
his existing house, e.g. to cut down mortgage payments by extending the term of the mortgage.
Also, financially distressed borrowers may be tempted to prepay a loan when the prepayment
option is only somewhat in-the-money, although not deep enough according to the optimal exercise
strategy. Note, however, that the borrower needs to qualify for a new loan. If he is in financial
distress, he may only be able to obtain a new mortgage at a premium rate. As emphasized by
Longstaff (2002), this may (at least in part) explain why some mortgages are not prepaid even when
the current mortgage rate (for quality borrowers) is way below the contract rate. If the prepayments
due to these reasons can be captured by some observable business-cycle related macroeconomic
variables, it may be possible to include these in the models for the valuation of mortgage-backed
bonds.

Bad advice or lack of knowledge. Most borrowers will not be aware of the finer details of
American option models. Hence, they tend to consult professionals. At least in Denmark, borrowers
are primarily advised by the lending institutions. Since these institutions benefit financially from

every prepayment, their recommendations are not necessarily unbiased.

Pool characteristics. The precise composition of mortgages in a pool may be important for
the prepayment activity. Other things equal, you can expect more prepayment activity in a pool
based on large individual loans than in a pool with many small loans since the fixed part of the
prepayment costs are less important for large loans. Also, some pools may have a larger fraction
of non-residential (commercial) mortgages than other pools. Non-residential mortgages are often
larger and the commercial borrowers may be more active in monitoring the profitability of a
mortgage prepayment. In the U.S. there are also regional differences so that some pools are based
on mortgages in a specific area or state. To the extent that there are different migration patterns
or economic prospects of different regions, potential bond investors should take this into account,

if possible.
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13.5 Rational prepayment models
13.5.1 The pure option-based approach

The prepayment option essentially gives the borrower the option to buy the remaining part of
the scheduled mortgage payments by paying the outstanding debt plus prepayment costs. This
can be interpreted as an American call option on a bond. For a level-payment fixed-rate mortgage,
the underlying bond is an annuity bond. A rather obvious strategy for modeling the prepayment
behavior of the borrowers is therefore to specify a dynamic term structure model and find the
optimal exercise strategy of an American call according to this model. For a diffusion model of the
term structure, the optimal exercise strategy and the present value of the mortgage can be found by
solving the associated partial differential equation numerically or by constructing an approximating
tree. Note that partial prepayments are not allowed (or not optimal) in this setting.

The prepayment costs affect the effective exercise price of the option. As discussed earlier, a
prepayment may involve some fixed costs and some costs proportional to the outstanding debt. As
before, we let D(t) denote the outstanding debt at time ¢t. Denote by X (t) = X (D(t)) the costs of
prepaying at time t. Then the effective exercise price is D(t) + X (¢).

The borrower will maximize the value of his prepayment option. This corresponds to minimizing
the present value of his mortgage. Let M; denote the time t value of the mortgage, i.e. the
present value of future mortgage payments using the optimal prepayment strategy. Let us assume
a one-factor diffusion model with the short-term interest rate r; as the state variable. Then
My = M (ry,t). Note that r is not the refinancing rate, i.e. the contract rate for a new mortgage,
but clearly lower short rates mean lower refinancing rates.

Suppose the short rate process under the risk-neutral probability measure is
dry = a(ry) dt + B(ry) dz2.

Then we know from Section 6.5 that in time intervals without both prepayments and schedule mort-
gage payments, the mortgage value function M (r,t) must satisfy the partial differential equation

(PDE)

oM .

1, ,0°M
W(T’ t) + a(r) (r,t) + 56(7") or2

Immediately after the last mortgage payment at time ¢y, we have M(r,tx) = 0, which serves as a

%_y (r,t) — M (r,t) = 0. (13.3)

terminal condition. At any payment date t,, there will be a discrete jump in the mortgage value,
M(r t,—) = M(r,ty,) + Y (tn). (13.4)

The standard approach to solving a PDE like (13.3) numerically is the finite difference approach.
This is based on a discretization of time and state. For example, the valuation and possible exercise
is only considered at time points t € T' = {0, At, 2At, ..., NAt}, where NAt = ty. The value space
of the short rate is approximated by the finite space r € S = {Tmin, "min + AT, Fmin +2A7, ..., Tmax -
Hence we restrict ourselves to combinations of time points and short rates in the grid S x T. For
the mortgage considered here, it is helpful to have t,, € T for all payment dates t,,, which is satisfied
whenever the time distance between payment dates, ¢, is some multiple of the grid size, At. For
simplicity, let us assume that these distances are identical so that we only consider prepayment

and value the mortgage at the payment dates. As before, we assume that if the borrower at time
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t,, decides to prepay the mortgage (in full), he still has to pay the scheduled payment Y (¢,) for
the period that has just passed, in addition to the outstanding debt D(t,) immediately after ¢,
and the prepayment costs X (t,,).

The first step in the finite difference approach is to impose that

M(r,ty)=0, r€S,

and therefore
M(T,tN—):Y<tN), res.

Using the finite difference approximation to the PDE, we can move backwards in time, period
by period. In each time step we check whether prepayment is optimal for any interest rate level.
Suppose we have computed the possible values of the mortgage immediately before time ¢,,41, i.e.
we know M (r,t,1—) for all 7 € S. In order to compute the mortgage values at time ¢, we first
use the finite difference approximation to compute the values M€(r,t,) if we choose not to prepay
at time ¢,, and make optimal prepayment decisions later. (Superscript ‘c’ for ‘continue’.) Then we
check for prepayment. For a given interest rate level » € S, it is optimal to prepay at time t,,, if

that leads to a lower mortgage value, i.e.
Me(r,t,) > D(tn) + X (tn).
The corresponding conditional prepayment probability II; = II(r,,t,) is

[(r.t,) = 1 if Me(r,t,) > D(t,) + X(t,), (13.5)
N0 i Me(r ) < D(te) + X (t). '

The mortgage value at time t,, is
M(r,t,) = min {M°(r,t,), D(tn) + X (tn)}

B (13.6)
= (1 = TI(r, t,)) M (7, tp) + (r,t,)(D(t,) + X (t,)), r€S.

The value just before time t,, is
M(r,t,—) = M(r,t,) +Y(t,), r€S.

Since the mortgage value will be decreasing in the interest rate level, there will be a critical
interest rate r*(t,) defined by the equality M¢(r*(t,),t,) = D(t,) + X (t,) so that prepayment is
optimal at time ¢, if and only if the interest rate is below the critical level, r;, < r*(t,). Note that
r*(t,,) will depend on the magnitude of the prepayment costs. The higher the costs, the lower the
critical rate.

The mortgage-backed bond can be valued at the same time as the mortgage itself. We have
to keep in mind that the prepayment decision is made by the borrower and that the bond holder
does not receive the prepayment costs. We assume that the entire scheduled payments are passed
through to the bond holders, although in practice part of the mortgage payment may be retained by
the original lender or the bond issuer. The analysis can easily be adapted to allow for differences in
the scheduled payments of the two parties. Let B(r,t) denote the value of the bond at time ¢ when
the short rate is r. If the underlying mortgage has not been prepaid, the bond value immediately

before the last scheduled payment date is given by

B(r,tN—) = Y(tN), res.
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At any previous scheduled payment date t,,, we first compute the continuation values of the bond,
i.e. B¢(r,t,), r € S, by the finite difference approximation. Then the bond value excluding the

payment at t,, is
B(r,tn) = (1 = (r,t,))B(r,tn) + I(r, t,) D(tn)

Be(r,t,) if M¢(r,t,) < D(tn) + X(t,), (13.7)
D(ty,) if M¢(r,t,) > D(t,) + X(t,),

for any r € S. Then the scheduled payment can be added:

B(r,tp,—) = B(r,t,) + Y(t,), res.

While the discussion above was based on a finite difference approach, readers familiar with
tree-approximations to diffusion models will realize that a similar backward iterative valuation
technique applies in an interest rate tree approximating the assumed interest rate process. For an
introduction to the construction of interest rates, see Hull (2003, Ch. 23).

In the Danish mortgage financing system, mortgages come with an additional option feature
if they are part of a pool upon which pass-through bonds have been issued. Not only can the
borrower prepay the outstanding debt (plus costs) in cash, he can also prepay by buying pass-
through bonds (based on that particular pool) with a total face value equal to the outstanding
debt. These bonds have to be delivered to the mortgage lender, which in the Danish system is
also the bond issuer. This additional option will be valuable if the borrower wants to prepay (for
“inoptimal” reasons) in a situation where the market price of the bond is below the outstanding
debt, which is the case for sufficiently high market interest rates. If we assume that a prepayment
by bond purchase generates costs of X (tn), such a prepayment is preferred to a cash prepayment
whenever B(r,t,) + X (tn) < D(t,) + X(t,). This should be accounted for in the backwards
iterative procedure.

In practice, the borrower may have to notify the lender some time before the prepayment will
be effective. If the borrower wants the time ¢, mortgage to be the last payment date on the
mortgage, the notification may be due at time t,, — h for some fixed time period h > 0. Then the
above equations have to be modified slightly. Let us assume that ¢,, —h > t,,_1. It will be optimal
to decide to prepay at the notification date t, — h, if

M€(r,t, —h) > (D(ty) + X (tn) + Y (tn)) B (r,t, — h).

Here the right-hand side is the value at time ¢,, — h of the total payment at time ¢,, if the borrower
decides to prepay. The left-hand side is the value of the mortgage at time ¢, — h if the borrower
decides not to prepay now, but makes optimal prepayment decisions in the future. This value
includes the present value of the upcoming scheduled payment Y'(¢,). The bond values can be
modified similarly.

According to the above analysis, all borrowers with identical mortgages and identical pre-
payment costs should prepay in the same states and same points in time, essentially when the
refinancing rate is sufficiently low. The conditional prepayment rate will be one if r;, < r*(¢,) and
zero otherwise. In practice, simultaneous prepayments of all mortgages in a given pool is never

observed. One potential explanation is that the mortgages in a given pool are not completely
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identical and hence may not have the same critical interest rate. Another explanation is that
borrowers prepay for other reasons than just low refinancing rates, as discussed in Section 13.4. In
the following subsections we discuss how these features can be incorporated into the option-based

approach.

13.5.2 Heterogeneity

The mortgages in a pool are never completely identical. In particular the prepayment costs may
be different for different mortgages. To study the implications of different costs, we assume that
all the mortgages have the same contract rate and the same term so that the stream of scheduled
payments (relative to the outstanding debt of the mortgage) is the same for all mortgages. Suppose
that the pool can be divided into M sub-pools so that at any point in time all the mortgages in
a given sub-pool have identical prepayment behavior. If the prepayment costs on any individual
mortgage can be assumed to be some fixed fraction of the outstanding debt, then we must divide
the pool according to the value of this fraction. All mortgages for which the costs are a fraction
., of the outstanding debt is put into sub-pool number m. In this case the mortgages in a given
sub-pool may have different face values. On the other hand, if there is also a fixed cost element
of the prepayment costs, we have to divide the mortgages according to the face value of the loans.
In any case let us assume that the prepayment costs for mortgages in sub-pool m are given by
X (tn).

Note that it may be difficult to obtain the information that is necessary to implement such a
categorization of the individual mortgages in a pool, but in some countries at least some useful
summary statistics are published for each mortgage pool. In order to estimate the cost parameters,
we need data on observed prepayments for each sub-pool. If the mortgages are newly issued, it will
be necessary to use prepayment data on similar, but more mature mortgages. In order to avoid
the separate estimation of cost parameters for each sub-pool, one can assume that the variations in
prepayment costs across the mortgages in the pool can be described by a distribution involving only
one or two parameters that may then be estimated from actual prepayment behavior. For example,
Stanton (1995) assumes that prepayment costs on each mortgage is some constant proportion of
the outstanding debt, but the magnitude of this constant varies across mortgages according to a
so-called beta distribution on the interval [0,1]. The beta distribution is completely determined
by two parameters. For implementation purposes, the distribution is approximated by a discrete
distribution with M possible values x1, ...,z given by certain quantiles of the full distribution.

Using the approach of the previous subsection, we can derive a critical interest rate boundary
rk (t,) for each sub-pool. Note that if X,,(¢,) is sufficiently high, it may be inoptimal to prepay
the mortgage at time ¢, no matter what the interest rate will be. In that case r}, (t,) must be set
below the minimum possible interest rate.

How do we value a pass-through bond backed by such a heterogenous pool of mortgages? We
can think of a pass-through bond backed by the entire pool as a portfolio of hypothetical sub-pool
specific pass-through bonds. The hypothetical bond for any sub-pool m can be valued exactly as
discussed in the previous subsection, acknowledging the optimal prepayments of mortgages in that
sub-pool. Let B,,(r,t) be the time ¢ price of that bond (normalized to a given face value, say 100)

for a short rate of r. Suppose that w,,; denotes the fraction of the pool that belongs to sub-pool
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m at time ¢t. By definition, Z%Zl W = 1. The value of the bond backed by the entire pool is
then a weighted average of the values of the hypothetical sub-pool bonds:

M
B(r,t) = Z Wyt By (1, ). (13.8)

It is important to realize that the sub-pool weights w,,,; vary over time, depending on the evolution
of interest rates. The sub-pool weights at a given point in time depend on the entire history of
interest rates since the original issuance of the bonds.

While it is certainly an improvement of the model to allow for heterogeneity in the prepayment
costs, it is still not consistent with empirically observed prepayment behavior. According to the
model, all mortgages in the same sub-pool should be prepaid simultaneously. The first time the
interest rate drops to the critical level for a given prepayment cost, all the mortgages in the sub-
pool will be prepaid immediately — and all mortgages with lower prepayment costs have already
been prepaid. If the interest rate then rises and drops to the same critical level, no prepayments
will take place. The simultaneous exercise of a large number of mortgages will generate large,
sudden moves in the bond price, when the interest rate hits a critical level for some sub-pool. This

is not observed in practice.

13.5.3 Allowing for seemingly irrational prepayments

The pure option-based approach described above can by construction only generate rational
prepayments, which simply means prepayments caused by the fact that the prepayment option
is deep enough in the money to warrant early exercise. As discussed extensively in Section 13.4,
borrowers may prepay for other reasons. Several authors have suggested minor modifications of the
option-based approach in order to incorporate the seemingly irrational prepayments in a simple
manner.

Dunn and McConnell (1981a, 1981b) assume that for each mortgage an inoptimal prepayment
can be described by a hazard rate \;. Given that the mortgage has not been prepaid at time t,,_1,

there is a probability of

e tn
I =1—e Jegy Aedt / Aedt = (ty, —tp_1)M, = 0N, (13.9)

n

tn—1

that the borrower will prepay the mortgage in the interval (t,_1,t,] for “exogenous” reasons,
i.e. whether or not it is optimal from an interest rate perspective. This can easily be included in
the option-based approach as long as the hazard rate A\; at most depends on time and the current
interest rate, i.e. Ay = A(ry,t). If A is the same for all mortgages in a reasonably large pool (or
sub-pool), this implies that a fraction of \;At of the mortgages can be expected to be prepaid over
a At period in any case. This introduces a minimum level of prepayment activity.

Stanton (1995) adds a second source of inoptimality. He assumes that each borrower will not
constantly evaluate whether a prepayment is advantageous or not. If prepayment is considered
according to a hazard rate 7;, then the probability that the borrower will check for optimal pre-

payment over (t,_1,ty] is

_ [tn tn
1—e ft"*1 e dt ~ / Mt dt ~ (tn — tn—l)ntn = 6771571.

tn—1
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Continuous prepayment evaluation corresponds to 17y = co. The non-continuous decision-making
may reflect the costs and difficulties of considering whether prepayment is optimal or not. Again,
for tractability, the hazard rate 7, is assumed to depend at most on time and the interest rate level,
ne = 1(re, t). We can interpret 7, as the (expected) fraction of the pool (or sub-pool) for which the
optimal prepayment rule applies. With this modification, not all mortgages will be prepaid even
though prepayment is optimal from an interest rate perspective.

Combining these two modifications, the probability that a mortgage is not prepaid in a time

interval [¢,t + At] even though it is optimal must be

Prob(no prepayment) = Prob ((no optimal prepayment) AND (no inoptimal prepayment))
= Prob ((no optimal prepayment)) x Prob ((no inoptimal prepayment))
— oAt XAl

— e~ (M)At

Hence, the probability that a rational prepayment takes place in (t,—1,t,] is

o tn,
m =1- o i (et At / (e 4+ Ae) dt = 6(ne, + Ap,). (13.10)

tn—1
If we assume that the hazard rates 7; and \; are functions of at most time and the short
rate, and we use the right-most approximations in Equations (13.9) and (13.10) — which would be
natural approximations in an implementation — the periodic conditional prepayment rate I, over
the period (t,,_1,t,] will be a function of ¢,, and r; . It will be II® when prepayment is inoptimal

and II" when prepayment is optimal, i.e.

Tr 1) = ¢(r,t,) if MS(r,t,) < D(t,) + X(t,), (13.11)
et i M t) > D) + X (b0).

In the backwards valuation iterative procedure, we replace Equation (13.6) by
M(rtn) = (1 = IL(r, t,)) M (r,t,) + L(r, t,) (D (tn) + X (t5))
(L =TI¢(r, tp))MC(r, t) + TE(r, t,) (D (tn) + X (), if M(r,t,) < D(tn) + X (tn),
(L= I"(r,tn) )M (r, ) + 117 (r, ) (D(tn) + X (tn)), if M(r,tn) = D(tn) + X (tn),
(13.12)

There will still be a critical interest rate level r*(¢,,) that gives the maximum interest rate for which
it is optimal to prepay at time ¢,,, but it will be different than in the pure option-based approach
since the continuation value takes into account the possibility for making inoptimal prepayments
or missing optimal prepayments in the future. Similarly, Equation (13.7) in the valuation of the

bond has to be replaced by
B(r,ty) = (1 —TI(r,t,,)) B (r, tn) + IL(r, £,,) D(t,)
(1 = TI°(r, £,)) BE(r, t) + T€(r, t) D(t,)  if MS(r,t,) < D(ty) + X (t,), (13.13)
(1 =117 (r, t,)) BE(ryt) + 17 (1, ) D () if M€(r,t,) > D(t,) + X (£,).

The other steps in the iterative valuation procedure are unaltered and it is still possible to divide

mortgages into sub-pools.
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The model of Stanton (1995) incorporates both heterogeneity, inoptimal prepayments, and
non-continuous decision-making. He implements the model assuming that the hazard rates A\; and
7 are constant. He estimates the values of the various parameters so that the prepayment rates
predicted by the model come as close as possible to observed prepayment rates in a given sample.
The estimated prepayment cost distribution has an average cost equal to 41% of the outstanding
debt, which is very high, even if we take into account the implicit costs that may be associated
with prepayments (time consumption, etc.). The estimate for the hazard rate n implies that the
average time between two successive checks for optimal prepayment (which is 1/7) is eight months,
which seems to be an unreasonably long period. The estimate for A implies that approximately
3.4% of mortgages are prepaid in a given year for exogenous reasons. Using the estimated model,
Stanton predicts future prepayment rates of a given pool and compare the predictions with the
realized prepayment rates. The predictions of the model are reasonably accurate and slightly better
than the predictions from a purely empirical prepayment model suggested by Schwartz and Torous
(1989), which we will study below.

13.5.4 The option to default

The borrower also has an option to default on the mortgage. It may be optimal for the borrower
to default if the market value of the mortgage exceeds the market value of the house. In order to
include optimal defaults into the model, it is necessary to include some measure of house prices
as another state variable. Both Kau, Keenan, Muller, and Epperson (1992) and Deng, Quigley,
and Van Order (2000) find that it is important to consider the prepayment option and the default
option simultaneously. According to Deng, Quigley, and Van Order (2000), the inclusion of the

default option is helpful in explaining empirical behavior.

13.5.5 Other rational models

The option-pricing approach described above is focused on minimizing the value of the current
mortgage. In most cases the prepayment of a mortgage is immediately followed by a new mortgage.
In the presence of prepayment costs, it is really not reasonable to look separately at one mortgage.
The timing of the prepayment decision for the current mortgage influences the contract rate of the
next mortgage and, hence, the potential profitability of prepayments of that mortgage. Borrowers
should have a life-time perspective and minimize the life-time mortgage costs, e.g. they probably
want to make relatively few prepayments over their life in order to reduce the total prepayment
costs. The life-cycle perspective is advocated by, e.g., Stanton and Wallace (1998) and Longstaff
(2002).

The mortgage prepayment decision is only one of many financial decisions in the life of any
borrower. The borrower has to decide on investments in financial assets, transactions of property
and other durable consumption goods, etc. For a rational individual all these decisions are taken in
order to maximize the expected life-time utility from consumption of various goods, both perishable
goods (food, entertainment, etc.) and durable goods (house, car, etc.). The prepayment decisions
of a borrower are not taken independently of other financial decisions. Hence, it could be useful
to build a model incorporating the prepayment decisions into an optimal consumption-portfolio

framework. This might give a better picture of the rational prepayments of an individual mortgage,
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e.g. it has the potential to point out in which economic scenarios the borrower will choose to default
on the mortgage or will prepay for liquidity reasons, etc. Such models could also address the choice
of mortgage, e.g. who should prefer fixed-rate mortgages and who should prefer adjustable-rate
mortgages. However, such models are bound to be quite complex. The model of Campbell and

Cocco (2003) is a good starting point.

13.6 Empirical prepayment models

Historical records of prepayments clearly show that actual mortgage prepayments cannot be
fully explained by the basic American option pricing models. This observation lead Green and
Shoven (1986) and Schwartz and Torous (1989, 1992) to suggest a purely empirical model for
prepayment behavior. The conditional prepayment rate for a mortgage pool is assumed to be a
function of some explanatory state variables that have to be specified, i.e. IT; = TI(¢, v;) where v is
a vector of explanatory variables. Section 13.4 offers a list of relevant candidates for explanatory
variables. Given the history of the explanatory variables, the parameters of the function are
determined so that it comes as close as possible to the historic prepayment rates for the pool
(or a similar pool). Then the function with the estimated parameters is used to predict future
prepayment rates contingent on the future values of the explanatory variables. This will determine
the state-dependent cash flow of the mortgage-backed bonds. This cash flow can then be valued
by standard valuation methods.

At least some of the explanatory variables will evolve stochastically over the life of the mortgage.
In order to do the valuation we have to make some assumptions about the stochastic dynamics of
these variables. For any reasonable empirical model the actual valuation has to be done using one
of our standard numerical techniques, i.e. by constructing a tree or finite-difference based lattice or
by performing Monte Carlo simulations. Below we will discuss how the valuation technique to be
used may depend on the explanatory variables included. Regardless of which of these techniques
we want to implement, we will have to discretize the time span so that we only look at time points
t €T ={0,At,2At,..., NAt}, where NAt =t is the final payment date.

The original suggestion of Schwartz and Torous (1989) was to model the prepayment hazard
rate as

m(t,v) = mo(t)e? ¥, (13.14)

where 0 is a vector of parameters and mo(t) is the deterministic function

-1
i = P

giving a “base-line” prepayment rate. This function has mo(0) = 0 and lim;_,o m(t) = 0, and
it is increasing from t = 0 to t = (p — 1)'/?/v after which it decreases. This is consistent with
the empirically observation that conditional prepayment rates tend to be very low for new and for
old mortgages and higher for intermediate mortgage ages. From the prepayment hazard rate, the
conditional prepayment rate over any period can be derived as in Equation (13.2). The explanatory

variables chosen by Schwartz and Torous are the following:

1. the difference between the coupon rate and the current long-term interest rate (slightly

lagged), reflecting the gain from refinancing,
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2. the same difference raised to the power 3, reflecting a non-linearity in the relation between

the potential interest rate savings and the prepayment rate,

3. the degree of burn-out measured by (the log of) the ratio between the currently outstanding
debt in the pool and what the outstanding debt would have been in the absence of any

prepayments,

4. aseasonal dummy, reflecting that more real estate transactions — with associated prepayments

— take place in spring and summer than in winter and fall.

In the sample considered by Schwartz and Torous this prepayment function comes reasonably close
to the observed prepayment rates. Note however that this is an in-sample comparison in the sense
that the parameters of the function have been estimated on the basis of the same data sample.
The real test of the prepayment function is to what extent it can predict prepayment behavior
after the estimation period.
Many recent empirical prepayment models are based on a periodic conditional prepayment rate
of the form
(¢, ve) = N(f(v::6)), (13.15)

where N(-) is the cumulative standard normal distribution function and f is some function to be

specified. A very simple example is to let
(¢, gt) = N(0o + b19:),

where 6y and 6, are constants and g; is a measure for the present value gain from a prepayment
at time t.

If a heterogeneous pool of mortgages can be divided into M sub-pools of homogeneous mort-
gages, it may be worthwhile to specify sub-pool specific prepayment functions, I1,, (¢, v+). Then the
conditional prepayment rate for the entire pool is a weighted average of the sub-pool prepayment

functions,
M
H(t,ve) = Z Wit 1L (2, 01), (13.16)
m=1

where w,,; is the relative weight of sub-pool m at time ¢.

It is important to realize that some of the potential explanatory variables are forward-looking
and others are backward-looking and it will be difficult to include variables of both types in the same
valuation model. For example, any reasonable measure of the monetary gain from a prepayment
is forward-looking since it includes the present value of future payments. Such variables cannot be
handled easily in a Monte Carlo based valuation technique, but is better suited for the backwards
iterative procedure in lattices and trees. On the other hand the burnout factor is inherently a
backward-looking variable since it depends on the previous prepayment activity, e.g. the path
taken by interest rates. This is also true for the relative weighting of different sub-pools. Such
variables are difficult to handle in a backward iterative scheme, but better suited for Monte Carlo
simulation. However, as mentioned earlier, the burnout factor can be approximated by the ratio
of current outstanding debt to the total outstanding debt if no prepayments have taken place so
far. Since the denominator in this ratio is deterministic, the burnout factor may be captured by

including the currently outstanding debt as a state variable in a tree- or lattice-based valuation.
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Clearly, the main limitation of the purely empirical prepayment models is that the prepayment
behavior in the future might be very different from the prepayment behavior in the estimation
period. If the underlying economic environment changes and this is not captured by the explanatory
variables included, the empirical prepayment models might generate very poor predictions of future
prepayment rates.

For studies on the Danish mortgage-backed bond market, see Jakobsen (1992)...

13.7 Risk measures for mortgage-backed bonds

To be added in a later version...

13.8 Other mortgage-backed securities

Collateralized Mortgage Obligations (CMO’s): McConnell and Singh (1994), Childs, Ott, and
Riddiough (1996)

13.9 Concluding remarks

Difficult problem to solve!

Any model must be based on assumptions about interest rate dynamics and prepayment vari-
ables over a 30-year horizon.

Due to the difficulties in predicting prepayment behavior, bond investors may incorporate a
“safety margin” in their valuation of mortgage-backed bonds. This will lead to lower bond prices
and higher borrowing rates.

Other references: Boudoukh, Richardson, Stanton, and Whitelaw (1995), Boudoukh, Whitelaw,
Richardson, and Stanton (1997)



Chapter 14

Credit risky securities

Bonds issued by corporations are credit risky. Two types of models are used for pricing corporate
bonds.

Structural models that are based on assumptions about the specific issuing firm, e.g. an un-
certain flow of earnings and a given or optimally derived capital structure: Merton (1974), Black
and Cox (1976), Shimko, Tejima, and van Deventer (1993), Leland (1994), Longstaff and Schwartz
(1995), Goldstein, Ju, and Leland (2001), Christensen, Flor, Lando, and Miltersen (2002).

Reduced form models: Jarrow, Lando, and Turnbull (1997), Lando (1998), Duffie and Singleton
(1999).
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Chapter 15

Stochastic interest rates and the pricing

of stock and currency derivatives

15.1 Introduction

In the preceding chapters we have focused on securities with payments and values that only
depend on the term structure of interest rates, not on any other random variables. However, the
shape and the dynamics of the yield curve will also affect the prices of securities with payments
that depend on other random variables, e.g. stock prices and currency rates. The reason is that
the present value of a security involves the discounting of the future payments, and the appropriate
discount factors depend on the interest rate uncertainty and the correlations between interest rates
and the random variables that determine the payments of the security.

We will in this chapter first consider the pricing of stock options when we allow for the uncer-
tain evolution of interest rates, in contrast to the classical Black-Scholes-Merton model. We show
that for Gaussian term structure models the price of a European stock option is given by a sim-
ple generalization of the Black-Scholes-Merton formula. This generalized formula corresponds to
the way which practitioners often implement the Black-Scholes-Merton formula. In the Gaussian
interest rate setting we will also derive similar pricing formulas for European options on forwards
and futures on stocks. Subsequently, we consider securities with payments related to a foreign
exchange rate. With a lognormal foreign exchange rate and Gaussian interest rates we obtain sim-
ple expressions for currency futures prices and European currency option prices. Throughout the
chapter we focus on European call options. The prices of the corresponding European put options
follow from the relevant version of the put-call parity. As always, to price American options we

generally have to resort to numerical methods.

15.2 Stock options
15.2.1 General analysis

Let us look at a European call option that expires at time T > t, is written on a stock with
price process (S;), and has an exercise price on K. We know from Chapter 6 that the time ¢ price
of this option is given by

C, = BFEY" [max (St — K,0)], (15.1)
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where Q7 is the T-forward martingale measure. For simplicity we assume that the underlying
asset does not provide any payments in the life of the option. The forward price of the underlying
asset for delivery at date T is given by F/ = S;/B]. In particular, Fi = St so that the option
price can be rewritten as

C, = BFEY [max (FY - K,0)] .

Recall that, by definition of the T-forward martingale measure, we have that E?T [FL] = Fl =
S;/BY'. To compute the expected value either in closed form or by simulation, we have to know
the distribution of St = FZT under the T-forward martingale measure. This distribution will follow
from the dynamics of the forward price F/. But first we will set up a model for the price of the
underlying stock and for the relevant discount factors, i.e. the zero-coupon bond prices.

As usual, we will stick to models where the basic uncertainty is represented by one or several
standard Brownian motions. In a model with a single Brownian motion, all stochastic processes
will be instantaneously perfectly correlated, cf. the discussion in the introduction to Chapter 8.
To price stock options in a setting with stochastic interest rates, we have to model both the stock
price and the appropriate discount factor. Since these two variables are not perfectly correlated,
we have to include more than one Brownian motion in our model.

Under the risk-neutral or spot martingale measure Q the drift of the price of any traded asset
(in time intervals with no dividend payments) is equal to the short-term interest rate, r;. The

dynamics of the price of the underlying asset is assumed to be of the form
ds, = S, [rt dt + (o5)7 dz;@} , (15.2)

where 2@ is a multi-dimensional standard Brownian motion under the risk-neutral measure Q, and
where o' is a vector representing the sensitivity of the stock price with respect to the exogenous
shocks. We will refer to o' as the sensitivity vector of the stock price. In general, o' may itself
be stochastic, e.g. depend on the level of the stock price, but we will only derive explicit option
prices in the case where o' is a deterministic function of time and then we will use the notation
o'(t). Tt is hard to imagine that the volatility of a stock will depend directly on calendar time,
so the most relevant example of a deterministic volatility is a constant sensitivity vector. We can

also write (15.2) as

n
Sy =Sy [redt+ Y oSidzg |
j=1
where n is the number of independent one-dimensional Brownian motions in the model, and
o5t ..., 0% are the components of the sensitivity vector.
Similarly, we will assume that the price of the zero-coupon bond maturing at time 7" will evolve
according to

dBf = Bl [rdt+ (o7)" dzf), (15.3)
where the sensitivity vector o of the bond may depend on the current term structure of interest
rates (and in theory also on previous term structures). Equivalently, we can write the bond price
dynamics as

dB}' = B} |redt+ Y o}, dz5;
j=1
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In the model given by (15.2) and (15.3) the variance of the instantaneous rate of return on the

stock is given by

n

Vaur;Q (dS;/Sy) Vart ngt dz _ Z ((7;;)2 gt
j=1
so that the volatility of the stock is equal to the length of the vector %', i.e. |5 = Z;L } (Ust)Q

Similarly, the volatility of the zero-coupon bond is given by ||o? ||. The covariance between the rate
of return on the stock and the rate of return on the zero-coupon bond is (o5t) " o = Z;’ 1 U;E JTt
Consequently, the instantaneous correlation is (o5) " o7 / [||lo5t| - |loT]]].

Note that if we just want to model the prices of this particular stock and this particular bond,
a model with n = 2 is sufficient to capture the imperfect correlation. For example, if we specify

the dynamics of prices as
S, = S, [rt dt + vt dzlt] : (15.4)
dB! = BT [rt dt + pol dz2 + /1 = p2oT dz%} , (15.5)

the volatilities of the stock and the bond are given by v5* and v}, respectively, while p € [—1,1]
is the instantaneous correlation. However, we will stick to the more general notation introduced
earlier.

Given the dynamics of the stock price and the bond price in Equations (15.2) and (15.3), we
obtain the dynamics of the forward price FI = S;/B] under the QT probability measure by an
application of It6’s Lemma for functions of two stochastic processes, cf. Theorem 3.6 on page 65.
Knowing that Fl is a Q7-martingale so that its drift is zero, we do not have to compute the drift
term from Itd’s Lemma. Therefore, we just have to find the sensitivity vector, which we know
is the same under all the martingale measures. Writing Fl' = ¢(S;, Bl'), where ¢(S,B) = S/B,
the relevant derivatives are dg/9S = 1/B and dg/0B = —S/B? so that we obtain the following
forward price dynamics:

99

oS
=FF (o' — o ) dzT.

28y, BI) Sy (o3%) T dT+a—(St,BT)BT( T azT

aF; = a8

A standard calculation yields
1, .
A FY) =~ o3t — ol |2 dt + (o3 — o) " a2t

and hence

IR T
InSy = FF =InFl — 3 / ot — ol du —|—/ (o3 — O'Z)T dzT. (15.6)
t t

st and o7 will be stochastic, in which case we cannot identify the distribution of

In general, o
In Sy and hence S7, but Equation (15.6) provides the basis for Monte Carlo simulations of St
and thus an approximation of the option price. Below, we discuss the case where ot and o7 are

deterministic. In that case we can obtain an explicit option pricing formula.
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15.2.2 Deterministic volatilities

If we assume that both o' and o are deterministic functions of time ¢, it follows from (15.6)
and Theorem 3.2 on page 53 that In St = In F}. is normally distributed, i.e. S7 = F} is lognormally
distributed, under the T-forward martingale measure. Theorem A.4 in Appendix A implies that

the price of the stock option given in Equation (15.1) can be written in closed form as
Ci = BY {EY [FEIN(d1) ~ KN(d2)}

where

1 Y [FT]\ 1
dy = 1 t T Zop(t, T
" uR(t,T) n( K +gurtT),

d2 = d1 — ’UF(t,T),

vp(t,T)* = Var?T [In F1].

T
By the martingale property, EZ [F£] = FT = S,/BT. We can compute the variance as

vp(t,T)? = Var(t@T [In FL] = Var?T [/tT (o (u) — G‘T(u))T dzf}

T
:/t HUSt(u)—ch(u)H2 du
T T T
- / o™ (u)||? du + / o7 ()2 du — 2 / o' (u) o (u) du,

where the third equality follows from the independence of the Brownian motions 27, ..., 2L and

the fourth equality follows from Theorem 3.2. Clearly, the first term in the final expression for the
variance is due to the uncertainty about the future price of the underlying stock, the second term
is due to the uncertainty about the discount factor, and the third term is due to the covariance of

the stock price and the discount factor. The price of the option can be rewritten as
Cy = S¢N(dy) — KB}I'N(dy), (15.7)

where

1 S, 1
i op(t,T) (KB{) MERAGENE

d2 = d1 — UF(t,T).
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If the sensitivity vector of the stock is constant, we get

T T
vp(t,T)? = ||o®||*(T - t) +/t o (u)||? du — Q/t (o’St)T o’ (u) du. (15.8)

The Black-Scholes-Merton model is the special case in which the short-term interest rate r
is constant, which implies a constant, flat yield curve and deterministic zero-coupon bond prices

of BI = e Tt with o (u) = 0. Under these additional assumptions, the option pricing for-

mula (15.7) reduces to the famous Black-Scholes-Merton formula
C(t) = SN(dy) — Ke ""=N(dy), (15.9)

where
dy = 1 ln< S
Ve vT =t \Ke i
d2 = d1 - ||0'St||\/T—t.

1, .
)+ gl VT

The more general formula (15.7) was first shown by Merton (1973). It holds for all Gaussian
term structure models, e.g. in the Vasicek model and the Gaussian HJM models, because the
sensitivity vector and hence the volatility of the zero-coupon bonds are then deterministic functions
of time. In a reduced equilibrium model as Vasicek’s the bond price B entering the option
pricing formula is given by the well-known expression for the zero-coupon bond price in the model,
e.g. (7.51) on page 159 in the one-factor Vasicek model. For the extended Vasicek model and the
Gaussian HJM models the currently observed zero-coupon bond price is used in the option pricing
formula. This latter approach is consistent with practitioners’ use of the Black-Scholes-Merton
formula since, instead of a fixed interest rate r for options of all maturities, they use the observed
zero-coupon yield y! until the maturity date of the option. However, also the relevant variance
vp(t,T)? in Merton’s formula (15.9) differs from the Black-Scholes-Merton formula. The first of
the three terms in (15.8) is exactly the variance expression that enters the Black-Scholes-Merton
formula. The other two terms have to be added to take into account the variation of interest rates
and the covariation of interest rates and the stock price. Practitioners seem to disregard these
two terms. For typical parameter values the two latter terms will be much smaller than the first
term so that the errors implied by neglecting the two last terms will be insignificant. Therefore
Merton’s generalization supports practitioners’ use of the Black-Scholes-Merton formula. However,
the assumptions underlying Merton’s extension are problematic since Gaussian term structure
models are highly unrealistic.

For other term structure models one must resort to numerical methods for the computation
of the stock option prices. One possibility is to approximate the expected value in (15.1) by an
average of payoffs generated by Monte Carlo simulations of the terminal stock price under the
T-forward martingale measure, e.g. based on (15.6). Note that if, for example, o1 depends on
the short rate r,, the evolution in the short rate over the time period [¢,7T] has to be simulated
together with the stock price. Alternatively, the fundamental partial differential equation can be
solved numerically.

Apparently, the effects of stochastic interest rates on stock option pricing and hedge ratios have
not been subject to much research. Based on the analysis of a model allowing for both a stochastic

stock price volatility and stochastic interest rates, Bakshi, Cao, and Chen (1997) conclude that



15.3 Options on forwards and futures 304

typical European option prices are more sensitive to fluctuations in stock price volatilities than to
fluctuations in interest rates. For the pricing of short- and medium-term stock options it seems to
be unimportant to incorporate interest rate uncertainty. On the other hand, taking interest rate
uncertainty into account does seem to make a difference for the purposes of constructing efficient
option hedging strategies and pricing long-term stock options. Whether this conclusion generalizes
to other model specifications and stock options with other contractual terms, e.g. American options,

remains an unanswered question.

15.3 Options on forwards and futures

In this section we will discuss the pricing of options on forwards and futures on a security
traded at the price S;. As before, we assume that this underlying asset has no dividend payments.
We will derive explicit formulas for European call options in the case where all price volatilities
are deterministic. Amin and Jarrow (1992) obtain similar results for the special case where the
dynamics of the term structure is given by a Gaussian HJM model, which implies that the volatili-
ties of the zero-coupon bonds are deterministic. We will let T' denote the expiry time of the option
and let T denote the time of delivery (or final settlement) of the forward or the futures contract.
Here, T < T.

15.3.1 Forward and futures prices

As shown in Section 6.3, the forward price for delivery at time T is given by FtT =S/ BtT ,

while the futures price <I>;F for final settlement at time T is characterized by
of =7 [57] = B} [Ff].
As in the preceding section, we assume that the dynamics under the risk-neutral measure Q is
dSt = St |:7’t dt -+ (Uit)—r dZ;Qi|
for the price of the security underlying the forward and the futures and
— — -\ T
dBT = BT [rt dt + (af) dz;@]
for the price of the zero-coupon bond maturing at T. It6’s Lemma yields first that
— — -\ T . - -\ T
dFT = FT {— ( T) (cr;t - atT) dt + (ait - a'T) dz?} : (15.10)
and, subsequently, that
T Lo st T2 T\ (st T s _7\T 0
dlnF;) = f§||o't —o; || — (o’t> (O't fat) dt + (a‘t -0 ) dzy.
It follows that
— = T 1 = \NT - T \NT
il =ntf - [ [t ot (1) (o) s [ (o ot)
t t

Equivalently,

Sy = FTT = FtTexp{/T {—%Wzt — o'sz _ (auT)T (o'f;“ — 05)} du + /T (O'Zt — o-uT)T dzg}.
¢ t
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Therefore the futures price can be written as

T 1 _ N T — T -\ T
exod [ |-Gl = oL = (of) " (ot~ of)] dus [ (o - of) st b,
t t

For the case where the volatilities ot and o7 are deterministic, the futures price is given in

o = FT EY

closed form as

of = T exp { / ! -3 o @I - o) (o) - o7 () du}

x B2 lexp {/tT (o’“(u) - a'T(u))—r dzg}] (15.11)

where the last equality is a consequence of Theorem 3.2 and Theorem A.2. If the volatilities are

not deterministic, no explicit expression for the futures price is available.

15.3.2 Options on forwards

From the analysis in Chapter 6 we know that the price of a European call option on a forward

is
Cy = BTE?" |max(FL — K,0)|, (15.12)
where T is the expiry time and K is the exercise price. Let us find the dynamics in the forward
price FtT under the T-forward martingale measure Q7. From (6.6) we can shift the probability

measure from Q to Q7 by applying the relation
dz] = dz2% — o7 dt. (15.13)
Substituting this into (15.10), we can write the dynamics in FtT under Q7" as
— — -\ T . — . -\ T
dFf = FF [(a’f - a'tT) (ait - O'tT) dt + (azt - O'T) dth] .
Note that only if T = T, the drift will be zero and FtT will be a QT-martingale. It follows that
_ _ T T _
In F% =1In FtT —I—/ (af — Uf) (a‘f} - a‘f) du
t

1 (T B T T
5 [l alPdus [ (on - ol) asl
t t

T

u?

Under the assumption that %', ol and a'uT are all deterministic functions of time, we have

that In F:,f (given FT) is normally distributed under Q7 with mean value

pr =EY [m Fﬂ —mFT 4 /t ' (UT(u) - UT(u))T (USt(u) - aT(u)) du

1 ’ st T 2
-3 ] ot — o W) i

and variance

T = T . 2
v% = Var? [ln Fjﬂ = / Ha’“(u) - O'T(u)H du.
¢
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Applying Theorem (A.4) in Appendix A, we can compute the option price from (15.12) as

Cy = BY {err i N(d) - KN(dg) },

where
K + 102 -InK 1
dlzu_'_vF:MF 2°F + Zup,
(o VR 2
d2 Zdl — Vp.
Since

pr ot vk =InEf + / ' (7 () ~ o™ (@) " (o (w) — 0" (w)) du,

1,2 A
we can replace e“FT2VF by Flef where

T ) - _
&= / (a’T(u) - ch(u)> (O'St(u) - o'T(u)) du.
¢
Hence, the option price can be rewritten as
C, = BIFTeéN(dy) — KB N(dy), (15.14)

and d; can be rewritten as

In(FT /K 1
d, = n(Fy;/ )+£+_UF_
(al 2

15.3.3 Options on futures

A European call option on a futures has a value of
¢, =BT EY [max(qﬂ; ~ K, 0)} . (15.15)

With deterministic volatilities we can apply (15.11) and insert @; = qu efw(T’T’T), where we have

introduced the notation

Consequently, the option price can be written as
C, = BF E;@T [max(ijefw(T’T’T) - K, 0)}
= BtTefw(T’T’T_) E?T {maX(qu — Ke?(TTT), O)} .

We see that, under these assumptions, a call option on a futures with the exercise price K is
equivalent to e=*(T:T-T) call options on a forward with the exercise price Ke?(T'T-T) | From (15.14)

it follows that the price of the futures option is

C, = e VT | BTETEN(dy) — Ke" T T BTN (dy)

)

which can be rewritten as

C; = FTBT ¢~ (TTTIN(dy) — KBF N(dy), (15.16)
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where

_W(FK)+E=v(TTT) 1

d
! VR 2

dy = dy — v,

- ) ) 1/2
vp = (/t Ha“(u) - O'T(u)H du) .

Applying FtT = @?eu’(tjj) and (t, T, T)—(T,T,T) = (t,T,T), we can also express the option
price as
Cy = ®T Bl et~V TN (d) ) — KBI'N(dy) (15.17)

with

_ In(®7/K) + € —(t, T,T)
_ -

1
dq + §UF.

15.4 Currency derivatives

Corporations and individuals who operate internationally are exposed to currency risk since
most foreign exchange rates fluctuate in an unpredictable manner. The exposure can be reduced
or eliminated by investments in suitable financial contracts. Both on organized exchanges and in
the OTC markets numerous contracts with currency dependent payoffs are traded. Some of these
contracts also depend on other economic variables, e.g. interest rates or stock prices. However, we
will focus on currency derivatives whose payments only depend on a single forward exchange rate.
This is the case for standard currency forwards, futures, and options.

Before we go into the valuation of the currency derivatives, we will introduce some notation.
The time t spot price of one unit of the foreign currency is denoted by ;. This is the number
of units of the domestic currency that can be exchanged for one unit of the foreign currency. As
before, r; denotes the short-term domestic interest rate and B} denotes the price (in the domestic
currency) of a zero-coupon bond that delivers one unit of the domestic currency at time 7. By
BtT we will denote the price in units of the foreign currency of a zero-coupon bond that delivers
one unit of the foreign currency at time T'. Similarly, #; and ¢ denote the foreign short rate and

the foreign zero-coupon yield for maturity 7', respectively.

15.4.1 Currency forwards

The simplest currency derivative is a forward contract on one unit of the foreign currency. This
is a binding contract of delivery of one unit of the foreign currency at time 7" at a prespecified
exchange rate K so that the payoff at time T is ez — K. The no-arbitrage value at time ¢ < T'
of this payoff is Bl e, — Bl K since this is the value of a portfolio that provides the same payoff
as the forward, namely a portfolio of one unit of the foreign zero-coupon bond maturing at 7" and
a short position in K units of the domestic zero-coupon bond maturing at time 7. The forward
exchange rate at time t for delivery at time 7' is denoted by F and it is defined as the value of
the delivery price K that makes the present value equal to zero, i.e.
Bf

FT = B—tht. (15.18)
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This relation is consistent with the results on forward prices derived in Theorem 2.1 and in Sec-

tion 6.3.1. The forward exchange rate can be expressed as

FT = gl —90)(T—1),

where y! and ¢} denote the domestic and the foreign zero-coupon rates for maturity date T,
respectively. If yI > gyl the forward exchange rate will be higher than the spot exchange rate,
otherwise an arbitrage will exist. Conversely, if yf < g, the forward exchange rate will be lower
than the spot exchange rate. The stated expressions for the forward exchange rate are based only
on the no-arbitrage principle and hold independently of the dynamics in the spot exchange rate

and the interest rates of the two countries.

15.4.2 A model for the exchange rate

In order to be able to price currency derivative securities other than currency forwards, as-
sumptions about the evolution of the spot exchange rate are necessary. As always we focus on
models where the fundamental uncertainty is represented by Brownian motions. Since we have to
model the evolution in both the exchange rate and the term structures of the two countries, and
these objects are not perfectly correlated, the model has to involve a multi-dimensional Brownian
motion.

Foreign currency can be held in a deposit account earning the foreign short-term interest rate.
Therefore, we can think of foreign currency as an asset providing a continuous dividend at a rate
equal to the foreign short rate, ;. Under the domestic risk-neutral measure Q the total expected
rate of return on any asset will equal the domestic short rate. Since foreign currency provides a
cash rate of return of 7, the expected percentage increase in the price of foreign currency, i.e. the
exchange rate, must equal r; — 7;. The dynamics of the spot exchange rate will therefore be of the
form

de, = &, [(rt —F)dt+ (05)T dz?)} , (15.19)

where 2@ is a multi-dimensional standard Brownian motion under the risk-neutral measure Q,
and where o is a vector of the sensitivities of the spot exchange rate towards the changes in the
individual Brownian motions. Note that, in general, r, ¥, and ¢ in (15.19) will be stochastic
processes.

Define Y; = B e;, i.e. Y; is the price of the foreign zero-coupon bond measured in units of the

domestic currency. If we let &tT denote the sensitivity vector of the foreign zero-coupon bond, i.e.
- - . T
dBY = B [....dt+ (57" dzf),

it follows from It6’s Lemma that the sensitivity vector for Y; can be written as o5 + &7 . Further-
more, we know that, measured in the domestic currency, the expected return on any asset under

the risk-neutral probability measure Q will equal the domestic short rate, r;. Hence, we have
dy; =Y, [rt dt + (of JrchtT)T dz?} .
For the domestic zero-coupon bond the price dynamics is of the form

dBl' = BF [rt dt + (O'tT)T dz?} .
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According to (15.18), the forward exchange rate is given by F/ = Y;/BI. An application of It&’s

Lemma yields that the dynamics of the forward exchange rate is
dFT = FT [f (067)" (05 +67 —ol) dt+ (oF + 67 —oT)" dz;@] . (15.20)

This is identical to the dynamics of the forward price on a stock, except that the stock price
sensitivity vector a5 has been replaced by the sensitivity vector for Y;, which is o5 + &7. It
follows that

T
e :FJT —FtTexp{/ {% ||0'Z+&ffo'f||2 — (UZ)T [0’2+6’50’5}:| du
t
T T
+/ 0%+ 67— o7] dzg}.
t

Here 0, 67, and o7 will generally be stochastic processes.

As mentioned above, we may think of F{' as the forward price of a traded asset (the foreign
zero-coupon bond) with no payments before maturity. It follows from the analysis in Chapter 6
T[Fg:] = FI' and the

drift in F is zero under the QT measure. Consequently, the dynamics of the forward price Fl

that the forward price process (F) is a QT-martingale. In particular, EX

under the T-forward martingale measure Q7 is
dFT = F! (o5 + 6T — o) dzT. (15.22)

This can also be seen by substituting (15.13) into (15.20).

In order to obtain explicit expressions for the prices on currency derivative securities we will in
the following two subsections focus on the case where ¢, &7, and o are all deterministic functions
of time. As discussed earlier, deterministic volatilities on zero-coupon bonds are obtained only in
Gaussian term structure models, e.g. the one- or two-factor Vasicek models and Gaussian HJM

models.

15.4.3 Currency futures

Let ®] denote the futures price of the foreign currency with final settlement at time 7.
From (6.13) on page 122 we have that

(I);&T = E(t@ [ET] )

where we can insert (15.21). In general the expectation cannot be computed explicitly, but if we

assume that o, &7, and o7 are all deterministic, we get
T
o7 = FT exp —/ ol (u)" (o (u) + T () — o () duy.
t

Amin and Jarrow (1991) demonstrate this under the assumption that both the domestic and the
foreign term structure are correctly described by Gaussian HIM models. In particular, we recover
the well-known result that ®] = F! when o7 (u) = 0, i.e. when the domestic term structure is

non-stochastic.
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15.4.4 Currency options

Let us consider a European call option on one unit of foreign currency. Let T" denote the expiry
date of the option and K the exercise price (expressed in the domestic currency). The option
grants its owner the right to obtain one unit of the foreign currency at time 7' in return for a
payment of K units of the domestic currency, i.e. the option payoff is max(ex — K,0). According

to the analysis in Chapter 6, the value of this option at time ¢ < T is given by
C, = BT EY" [max (e7 — K,0)],

where Q7 is the T-forward martingale measure. This relation can be used for approximating the
option price by Monte Carlo simulations of the terminal exchange rate e under the Q7 measure.
Substituting the relation (15.13) into (15.19), we obtain

dey =& [(ry — 7+ (05) of ) dt+ (of) " dz/].

Therefore, in the general case, we have to simulate not just the exchange rate, but also the short-
term interest rates in both countries.

Let us now assume that o5, &7, and o are all deterministic functions of time. By definition,
the forward price with immediate delivery is equal to the spot price so that ez can be replaced by
FL:

Cy = BI'EY [max (FL — K,0)] . (15.23)

It follows from (15.22) that the future forward exchange rate F. is lognormally distributed with
2 QT T g - T T 2
vp(t,T)* = Vary [InF}| = o () + 6" (u) — o (u)||” du.
t

Note that the future spot exchange rate under these volatility assumptions is also lognormally dis-
tributed both under the risk-neutral measure Q and under the T-forward martingale measure Q7 ,
but not necessarily under the real-world probability measure. In line with earlier computations,

the option price becomes
Cy = Bl F'N(d,) — KB N(dy), (15.24)

where

n T

do = dy — UF(t,T).

1

We can also insert Fl' = Bl'e;/BI and write the option price as

Cy = ,BI'N(d,) — KB N(dy), (15.25)
where d; can be expressed as
1 EtB;T 1
dy = 1 —vp(t,T).
R (KBtT +ouortT)

Another alternative is obtained by substituting in BY = e=% (7=t and BI = ¢~% ("= which
yields
Cy = e TON(dy) — Ke % TN (dy), (15.26)



15.4 Currency derivatives 311

where d; can be written as

nie tT_ V;T —
4y = e/ ZF[%’T)@/ (T —¢) + ot T).

Similar formulas were first derived by Grabbe (1983). Amin and Jarrow (1991) demonstrate the
result for the case where both the domestic and the foreign term structure of interest rates can be
described by Gaussian HJM models.

In the best known model for currency option pricing, Garman and Kohlhagen (1983) assume
that the short rate in both countries is constant, which implies a constant and flat yield curve in
both countries. In that case we have Bf = e "[T=t BI' = ¢="T=t and o7 (t) = 67 (t) = 0.
In addition, the sensitivity vector of the exchange rate, i.e. o¢(t), is assumed to be a constant.
Hence, the model can be viewed as a simple variation of the Black-Scholes-Merton model for stock
options. Under these restrictive assumptions, the option pricing formula stated above will simplify
to

Cy = e, TN (dy) — Ke "IN (dy), (15.27)

where

B In(es/K)+ (r —7)(T —1t) 1 s _
dy = o= VT +5llet VT — ¢,

d2 :d1 — ||0'EH\/T—t.

This option pricing formula is called the Garman-Kohlhagen formula. If we compare with
Equation (15.25), we see that the extension from constant interest rates to Gaussian interest
rates implies (just as for stock options) that the interest rates r and 7 in the Garman-Kohlhagen
formula (15.27) must be replaced by the zero-coupon yields y! and 7. Furthermore, the relevant
variance has to reflect the fluctuations in both the exchange rate and the discount factors. As
discussed earlier, the extra terms in the variance tend to be insignificant for stock options, but for

currency options the extra terms are typically not negligible.

15.4.5 Alternative exchange rate models

For exchange rates that are not freely floating, the above model for the exchange rate dynamics
is inappropriate. For countries participating in a so-called target zone, the exchange rates are only
allowed to fluctuate in a fixed band around some central parity. The central banks of the countries
are committed to intervening in the financial markets in order to keep the exchange rate within the
band. If a target zone is perfectly credible, the exchange rate model has to assign zero probability
to future exchange rates outside the band.! Clearly, this is not the case when the exchange rate is
lognormally distributed. Krugman (1991) suggests a more appropriate model for the dynamics of
exchange rates within a credible target zone. However, most target zones are not perfectly credible
in the sense that the central parities and the bands may be changed by the countries involved.
The possibility of these so-called realignments may have large effects on the pricing of currency
derivatives. Christensen, Lando, and Miltersen (1997) propose a model for exchange rates in a

target zone with possible realignments and show how currency options may be priced numerically

1This must hold under the real-world probability measure, and since the martingale measures are equivalent to

the real-world measure, it will also hold under the martingale measures.
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within that model. See also Dumas, Jennergren, and Néslund (1995) for a different, but related,

model specification.

15.5 Final remarks

In this chapter we have focused on the pricing of forwards, futures, and European options on
stocks and foreign exchange, when we take the stochastic nature of interest rates into account.
Under rather restrictive assumptions we have derived Black-Scholes-Merton-type formulas for op-
tion prices. Explicit pricing formulas for other securities can be derived under similar assumptions.
For example, Miltersen and Schwartz (1998) study the pricing of options on commodity forwards
and futures under stochastic interest rates. In contrast to stocks, bonds, exchange rates, etc.,
commodities will typically be valuable as consumption goods or production inputs. This value
is modeled in terms of a convenience yield, cf. Hull (2003, Chap. 3). In order to be able to
price options on commodity forwards and futures the dynamics of both the commodity price and
the convenience yield has to be modeled. Miltersen and Schwartz obtain Black-Scholes-Merton-
type pricing formulas for such options under assumptions similar to those we have applied in this
chapter, e.g. a Gaussian process for the convenience yield of the underlying commodity.

Another class of securities traded in the international OTC markets is options on foreign secu-
rities, e.g. an option that pays off in euro, but the size of the payoff is determined by a U.S. stock
index. The payoff is transformed into euro either by using the dollar/euro exchange rate prevailing
at the expiration of the option or a prespecified exchange rate (in that case the option is called a
quanto). Under particular assumptions on the dynamics of the relevant variables, Black-Scholes-
Merton-type pricing formulas can be obtained. Consult Musiela and Rutkowski (1997, Chap. 17)
for examples.

In the OTC markets some securities are traded which involve both the exchange rate between
two currencies and the yield curves of both countries. A simple example is a currency swap where
the two parties exchange two cash flows of interest rate payments, one cash flow determined by a
floating interest rate in the first country and the other cash flow determined by a floating interest
rate in the other country. Many variations of such currency swaps and also options on these
swaps are traded on a large scale. Some of these securities are described in more detail in Musiela
and Rutkowski (1997, Chap. 17), who also provide pricing formulas for the case of deterministic

volatilities.
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Numerical techniques

Numerical solution of PDE’s. See Ames (1977), Johnson (1990), Wilmott, Dewynne, and
Howison (1993), Christiansen (1995), Thomas (1995), and Dydensborg (1999). Schwartz (1977)
and Brennan and Schwartz (1977) were the first papers applying a finite difference method to price

options.

Tree models. First application in finance: Cox, Ross, and Rubinstein (1979), Rendleman and
Bartter (1979).

“Born” tree-models of the term structure of interest rates: Ho and Lee (1986), Pedersen, Shiu,
and Thorlacius (1989), Black, Derman, and Toy (1990).

Tree-models as approximations to one-factor continuous-time term structure models: Tian
(1993), Hull and White (1990b, 1993, 1994a, 1996), Hull (2003, Ch. 23).

Tree-models as approximations to multi-factor continuous-time term structure models: Hull
and White (1994b).

See He (1990) for a general approach to approximating an n-factor diffusion model by an

(n + 1)-nomial discrete-time model, i.e. a tree with n 4+ 1 branches from each node.

Monte Carlo simulation. For models which cannot be formulated as diffusion models with
relatively few state variables neither approximating trees or numerical solutions to PDE’s are
usually applicable in practice. But many problems can be solved using Monte Carlo simulation.

Introduction to Monte Carlo simulation: Hull (2003, Sec. 18.6-18.7).

First application to option pricing: Boyle (1977).

Monte Carlo simulation for assets with more than one exercise opportunity, e.g. American
options and Bermuda swaptions: Tilley (1993), Barraquand and Martineau (1995), Boyle, Broadie,
and Glasserman (1997), Broadie and Glasserman (1997a, 1997b), Broadie, Glasserman, and Jain
(1997), Carr and Yang (1997), Andersen (2000), Longstaff and Schwartz (2001).
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Appendix A

Results on the lognormal distribution

A random variable Y is said to be lognormally distributed if the random variable X = InY is
normally distributed. In the following we let m be the mean of X and s? be the variance of X, so
that

X =InY ~ N(m,s?).

The probability density function for X is given by

exp{M}, z€R.

fx(z) =

252

1
V2ms?

Theorem A.1 The probability density function for'Y is given by

1 (Iny —m)?
fY(y):WyeXp{‘T v

and fy(y) =0 fory <0.

This result follows from the general result on the distribution of a random variable which is given
as a function of another random variable; see any introductory text book on probability theory

and distributions.

Theorem A.2 For X ~ N(m,s?) and v € R we have

E [e*VX] = exp {fym + %7252} .

Proof: Per definition we have

B x +o0 o 1 _(z7?)2 p
[6 ]— - e \/WE 2s Z.

Manipulating the exponent we get

—+oo

+oo 2142
_ 1,.2.2 1 _ (@=[m—vs7])
= e YMt2s / e 252 dx

1,.2.2
— L, Ym+377s
=e 2 ,

=7



where the last equality is due to the fact that the function

1 _(@—[m— %2])2

(& 252
V2ms?

is a probability density function, namely the density function for an N(m — ~s2,s?) distributed

€T —

random variable. O

Using this theorem, we can easily compute the mean and the variance of the lognormally distributed

random variable Y = eX. The mean is (let v = —1)

E[Y] =E [eX] = exp {m+ %SQ} (A1)

With v = —2 we get
E [YQ] —E [62)(] _ e2(m+52)7
so that the variance of Y is

Var[Y] = E [Y?] — (E[Y])?
= 62(m+52) — €2m+82 (A.2)

2 2
= 2mts (eé — 1) .

The next theorem provides an expression of the truncated mean of a lognormally distributed
random variable, i.e. the mean of the part of the distribution that lies above some level. We define
the indicator variable 11y~ k3 to be equal to 1 if the outcome of the random variable Y is greater

than the constant K and equal to 0 otherwise.

Theorem A.3 If X =InY ~ N(m,s?) and K > 0, then we have

2 —-InK
E [Yl{Y>K}] =emtaT N (% + S)

:E[Y]N(@ﬂ;).

Proof: Because Y > K < X > In K, it follows from the definition of the expectation of a random
variable that

E[Ylysiy] =E[e* 1{X>1nK}]

_(@=m)?
:/ 252 dx
27Ts2
_(e=[m+s2)?  2ms24st
252 e 2s2  dx
o /
2
In K
where
1 _ <z—[m§s21>2

=
O
I
no
q
»
[ V)
)
M)



is the probability density function for an N(m + s2,s2) distributed random variable. The calcula-

tions
+oo _
/ fx(x)dx =Prob(X > InK)
In K
— [m + s?] an—[m+82]
o (3 )
_ ( — [m + s?] <_an—[m+s2]>
s
B ( —[m+s ])
< an )
complete the proof. |

Theorem A.4 If X =InY ~ N(m,s?) and K > 0, we have

. K ~InK
E [max (0,Y — K)] = ™35’ N <u —|—s> ~ KN (u)
S S

:E[Y]N(@H) —KN(@).

Proof: Note that
E[max(0,Y — K)| = E [(Y - K)1{ys )]
=E [Yl{y>K}] — KProb (Y > K).
The first term is known from Theorem A.3. The second term can be rewritten as

Prob (Y > K) = Prob (X > In K)

X - InK —
i (X K )
S S

_ Prob (X—m - _an—m)
s s

N(an—m)

s

:N(LM)
s

The claim now follows immediately. O
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